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Abstract. Based on twin representations of division ring in an Abelian group 
I consider D- vector spaces over division ring. Morphism of D-vector spaces is 
linear map of D-vector spaces. 

I consider derivative of function / of continuous division ring as linear 
map the most close to function /. I explore expansion of map into Taylor 
series and method to find solution of differential equation. 

The norm in D-vector space allows considering of continuous mapping of 
D-vector spaces. Differential of mapping / of D-vector spaces is defined as 
linear mapping the most close to map /. 
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CHAPTER 1 



Preface 

1.1. Preface to Version 1 

The way of charms and disappointments. 

However I would put it another way. When 
you understand that the reason for your disap- 
pointments is in your expectations, you start to 
examine surrounding landscape. You found your- 
self on the path where nobody went before. New 
impressions are stronger then impressions from 
travel along well known and trodden road. 

Author is unknown. The Adventures of an Explorer. 

In mathematics like in everyday life there are statements that after studying 
become obvious. It may appear surprising when you first time meet that these 
statements are false in new conditions. 

When I started to study linear algebra over division ring I was ready to different 
surprises related with noncommutativity of product. However large number of 
statements similar to statements of linear algebra over field relaxed my attention. 
Nevertheless I met first deep problem in linear algebra: definition of polylinear form 
and tensor product assumes that product is commutative. The firm belief that 
solving of particular problems gives key to solving of general problem, was main 
motive, prompting me to consider calculus over division ring. This book introduces 
technique of differentiation of mapping over division ring. Since the possibility of 
linear approximation of mapping is at the heart of calculus, this book is natural 
consequence of book [3] . In calculus like in linear algebra we see statements that 
we know well. However we see a lot of new statements. 

The first considered definition of derivative was based on classic definition of 
derivative. However considering of derivative of function x^, I discovered that I 
cannot express this derivative analytically. To answer the question of existence 
of derivative I decided to conduct calculating experiment. The best candidate for 
calculating experiment is division ring of quaternions. Simple calculations make it 
clear that sometimes derivative does not exist. It causes that the set of differen- 
tiable functions is very small, and such theory of differentiation is not interesting.^'^ 

^•^I experienced such sensation when I considered RoUe's theorem in the calculus over division 
ring. After numerous attempts to change statement of RoUe's theorem, I came to a conclusion 
that it is false even for complex numbers. It is enough to consider function w = z^. z = is the 
only point where derivative equal 0. However we can connect points z = 0.5 and z = —0.5 by 
curve that does not pass through point 2 = 0. 

"'^■■^Search in papers and books shows that this is a deep problem. Mathematicians try to 
solve this problem suggesting different definitions of derivative. These definitions are based on 



5 



6 



1. Preface 



Analysis of calculating experiment shows that an expression that depends on in- 
crement of argument appears even derivative does not exist. We know such tool 
in functional analysis. This is the Frechet derivative and the Gateaux derivative in 
the space of linear operators. 

When I defined the Gateaux Z?*-derivative^ '', I put attention that differential 
does not depend on using of the Gateaux Z?*-derivative or the Gateaux ★_D-deriv- 
ative. This caused me to change text and I started from definition of differential. 

The concept of Z?*, -vector space is powerful tool for study of linear spaces over 
division ring. However the Gateaux differential does not fit in frame of £'**-vector 
space. It follows from example 5.2.2 that D-vector space is the most appropriate 
model for studying of the Gateaux differential. 

The considering of £'**-linear maps leads to the concept of twin representations 
of division ring in Abelian group. Abelian group, in which we define twin represen- 
tation of division ring D, is called ZJ-vector space. Since we define multiplication 
over elements of division ring D from left, as well as right, then homomorphisms of 
I^-vector spaces cannot keep this operation. This leads to concept of additive map 
which is morphism of D-vector space. 

Consideration of the Gateaux differential as additive map leads to new structure 
for definition of derivative. In contrast to the Gateaux -derivative components 
of the Gateaux differential do not depend on direction. However components of the 
Gateaux differential are defined non-uniquely and their number is uncertain. It is 
evident that when we consider calculus over field, the Gateaux Z?*-derivative and 
components of the Gateaux differential coincide with derivative. These structures 
appear as result of different constructions. When product is commutative these 
structures coincide. However noncomutativity breaks expected relationship. In 
spite of difference in behavior, these structures are supplemental. 

December, 2008 

1.2. Preface to Version 3 

Discussing the notion of derivative which I introduced in this book, I realized 
that the subject of the book is very complex. This is the reason why in this part 
of preface I want to consider in more detail the concept of differentiation. 

When we study functions of one variable, the derivative in selected point is a 
number. When we study function of multiple variables, we realize that it is not 
enough to use number. The derivative becomes vector or gradient. When we study 
maps of vector spaces, this is a first time that we tell about derivative as operator. 
However since this operator is linear, than we can represent derivative as product 
over matrix. Again we express the derivative as a set of numbers. 

different properties of derivative of function of real or complex variable. These definitions are very 
interesting. However my task is the study of common rules for differentiation of maps of complete 
division ring of characteristic 0. 

"'^■'^In this book I use notations introduced in [3]. 

-'^•^Design of additive mapping which I made proving theorem 4.1.9, is instructive methodically. 
From the time when I started to learn differential geometry, I accepted the fact that we can 
everything express using tensor, that we enumerate components of tensor by indexes and this 
relationship is permanent. Once I saw that it was not the case, I found myself unprepared to 
recognize it It got month before I was able to write down expression that I saw by my eyes. The 
problem was because I tried to write down this expression in tensor form. 
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Surely, such behavior of derivative weaken our attention. When we consider 
objects which are more complex than fields or vector spaces, we still try to see 
an object which can be written as a factor before an increment and which docs 
not depend on the increment. Quaternion algebra is the most simple model of 
continuous division ring. However, an attempt to define derivative as linear map is 
doomed to failure. Only certain linear functions arc diffcrentiable in this sense. 

The question arises as to whether there exists an alternative method if the set 
of linear maps restricts our ability to study infinitesimal behavior of map? The 
answer on this question is affirmative. Let us consider the quaternion algebra. The 
quaternion algebra is normed space. We know two types of derivative in normed 
space. Strong derivative or the Frechet derivative is analogue of the derivative 
which we know very well. When I wrote about attempt to find derivative as linear 
map as increment of argument, I meant the Frechet derivative. Besides strong 
derivative there exits weak derivative or the Gateaux derivative. The main idea is 
that derivative may depend on direction. 

Vadim Komkov defines the Gateaux derivative for quaternion algebra ([9], p. 
322) at the point q in the direction of qi to be the quantity q2 such that, for e > 

f{q + eqi) - f{q) = e{qiq2) 

He made this definition according to definition [lJ-3.1.2, page 177. This definition 
does not have difference from the Frechet derivative. This phenomenon remains in 
general case. Every time when we try to extract the Gateaux derivative as factor, 
the identification of the Gateaux derivative and the Frechet derivative occurs. 

A linear map of division ring is homomorphism of its additive group and homo- 
morphism of its multiplicative group in one map. Homomorphism of multiplicative 
group is restrictive factor. This is why it is mind to get rid of homomorphism of 
multiplicatie group and to consider only homomorphism of additive group. It is 
evident that the set of homomorphisms of additive group is more wide than the 
set of linear maps. However, because we defined two operations in division ring, 
additive map has a special structure. This is why I selected these map into separate 
set and called them additive maps. 

Even in this case some elements of linearity remain. The center of division 
ring is field. As a consequence, additive map is linear over center. When division 
ring has characteristic and does not have discrete topology, we can embed real 
field into center of division ring. As a consequence, the definition of derivative as 
additive map appears equivalent to the definition of the Gateaux derivative. 

Qualitative change happens exactly here. In additive map we cannot extract 
an argument as factor. We cannot extract increment from derivative. Is this idea 
fundamentally new? I do not think so. Derivative is a map. It is the map of differ- 
ential of an argument to differential of function. Even additive map of increment 
of argument allows approximate the increment of function by polynomial of first 
power. The structure of polynomial over division ring is different from structure 
of polynomial over field. I consider some properties of polynomial in section 8.2. 
Using obtained theorems I explore Taylor series expansion of map and method to 
find solution of differential equation. 

In the beginning I also tried to define derivative of map over division ring as 
Frechet derivative. However, I saw that this derivative does not satisfy to basic 
rules of differentiation, and I realized that this is wrong way. To make sure that 
the problem is fundamental, and is not inherent in the logic of my research, I made 
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computation in the division ring of quaternions. That is where I discovered that 
the derivative is dependent on the direction. 

At this time I studied maps of D- vector spaces, and idea of additive map 
became leading one in this research. In preface to version 1 (section 1.1) I wrote 
about impressions of explorer who found oneself for the first time in unfamiliar 
land. Expecting to see familiar landscapes, explorer does not notice initially the 
peculiarity of new places. I experience such change of impressions during this year 
when I wrote the book. 

I did not realize right away that derivative which I discovered is the Gateaux 
derivative. I could see difference between my derivative and the Gateaux derivative. 
I had to come a long way before realizing that two definitions are equivalent. Like 
explorer, who tried to see familiar landscapes, I considered possibility to extract 
increment from derivative. As a consequence, the Gateaux D*-derivative emerged. 

If we consider new concepts, what will survive in the future? Surely, the 
Gateaux derivative and the Gateaux partial derivative will be basic concepts. Com- 
ponents of the Gateaux derivative are important for considering of structure of the 
Gateaux derivative. I do not think that I will consider the Gateaux Z?*-derivative 
in other cases except the Gateaux derivative of first order. Primary advantage of 
the Gateaux D*-derivative is that it allows you to explore conditions when map is 
continuous. 

May, 2009 

1.3. Preface to Version 4 

Quaternion algebra is the simplest example of division ring. This is why I verify 
theorems in quaternion algebra to see how they work. Quaternion algebra is similar 
to complex field and so it is natural to search some parallel. 

In real field any additive map automatically turns out to be linear over real 
field. This statement is caused by statement that real field is completion of rational 
field and is corollary of theorem 3.2.2. 

However the statement changes for complex field. Not every additive map of 
complex field is linear over complex field. Conjugation is the simplest example of 
such map. As soon as I discovered this extremely interesting statement, I returned 
to question about analytical representation of additive map. 

Exploring additive maps, I realized that I too abruptly expanded the set of 
linear maps while switching from field to division ring. The reason for this was 
not a very clear understanding of how to overcome the noncommutativity of the 
product. However during the process of research it became more evident that any 
additive map is linear over some field. For the first time I used this concept when 
constructing the tensor product and the concept took shape in a subsequent study. 

During constructing the tensor product of division rings Z?i, Dn I assumed 
existence of field F such that additive map of division ring Di is linear over this 
field for any i. If all division rings have characteristic 0, then according to theorem 
3.2.2 such field always exists. However dependence of tensor product on selected 
field F arises here. To get rid of this dependence, I assume that field F is maximal 
field that possesses stated property. 
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If Di = ... = Dn = D, then such field is center Z{D) of division ring D. If the 
product in division ring D is commutative^'^, then Z{D) — D. So, starting with 
additive map, I arrive at concept of hnear map, which is generalization of linear 
map over field. 

My decision to explore the Gateaux derivative as linear map was infiuenced by 
following. 

• Linear map of field is homogeneous polynomial of degree one. 

• For continuous field derivative of function of field is homogeneous poly- 
nomial of degree one that is good approximation to change of function. 
The same time we explore the derivative as linear map of field. At the 
transition to division ring we can save the same link between derivative 
and additive map. 

Research in area of complex numbers and quaternions revealed one more in- 
teresting phenomenon. In spite of the fact that complex field is extension of real 
field, the structure of linear map over complex field is different from the structure of 
linear map over real field. This difference leads to the statement that conjugation 
of complex numbers is additive map but not linear map over complex field. 

Similarly, the structure of linear map over division ring of quaternions is dif- 
ferent from the structure of linear map over complex field. The source of difference 
is statement that the center of quaternion algebra has more simple structure, than 
complex field. This difference leads to the statement that conjugation of quaternion 
satisfies to equation 

~-{p + ipi+ jpj + kpk) 

Consequently, the problem to find a mapping satisfying to a theorem similar to the 
Riemann theorem (theorem 7.1.1), is a nontrivial task for quaternions. 

August, 2009 

1.4. Preface to Version 5 

Recently, in internet, I found the book [11], where Hamilton found similar 
description of calculus in quaternion algebra. Although this book was written more 
than 100 years ago, I recommend to read this book everybody who are interested 
in problems of calculus over quaternion algebra. 

December, 2009 

1.5. Conventions 

(1) Function and map are synonyms. However according to tradition, corre- 
spondence between either rings or vector spaces is called map and map of 
either real field or quaternion algebra is called function. I also follow this 
tradition. 

(2) In any expression where we use index I assume that this index may have 
internal structure. For instance, considering the algebra A we enumerate 
coordinates of a & A relative to basis e by an index i. This means that 
a is a vector. However, if a is matrix, then we need two indexes, one 
enumerates rows, another enumerates columns. In the case, when index 
has structure, we begin the index from symbol • in the corresponding 
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position. For instance, if I consider the matrix as an element of a 
vector space, then I can write the element of matrix as a j. 

(3) I assume sum over index s in expression like 

{s)oa X (s)ia 

(4) Wc can consider division ring D as ZJ-vector space of dimension 1. Accord- 
ing to this statement, wc can explore not only homomorphisms of division 
ring Di into division ring D2, but also linear maps of division rings. This 
means that map is multiplicative over maximum possible field. In par- 
ticular, linear map of division ring D is multiplicative over center Z(D). 
This statement does not contradict with definition of linear map of field 
because for field F is true Z{F) = F. When field F is different from 
maximum possible, I explicit tell about this in text. 

(5) In spite of noncommutativity of product a lot of statements remain to be 
true if we substitute, for instance, right representation by left representa- 
tion or right vector space by left vector space. To keep this symmetry in 
statements of theorems I use symmetric notation. For instance, I consider 
D*-vector space and -*:D-vector space. We can read notation D*-vector 
space as either D-star-vector space or left vector space. We can read nota- 
tion Z?*-linear dependent vectors as either D-star-linear dependent vectors 
or vectors that are linearly dependent from left. 

(6) We consider algebra A which is finite dimensional vector space over center. 
Considering expansion of element of algebra A relative basis e we use the 
same root letter to denote this element and its coordinates. However we 
do not use vector notation in algebra. In expression a^, it is not clear 
whether this is component of expansion of element a relative basis, or this 
is operation = aa. To make text more clear we use separate color for 
index of element of algebra. For instance, 

a = a^e-i 

(7) When we consider finite dimensional algebra we identify the vector of basis 
eo with unit of algebra. 

(8) Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 



CHAPTER 2 

D**-Linear Map 

2.1. D%-Unear Map 

In this subsection we assume V, W are D* ^-vector spaces. 
Definition 2.1.1. Let us denote by C{D*^,; V; W) set of £'**-linear maps 

A:V 

of £'**-vcctor space V into Z)**-vector space W. Let us denote by C{* ^,D■,V^,W) 
set of **£'-linear maps 

A:V 

of vector space V into *»£)- vector space W. □ 

We can consider division ring D as /?**-vector space of dimension 1. Corre- 
spondingly we can consider set £(£>**; -D; W) and £(-D**; T^; D). 

Definition 2.1.2. Let us denote by C{*T; 5; R) set of T^T-representations of divi- 
sion ring S in additive group of division ring R. Let us denote by C{T*] S; R) set 
of T*-representations of division ring S in additive group of division ring R. □ 

Theorem 2.1.3. Suppose V, W are D* ^-vector spaces. Then set C{D*^.; V] W) is 
an Abelian group relative composition law 

(2.1.1) x\(A + B)=x\A + x\B 

Proof. We need to show that map 

'A + ~B -.V 

defined by equation (2.1.1) is I?**-hnear map of Z)**-vector spaces. According to 
definition [3]-4.4.2 

(fl *x) ^A — a ^{x ^.A) 
(a**a;)**i3 = a*,(x**i3) 

We see that 

{a*^,x)*^,{A + B) = {a*^,x)*^,A + {a*^,x)*^B 
= a**(x**A) -I- a* *{x* ^.B) 
= a**(x**A -I- x*t:B) 
= a\{x\(A + B)) 
We need to show also that this operation is commutative. 

x%(A + B)=x\A + x\B 
= xB + xA 
= x\(B + A) 
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□ 

Definition 2.1.4. £)**-Liiiear map A + B is called sum of £)**-linear maps A 
and B. □ 

Theorem 2.1.5. Let f = {af,a £ I) be a D* -basis in vector space V and e = 
((,6,6 Q J) be a D*^-basis in vector space W. Let A = [aA''), a £ L, b E J be 
arbitrary matrix. Then map 

(2.1.2) A:V^W 
defined by equation 

(2.1.3) 6 = a%A 

relative to selected D*,,-bases is a D* ^-linear map of vector spaces. 

Proof. Theorem 2.1.5 is inverse statement to theorem [3J-4.4.3. Suppose 
v%A = v%A%e. Then 

(a*,u)**A = a*^v*^A*^,e 
= a**(i)**yl) 

□ 

Theorem 2.1.6. Let f be a D* -basis in vector space V and e be a D* -basis 
in vector space W . Suppose D* ^-linear map A has matrix A ~ {aA'^) relative to 
selected D* ^,-bases. Let m G D. Then matrix 

a{Am)'' = aA" m 

defines D* ^-linear map 

(2.1.4) 'Am-.V'^W 

which we call ★Z?-product of £'**-linear map A over scalar. 

Proof. The statement of the theorem is corollary of the theorem 2.1.5. □ 
Theorem 2.1.7. Set C{D* ^^V^W) is * -vector space. 

Proof. Theorem 2.1.3 states that C{D*^]V]W) is an Abelian group. It fol- 
lows from theorem 2.1.6 that element of division ring D defines Tk-T-transformation 
on the AbeUan group C{D* ^,\V . From theorems 2.1.5, [3]-4.1.1, and [3J-4.1.3 
it follows that set C{D*f:; V; W) is ★Z?-vector space. 

Writing elements of basis ★D-vector space C{D* ^ \ V; W) as *-rows or *-rows, 
we represent ★_D-vector space C{D* ^,;V;W) as or **D-vector space. I want 

to stress that choice between and **D-linear combination in *£'-vector space 
£(!?**; V; W) does not depend on type of vector spaces V and W. 

To select the type of vector space C{D* ^]V;W) I draw attention to the fol- 
lowing observation, let V and W be D**-vector spaces. Suppose C{D* ^,;V;W) is 
**D-vector space. Then we can represent the operation of *-row of drc linear maps 
A"^ on *-row of vectors h/ as matrix 

J \ / J** A' - iT*A" 

.._ \ \{A^ ... A™ ) = ... 

if / \ nf ^A ... jif ^A 

This notation is coordinated with matrix notation of action of **£'-linear combina- 
tion A*H.a of D**-linear maps A. □ 
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Ambiguity of notation 

is corollary of theorem 2.1.7. We may assume that meaning of this notation is clear 
from the text. To make notation more clear we will use brackets. Expression 

means that **£'-lincar composition of D**-lincar maps A''' maps the vector v to the 
vector w. Expression 

w = v*^:A*^,B 

means that **-product of D**-linear maps A and B maps the vector v to the vector 
w. 

2.2. 1-Form on a £'**-Vector space 
Definition 2.2.1. l-D**-form on vector space V is D**-linear map 

(2.2.1) b:V^D 

□ 

We can write value of l-_D*,-form b, defined for vector a, as 

b{a) =< a,b> 

Theorem 2.2.2. Set C{D*^;V;D) is -kD-vector space. 

Proof. -vector space of dimension 1 is equivalent to division ring D □ 

Theorem 2.2.3. Let e be a D* -basis in vector space V . 1-D* ^-form b has pre- 
sentation 

(2.2.2) <a,b>^a\b 
relative to selected D*\f -basis, where vector a has expansion 

(2.2.3) a = a%e 
and 

{2.2 A) ,b=<{e,b> 

Proof. Because b is l-£'*,-form, it follows from (2.2.3) that 

(2.2.5) < a,6 >=< a*,e,6 a* <ie,b> 

(2.2.2) follows from (2.2.5) and (2.2.4). □ 

Theorem 2.2.4. Lete be a D* ^-jrame in vector space V. 1-D* ^-form (2.2.1) is 
uniquely defined by values (2.2.4) into which 1-D* ^,-form b maps vectors of frame. 

Proof. Statement follows from theorems 2.2.3 and [3]-4.3.3. □ 

Theorem 2.2.5. Lete be a D* frame in vector space V. The set of 1-D* ^-forms 
d' such that 

(2.2.6) <,e,W>=,5^ 
is *f:D-basis d of vector space C{D* ^,;V; D). 
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Proof. Since we assume ib = iS^ , then according to theorem 2.2.4 there exists 
the l-D*»-form for given j. If we assume that there exists l-£)*,-form 

then < iC, (P > jb = 0. According to equation (2.2.6), 

,6 = jb = 

Therefore, l-D**-forms are hncarly independent. □ 
Definition 2.2.6. Let V be Z?*, -vector space. **D-vector space 

V* = C{D%;V;D) 

is cahed dual space of _D*»-vector space V. Let e be a D**-basis in vector space 
V. **£>-basis d of vector space V* , satisfying to equation (2.2.6), is called 
basis dual to L)**-basis e. □ 

Theorem 2.2.7. Let A be passive transformation of basis manifold B{V, GL^ *). 
Let D* ^-basis 

(2.2.7) fJ ^ A%f 

be image of D* ^, -basis e. Let B be passive transformation of basis manifold B{V* ,GL^ *) 
such, that *^D-basis 

(2.2.8) 1! =2\B 
is dual to D* ^-basis. Then 

(2.2.9) B = A-^'' 

Proof. From equations (2.2.6), (2.2.7), (2.2.8) it follows 

,6^ ^<,e\d'^ > 

(2.2.10) =iA'' < ke,d^ > iB' 

kS' iB^ 

Equation (2.2.9) follows from equation (2.2.10). □ 

Hereinafter we will consider following models of division ring 

• Let us consider division ring D as D*- vector space D*. We define repre- 
sentation of division ring D as T*-shift a* 

b-k a-k d = (ba) * d 
This corresponds to product 

b{ad) ~ {ba)d 
in division ring D. l-D*-form has form 

< a,b >= ab 

We define representation of division ring D in dual *-D-vector space *D 
as Tk-T-shift -ka 

d -k a -kb = d -k [ab) 
We can select arbitrary element d ^ of division ring D as basis of Dk- 
vector space D*. Corresponding dual basis of ★I^-vector space *D has 
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form f ~ d^^ . In this case < d, f >~ df ~ e. Passive transformation a* 
maps basis d into basis d' = ad. Dual passive transformation ★a^^ maps 
basis / into basis 

• Let us consider division ring D as vector space *-D. We define repre- 
sentation of division ring D as ★T-shift -ka 

d * a ★6 = c? * (ab) 

This corresponds to product 

{da)b = d{ab) 

in division ring D. l-*D-form has form 

< b, a >= ba 

We define representation of division ring D in dual _D*-vector space D* 
as T*-shift a* 

b-k a-k d ^ (ba) -k d 
We can select arbitrary element d ^ of division ring D as basis of -kD- 
vector space Corresponding dual basis of _D*- vector space D* has 
form / = d^^. In this case < f,d >= fd ~ e. Passive transformation 
*a maps basis d into basis d' = da. Dual passive transformation a* maps 
basis / into basis 

/' = a-^f = a-^d-^ = {da)-^ = d'-^ 

• Let us consider division ring D as vector space over field F. Assume 
vectors je £ D form basis over field F. a G D has expansion a — a-' je. 
Passive transformation of basis has form 

i ^ j C 

1-form has form b = d^ jb, where d is basis dual to basis e. In this case 

<a,b >= a* < {e, d^ > jb 
We cannot state that d^ G D. Otherwise we get 

< iC, d^ >= icd^ = 

It would follow from this that there exist zero divisor in division ring D. 

Linear map A : D ^ D over field F corresponds to D-valued 1-form 
b. Therefore 

Since a' are arbitrary, then 
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2.3. Twin Representations of Division Ring 

Theorem 2.3.1. We can introduce structure of-kD-vector space in any D* ^.-vector 
space defining -kD-product of vector over scalar using equation 

vm = V* tfSm 

Proof. Wc verify directly that the map 

f -.D ^V* 

defined by equation 

/(m) = 5m 

defines T^T-rcprescntation of the ring D. □ 

We can formulate the theorem 2.3.1 by other way. 

Theorem 2.3.2. Suppose we defined an effective T-k-representation f of ring D on 
the Abelian group V. Then we can uniquely define an effective -kT -representation h 
of ring D on the Abelian group V such that diagram 

h{a) _ 

V 

fib) fib) 

is commutative for any a, b € D. □ 
We call representations / and h twin representations of the division ring 

D. 

Theorem 2.3.3. In vector space V over division ring D we can define D-k-product 
and *D-product of vector over scalar. According to theorem 2.3.2 these operations 
satisfy equation 

(2.3.1) {am)b ^ a{mb) 

Equation (2.3.1) represents associative law for twin representations. This 
allows us writing of such expressions without using of brackets. 

Proof. In section 2.1 there is definition of *_D-product of _D**-lincar map A 
over scalar. According to theorem 2.3.1 ★T-rcprcscntation of division ring D in -kD- 
vector space C{D* ^,;V;W) can be carried into D*, -vector space W according to 
rule 

v*^.[Am] = {v*^.A)%[Sm] = {v\A)m 

□ 

We can also define _D*-product of Z?**-linear map A over scalar. However in 
general we cannot carry this T*-reprcscntation of division ring D in ★D-vector space 
£(£>**; V; W) into I?**-vector space W. Indeed, in case of D*-product we get 

w*,(mA) = t;*H./*»(mA) = v*^{mA)*,,e 

Since product in division ring is noncommutative, we cannot express this expression 
as product ofv*^A over m. 



2.4. D-Voctor Space 
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The analogy of the vector space over field goes so far that we can assume an 
existence of the concept of basis which serves for D^-product and :*rZ3-product of 
vector over skalar. 

Theorem 2.3.4. In vector space D*^,-hasis manifold and ^*D-basis manifold are 
different 

B{V,D\)^B(y,,*D) 

Proof. To prove this theorem we use the standard representation of a matrix. 
Without loss of generality we prove theorem in coordinate vector space D". 

Let e = (ci = {Sf),i,j € i, \i\ = n) be the set of vectors of vector space D". e 
is evidently £'*^-basis and »*£'-basis. For arbitrary set of vectors (fi, i i, \i\ = n) 
L'*»-coordinate matrix 

/ n - fi 

(2.3.2) / = 

V /,! - fn 

relative to basis e coincide with »*i)-coordinate matrix relative to basis e. 

Let the set of vectors {fi,i £ i, \i\ = n) be -basis. According to theorem 
[3]-4.9.3 matrix (2.3.2) is **-nonsingular matrix. 

Let the set of vectors {fi,i £ i, \i\ ~ n) be ,*_D-basis. According to theorem 
[3J-4.9.3 matrix (2.3.2) is **-nonsingular matrix. 

Therefore, if the set of vectors (/i,« G i, |i| = n) is £'**-basis and ,*£'-basis 
their coordinate matrix (2.3.2) is **-nonsingular and **-nonsingular matrix. The 
statement follows from theorem [3J-4.8.9. □ 

From theorem 2.3.4 it follows that in vector space V there exists _D*, -basis e 
which is not basis. 

2.4. £)- Vector Space 

For many problems we may confine ourselves to considering of vector space 
or T^rD-vector space. However there are problems where we forced to reject simple 
model and consider both structures of vector space at the same time. Such space 
we call D-vector space. 

Assume Z?**-basis H.p and **£'-basis in D- vector space V . Vector ip of £>**- 
basis *p has expansion 

(2.4.1) iP^PjlPl2 iP=P***iPl2 

relative to **I?-basis p*. Vector pj of **L'-basis has expansion 

(2.4.2) Pj = p2ij tP Pj = P2ij** *P 

relative to D*, -basis 

It is easy to sec from design that pi2 is coordinate matrix of D**-basis ^p 
relative to **D-basis p*. *-rows of matrix pi2 are £'**-linearly independent. 

In the same way, p2i is coordinate matrix of **£'-basis relative to -basis 
tp. *-rows of matrix P21 are **D-linearly independent. 

From equations (2.4.1) and (2.4.2) it follows 

(2.4.3) = Pj Ipi2 = _P21j kP iPl2 iP = P* **iPl2 = {P21** *P)**iPl2 

From equation (2.4.3) we sec that order of brackets is important. 
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Though matrices p2i and pi2 are not mter inverse, we see that equation (2.4.3) 
represents identical transformation of ZJ-vector space. It is possible to write this 
transformation as 

(2 4 4) Pi = P^^j ^P ^ P21j iPk iPl2) 

Pj=P21j** *P=P21j**{P* **Pl2) 

From comparison of equations (2.4.3) and (2.4.4) it follows that change of order 
of brackets changes order of summation. These equations express the symmetry in 
choice of _D*, -basis *p and ,*Z?-basis p*. 

Vector r E V has expansion 

(2.4.5) r ^ ip = pj r = r* ^Jp = p^,*r 
Let us substitute (2.4.1) into (2.4.5) 

(2.4.6) pj Ipi2 = Pj ^r2 r*^{p^*pi2) = p**r 
Let us substitute (2.4.5) into (2.4.3) 

(2 4 7) iP = Pj lPi2 = P2ij kP Ipi2 

r*^p = r*^{p^*pi2) = r**((P2i**p)*>i2) 

Definition 2.4.1. Coordinates 



of vector r relative **D-basis are called ZJ^-component of coordinates of 
vector r. Coordinates 

*r = ( ... "r ) 

of vector r relative D*»-basis »p are called ★D-component of coordinates of 
vector r. □ 

Remark 2.4.2. To avoid the overuse of notation, we follow the rule below. If 
the product contains a Uit-component of coordinates of vector or a ★D-component 
of coordinates of vector, or we use corresponding indexes, we may skip symbol 
*, because it is clear from notation which components of vector we use. We ex- 
tend similar convention for case of **D-basis p^, and D**-basis *p. We do not use 
convention in case when brief notation is ambiguous. □ 

We see in map (2.4.7) that we use transformation of D**-basis. Expansion of 
vector relative £'**-basis is the same before and after transformation. We defined 
active and passive transformations of basis manifold of £'**-vector space in section 
[3]-5.2. By analogy we assume that transformation (2.4.3) is passive transforma- 
tion. 



CHAPTER 3 



Linear Map of Division Ring 

3.1. Additive Map of Ring 
Definition 3.1.1. Homomorphism 

of additive group of ring i?i into additive group of ring R2 is called additive map 
of ring i?i into ring i?2- □ 

According to definition of homomorphism of additive group, additive map / of 
ring Ri into ring R2 holds 

(3.1.1) f{a + b) = f{a) + f{b) 

We do not expect that additive map of ring holds product. 

Theorem 3.1.2. Let us consider ring Ri and ring i?2- Let maps 

/ : i?i — > i?2 

g-Ri^ R2 

be additive maps. Then map f + g is additive. 

Proof. Statement of theorem follows from chain of equations 

(/ + g)ix + y) =f{x + y)+ g{x + y) = f{x) + J{y) + g{x) + g{y) 
= {f + 9){x) + [f + 9){y) 



Theorem 3.1.3. Let us consider ring Ri and ring R2. Let map 

/ : i?i -> i?2 

be additive map. Then maps af , fb, a, b ^ R2 are additive. 

Proof. Statement of theorem follows from chain of equations 

iaf){x + y) ^a{f{x + y)) = a{f{x) + f{y)) = af{x) + af{y) 

Maf){x) + iaf){y) 
{fb){x + y) ={f{x + y))b = [fix) + f{y))b = f{x)b + f{y)b 

={mx) + {fb){y) 



□ 



□ 
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Theorem 3.1.4. We may represent additive map of ring Ri into associative ring 
i?2 as 

(3.1.2) /(a;)-(.)o/ 

where G^g) is set of additive maps of ring Ri into ring R2.^'^ 

Proof. The statement of theorem foUows from theorems 3.1.2 and 3.1.3. □ 

Definition 3.1.5. Let commutative ring P be subring of center Z{R) of ring R. 
Map 

f:R^R 

of ring R is called multiplicative over commutative ring P, if 

f{px) = pf{x) 

for any p € P. □ 

Definition 3.1.6. Let commutative ring F be subring of center Z{D) of ring R. 
Additive, multiplicative over commutative ring F, map 

f:R^R 

is called linear map over commutative ring F. □ 

Definition 3.1.7. Let commutative ring P be subring of center Z{R) of ring R. 
Map 

f:R^R 

of ring R is called projective over commutative ring P, if 

f{px) = f{x) 

for any p £ P. Set 

Px = {px : p e P,x e R} 
is called direction x over commutative ring P.^^^ □ 

Example 3.1.8. If map / of ring R is multiplicative over commutative ring P, 
then map 

g{x) = x~^f{x) 

is projective over commutative ring P. □ 
Definition 3.1.9. Denote A{Ri; R2) set of additive maps 

/ : i?i ^ i?2 

of ring Ri into ring i?2. D 
Theorem 3.1.10. Let map 

f-D^D 

is additive map of ring R. Then 

f{nx) = nf{x) 

for any integer n. 



•^•^Here and in the following text we assume sum over index that is written in brackets and used 
in product few times. Equation (3.1.2) is recursive definition and there is hope that it is possible 
to simplify it. 

■^'^Direction over commutative ring P is subset of ring R. However we denote direction Px by 
element x a R when this does not lead to ambiguity. We tell about direction over commutative 
ring Z{R) when we do not show commutative ring P explicitly. 



3.2. Additive Map of Division Ring 
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Proof. We prove the theorem by mduction on n. Statement is obvious for 
n = 1 because 

f(lx) = fix) = l/(x) 
Let statement is true for n = k. Then 

/((fc + l)x) = f(kx + x)^ f{kx) + fix) = kfix) + fix) = (fc + l)fix) 

□ 

3.2. Additive Map of Division Ring 
Theorem 3.2.1. Let map 

f:Di^ D2 

is additive map of division ring Di into division ring D2 ■ Then 

fiax) = afix) 

for any rational a. 

Proof. Let a = Assume v = -x. Then 

(3.2.1) fix) - fiqy) ^ qfiy) - qf Qx) 
From equation (3.2.1) it follows 

(3.2.2) i/(x) = / 
From equation (3.2.2) it follows 

□ 

Theorem 3.2.2. Additive map 

f:Di^D2 

of division ring Di into division ring D2 is multiplicative over field of rational 
numbers. 

Proof. Corollary of theorem 3.2.1. □ 

We cannot extend the statement of theorem 3.2.2 for arbitrary subfield of center 
ZiD) of division ring D. 

Theorem 3.2.3. Let complex field C be subfield of the center of division ring D. 
There exists additive map 

f:Di^D2 

of division ring Di into division ring D2 which is not multiplicative over field of 
complex numbers. 
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Proof. To prove the theorem it is enough to consider the complex field C 
because C = Z{C). The fimction 

z — > z 

is additive. However the equation 

az = az 

is not true. □ 

The theory of complex vector spaces so well understood that the proof of the- 
orem 3.2.3 easily leads to the following design. Let for some division ring D fields 
Fi, F2 be such that Fi ^ F2, Fi C F2 G Z{D). In this case there exists map / of 
division ring D that is linear over field Fi, but not linear over field F2.'^ '^ It is easy 
to see that this map is additive. 

Let Di, D2 be division rings of characteristic 0. According to theorem 3.1.4 
additive map 

(3.2.3) f -.01^02 

has form (3.1.2). Let us choose map G(s){x) ~ G{x). Additive map 

(3.2.4) f{x) = (,)o./ G{x) 

is called additive map generated by map G. Map G is called generator of 
additive map. 

Theorem 3.2.4. Let F, F C Z{Di), F C Z{D2), be field. Additive map (3.2.4) 
generated by F-linear map G is multiplicative over field F. 

Proof. Immediate corollary of representation (3.2.4) of additive map. For any 
a e F 

f{ax) = (s)o/ G{ax) (^)i/ (3)0/ aG{x) ^ a (^)o/ G{x) (^)i/ = af{x) 

□ 

Theorem 3.2.5. Let Di, D2 be division rings of characteristic 0. Let F, F C 
Z{Di), F C Z{D2), be field. Let G be F-linear map. Let q be basis of division 
ring D2 over field F. Standard F-representation of additive map (3.2.4) has 

form 

(3.2.5) f{x) - ,9 G{x) jq 

Expression f^ in equation (3.2.5) is called standard F-component of additive 
map /. 

'^■'^For instance, in case of complex numbers map / is map of complex conjugation. The set 
of maps / depends on the division ring. We consider these operators when we explorer map of 
division ring when structure of operation changes. For instance, the map of complex numbers 
2 — > 2. 

■^■^Representation of additive map using components of additive map is ambiguous. We can 
increase or decrease number of summands using algebraic operations. Since dimension of division 
ring D over field F is finite, standard representation of additive map guarantees finitcncss of set 
of items in the representation of map. 



3.2. Additive Map of Division Ring 
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Proof. Components of additive map / have expansion 

(3.2.6) (5)p/ = (s)p/' iQ 

relative to bais q. If we substitute (3.2.6) into (3.2.4), we get 

(3.2.7) fix) = (,)or iq G{x) jQ 
If we substitute expression 

/g = (s)o/* {s)lf 

into equation (3.2.7) we get equation (3.2.5). □ 

Theorem 3.2.6. Let Di, he division rings of characteristic 0. Let F , F <Z 
Z{Di), F C Z{D2), be field Let G be F-linear map. Let p be basis of division 
ring Di over field F. Let q be basis of division ring D2 over field F. Let kiB'^ be 
structural constants of division ring D2. Then it is possible to represent additive 
map (3.2.4) generated by F-linear map G as 

(3.2.8) /(a) =a' if^ jq uf' £ F 

a =a* ip a' e F a e Di 

(3.2.9) if^ =iG' f^^ prB^ 

Proof. According to theorem 3.2.4 additive map of division ring D is linear 
over field F. Let us consider map 

, , G: Di-^ D2 a = a'pi->- G{a) = a' iG^ qj 

According to theorem [3J-4.4.3 additive map /(a) relative to bases p and q has form 
(3.2.8). From equations (3.2.5) and (3.2.10) it follows 

(3.2.11) f{a)=a' iG' f^^ kqiq jl 
From equations (3.2.8) and (3.2.11) it follows 

(3.2.12) a' if^ jl = a' ,G' f^' kl iq rl = a' iG' f^^ uB^ p,B-' ,g 

Since vectors j-q are linear independent over field F and values are arbitrary, 
then equation (3.2.9) follows from equation (3.2.12). □ 

Theorem 3.2.7. Let field F be subring of center Z{D) of division ring D of char- 
acteristic 0. F-linear map generating additive map is nonsingular map. 

Proof. According to isomorphism theorem we can represent additive map 

(3.2.13) as composition 

f{x)^fi{x + H) 

of canonical map x x + H and isomorphism /i . is ideal of additive group of 
division ring D. Let ideal H be non-trivial. Then there exist xi 7^ X2, /(a^i) = 
f{x2). Therefore, image under map / contains cyclic subgroup. It conflict with 
statement that characteristic of division ring D equal 0. Therefore, either H ~ {0} 
and canonical map is nonsingular F-lincar map or H ^ D and canonical map is 
singular map. □ 

Definition 3.2.8. Additive map that is linear over center of division ring is called 
linear map of division ring. □ 
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Theorem 3.2.9. Let D be division ring of characteristic 0. Linear map 

(3.2.13) f:D^D 
has form 

(3.2.14) fix) = (,)o/ X 

Expression [s)pf , P = 0, 1, in equation (3.2.14) is called component of linear 
map /. 

Theorem 3.2.10. Let D he division ring of characteristic 0. Let e be the basis 
of division ring D over center Z{D). Standard representation of linear map 

(3.2.14) of division ring has form'^'^ 

(3.2.15) fix) = r-' ie X je 

Expression in equation (3.2.15) is called standsird component of linear map 

Theorem 3.2.11. Let D be division ring of characteristic 0. Let e be basis of 
division ring D over field Z{D). Then it is possible to represent linear map (3.2.13) 

as 

(3.2.16) f{a) =a' if^ fe kf' e Z{D) 

a =a^ ie a" e Z{D) D 

(3.2.17) if^ =f''^ kiBP prB^ 
Theorem 3.2.12. Consider matrix 

(3.2.18) B^(^.i^'' 

whose rows and columns are indexed by and -kr , respectively. If dctB ^ 
0, then, for given coordinates of linear transformation if-'' , the system of linear 
equations (3.2.17) with standard components of this transformation f'"' has the 
unique solution. If dot B ^ 0, then the equation 

(3.2.19) Tank{B.^-'"' = rankS 

is the condition for the existence of solutions of the system of linear equations 
(3.2.17) In such case the system of linear equations (3.2.17) has infinitely many 
solutions and there exists linear dependence between values if^ . 

Proof. Equation (3.2.14) is special case of equation (3.2.4) when G(x) = x. 
Theorem 3.2.10 is special case of theorem 3.2.5 when G{x) = x. Theorem 3.2.11 is 
special case of theorem 3.2.6 when G{x) = x. The statement of the theorem 3.2.12 
is corollary of the theory of linear equations over field. □ 

Theorem 3.2.13. Standard components of the identity mapping have the form 

(3.2.20) /^'- = 5^81 



'^■'^Representation of linear map of of division ring using components of linear map is ambiguous. 
We can increase or decrease number of summands using algebraic operations. Since dimension 
of division ring D over field Z{D) is finite, standard representation of linear map guarantees 
finiteness of set of items in the representation of map. 



3.2. Additive Map of Division Ring 
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Proof. The equation (3.2.20) is corollary of the equation 

a; = oe X oe 

Let us show that the standard components (3.2.20) of a linear transformation satisfy 
to the equation 

(3.2.21) = uiBP prB^ 

which follows from the equation (3.2.17) if / = 5. From equations (3.2.20), (3.2.21), 
it follows that 

(3.2.22) iS^ = oiBP poB^ 
The equation (3.2.22) is true, because, from equations 

je oe = oe je = je 

it follows that 

If detB 7^ 0, then the solution (3.2.20) is unique. If detB = 0, then the system 
of linear equations (3.2.21) has infinitely many solutions. However, we are looking 
for at least one solution. □ 

Theorem 3.2.14. // dct^? ^ 0, then standard components of the zero mapping 

z : A z{x) = 

are defined uniquely and have form z'-' = 0. // detB ~ 0, then the set of standard 
components of the zero mapping forms a vector space. 

Proof. The theorem is true because standard components z*-' are solution of 
homogeneous system of linear equations 

= z''- UiBP prB^ 

□ 

Remark 3.2.15. Consider equation 

(3.2.23) a'-''' ke x ,e = h^"" ue x re 

From the theorem 3.2.14, it follows that only when condition det;B 7^ is true, 
from the equation (3.2.23), it follows that 

(3.2.24) a''^ = 6'='' 
Otherwise, we must assume equality 

(3.2.25) a^'' = b'"' + z'^^ 

Despite this, in case det B = 0, we also use standard representation because in 
general it is very hard to show the set of linear independent vectors. If we want 
to define operation over linear mappings in standard representation, then as well 
as in the case of the theorem 3.2.13 we choose one element from the set of possible 
representations. □ 

Theorem 3.2.16. Let field F be subring of center Z{D) of division ring D of 
characteristic 0. Linear map of division ring is multiplicative over field F. 

Proof. Immediate corollary of definition 3.2.8. □ 
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Theorem 3.2.17. Expression 
is tensor over field F 

(3.2.26) = iA'' kf lA-^' 

Proof. D-linear map has form (3.2.16) relative to basis e. Let e' be another 
basis. Let 

(3.2.27) ,e' = ^A^ 

be transformation mapping basis e to basis e'. Since additive map / is the same, 
then 

(3.2.28) f{x) = x"' kf le' 

Let us substitute [3]-(8.2.8), (3.2.27) into equation (3.2.28) 

(3.2.29) f{x) = x' iA-"' kf lA^ je 

Because vectors je are hnear independent and components of vector are arbitrary, 
the equation (3.2.26) foUows from equation (3.2.29). Therefore, expression kf^ is 
tensor over field F. □ 

Definition 3.2.18. The set 

ker/ ^{xeD^: f{x) = 0} 
is called kernel of additive map 

f-.Di^ D2 

of division ring Di into division ring D^. □ 
Theorem 3.2.19. Kernel of additive map 

f:Di^D2 
is subgroup of additive group of division ring Di . 
Proof. Let a, 6 e ker/. Then 

/(a) = 
fib) = 

fia + b) = fia) + fib)=0 
Therefore, a + b E ker/. □ 
Definition 3.2.20. The additive map 

f:Di^D2 

of division ring Di into division ring D2 is called singular, when 

ker/ ^ {0} 

□ 



3.3. Polylincar Map of Division Ring 
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Theorem 3.2.21. Let D he division ring of characteristic 0. Let e he basis of 
division ring D over center Z{D) of division ring D. Let 



(3.2.30) f.D^D fix) = (,)o/ X 

(3.2.31) = r-' ie X je 

(3.2.32) g: D ^ D g{x) = (t)o9 x (t)i9 

(3.2.33) = g'^ ie x jC 
he linear maps of division ring D. Map 

(3.2.34) h{x) = gfix) = g{f{x)) 
is linear map 

(3.2.35) h{x) = (ts)oh x (ts)ih 

(3.2.36) = h'P'' pE X re 
where 

(3.2.37) (ts)o^ = (t)o.9 (s)o/ 

(3.2.38) {ts)ih = (s)i/ {t)ig 

(3.2.39) /i*"- = g'-J ikBP ijB^ 



Proof. Map (3.2.34) is additive because 

Hx + y) = g{f{x + y)) = g{f{x) + /(y)) = ff(/(x)) + .g(/(y)) = h{x) + h{y) 
Map (3.2.34) is multiplicative over Z{D) because 

h{ax) = g{f{ax)) = g{af{x)) = ag{f{x)) = ah{x) 
If we substitute (3.2.30) and (3.2.32) into (3.2.34), we get 

(3.2.40) h{x) = (^t)o9 fix) (t)iff = (t)o5 {s)of x (,)if (t)i9 

Comparing (3.2.40) and (3.2.35), we get (3.2.37), (3.2.38). 
If we substitute (3.2.31) and (3.2.33) into (3.2.34), we get 

Hx) ^9'^ ie fix) je 

(3.2.41) =g'^ iC fee x {e ,e 

=g'^ f''' ikBP ijE"- pe x ,e 

Comparing (3.2.41) and (3.2.36), we get (3.2.39). □ 

3.3. Polylinear Map of Division Ring 
Definition 3.3.1. Let Rn be rings and S be module. We call map 

(3.3.1) / : i?i X ... X i?„ ^ S 

polyadditive map of rings i?„ into module S*, if 

/(Pl, + q,, ...,Pn) = /(Pl, --^Pi, ■■■,Pn) + fiPl, ■■; Qi, ■■■,Pn) 

for any 1 < i < n and for any pi, qi G i?;. Let us denote A{Ri, Rn', S) set of 
polyadditive maps of rings i?„ into module S. □ 



28 



3. Linear Map of Division Ring 



Theorem 3.3.2. Let Ri, Rn, P he rings of characteristic 0. Let S be module 
over ring P. Let 

f : Ri X ... X Rn —i' S 
be polyadditive map. There exists commutative ring F which is for any i is subring 
of center of ring Ri and such that for any i and b £ F 

/(ai, hoi, a„) = 6/(ai, a^, a„) 

Proof. For given ai, ai_i, ai+i, a„ map /(ai,...,a„) is additive by ai. 
According to theorem 3.1.10, we can select ring of integers as ring F. □ 

Definition 3.3.3. Let i?„, P be rings of characteristic 0. Let S be module 

over ring P. Let F be commutative ring which is for any i is subring of center of 
ring Ri. Map 

/ : i?i X ... X i?„ ^ S 
is called polylinear over commutative ring F, if map / is polyadditive, and for 
any for given ai, a^-i, a^+i, a„ map /(ai, a„) is multiplicative 

by Oi. If ring F is maximum ring such that for any i, 1 < « < ?^, for given ai, 
Ci-i, fli+i, o„ map /(ai, a„) is linear by Oi over ring F, then map / is called 
polylinear map of rings i?„ into module S. Let us denote C{Ri, i?ri; 5*) 

set of polylinear maps of rings i?„ into module S. □ 

Theorem 3.3.4. Let D be division ring of characteristic 0. Polylinear map 

(3.3.2) f:D''^D,d = f{di,...,dn) 
has form 

(3.3.3) d = (s)o/" O-s(rfl) ••■ CTsidn) {s)nf"' 

Us is a transposition of set of variables {di, (i„} 

di ... dn 
^as{di) ... as{dn), 
Proof. We prove statement by induction on n. 

When 71 = 1 the statement of theorem is corollary of theorem 3.2.9. In such 
case we may identify'^ (p = 0, 1) 

(s)pf = {s)pf 

Let statement of theorem be true for n = k — 1. Then it is possible to represent 
map (3.3.2) as 




'^■''In representation (3.3.3) we will use following rules. 

• If range of any index is set consisting of one element, then we will omit corresponding 
index. 

• If n = 1, then cts is identical transformation. Wc will not show such transformation in 
the expression. 
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d = f{di, ...,dk) = g{dk)idi,...,dk-i) 
According to statement of induction polyadditive map h has form 

According to construction h = g{dk). Therefore, expressions {t)ph are functions of 
dk- Since g{dk) is additive map of dk, then only one expression (t)p/i is additive 
map of dfc, and rest expressions {t)qh do not depend on d^- 

Without loss of generality, assume p = 0. According to equation (3.2.14) for 
given t 

{t)Qh'' ^ = (tr)0.9 (tr)1.9 

Assume s ~ tr. Let us define transposition cr^ according to rule 

dk di ... dfc_i 
dk crt{di) ... at{dk-i) 



Gs = (Jtr 

Suppose 



rk ] k~l 

{tr)q+ll = (t)qlT' 

for g = l, fc — 1. 

(tr)qj — {tr)qg 

for g = 0, 1. We proved step of induction. □ 

Definition 3.3.5. Expression {s)pr^ in equation (3.3.3) is called component of 
polylinear map /. □ 

Theorem 3.3.6. Let D be division ring of characteristic 0. Let e he basis in 
division ring D over field Z{D). Standard representation of polylinear map 
of division ring has form 

(3.3.4) f{di,...,dn) = {t)f^°'"'" ioe (Jtidi) i,e ... at{d„) i^e 

Index t enumerates every possible transpositions at of the set of variables {c?i, ...,£?„}. 
Expression (t)/*°"'*" in equation (3.3.4) is called standard component of poly- 
linear map /. 

Proof. Components of polylinear map / have expansion 

(3.3.5) (s)p/" = (s)p/'" 

relative to basis e. If we substitute (3.3.5) into (3.3.3), we get 

(3.3.6) d = (,)o/"^'^ i.e a,(di) (.ji/"^'^ ... aM is)nf^'- j„e 
Let us consider expression 

(3.3.7) = (.)or^'^ ...(.)„r^" 

The right-hand side is supposed to be the sum of the terms with the index s, for 
which the transposition CTs is the same. Each such sum has a unique index t. If we 
substitute expression (3.3.7) into equation (3.3.6) we get equation (3.3.4). □ 

Theorem 3.3.7. Lete be basis of division ring D over field Z{D). Polyadditive 
map (3.3.2) can be represented as D-valued form of degree n over field Z{D)'^ '^ 

(3.3.8) /(ai, ...,a„) = aj\..a^" i^...i„f 



3.7- 



We proved the theorem by analogy with theorem in [2], p. 107, 108 
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where 

i — 

Qi J — ^ j ^ ^ 

(3.3.9) ii...i„/ = /(iie,...,i„e) 

and values i^...i^f are coordinates of D -valued covariant tensor over field F. 

Proof. According to theorem 3.3.2, the equation (3.3.8) follows from the chain 
of equations 

f{ai,...,an) = f{a\^ i^e, ...,a^" i^e) = a\\..alp f{i^e, i^e) 
Let e' be another basis. Let 

(3.3.10) ie = iA> ,e 

be transformation, mapping basis e into basis e'. From equations (3.3.10) and 
(3.3.9) it follows 

ii...i„/ = /(ti 6 J ... J t„ 6 ) 

(3.3.11) =f{i,A^' ,-,e,...,i„A^" ,„e') 

= i-^A'^ ... i^A^" /(jj^e, j^e) 

From equation (3.3.11) the tensor law of transformation of coordinates of polylinear 
map follows. From equation (3.3.11) and theorem [3J-8.2.1 it follows that value of 
the map /(ai, a„) does not depend from choice of basis. □ 

Polylinear map (3.3.2) is symmetric, if 

f{di,...,dn) = f{(7{di),...,a{dn)) 

for any transposition cr of set {c?i, ...,dn}. 

Theorem 3.3.8. If polyadditive map f is symmetric, then 

(3.3.12) ir,...,i„f = a(ii),...,a{irr)f 

Proof. Equation (3.3.12) follows from equation 
Oi" ... a^" =/(ai,...,a„) 

=/(o'(ai), ...,cr(a„)) 

=0,1 ... C^n" cr(ii)...cr(i„)/ 

□ 

Polylinear map (3.3.2) is skew symmetric, if 

/(di,...,d„) = |a|/(a(di),...,a(d„)) 

for any transposition cr of set {di, ...,dn}. Here 

11 J 1 transposition a even 
' ' [ — 1 transposition a odd 

Theorem 3.3.9. If polylinear map f is skew symmetric, then 

(3.3.13) = W\ a{h},...,cr{i„)f 
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Proof. Equation (3.3.13) follows from equation 
«r ■•■ <" ii...i„/ =/(ai,---,a„) 

= |cr|/(cr(ai), ...,cr(a„)) 

=a\^ ... a^" \a\ a(i^)...a{i„)f 

□ 

Theorem 3.3.10. The polylinear over field F map (3.3.2) is polylinear iff 

(3.3.14) =(t)f'°-'" ioa.(i.)^'"^ k^i.B'' - fc^i.^'" ir.e 

(3.3.15) ,,...,„r =(t)r°-'" ioa.oo^'"' fci^i^'^ - i^-.^.U,.)B''- k^i^BP 
Proof. In equation (3.3.4), we assume 

d^ = dV j,e 

Then equation (3.3.4) gets form 

f{di,...,d„) =(t)/*°-*" i^e (Tt(df j,e) i,e ... at(d^" j„e) i„e 

(3.3.16) =df ...dt (t)r-'" ioe at(,-,e) i,e ... a^^e) i„e 
=< ...4" (t)r-^" ioa.O-.)^'^^ 

■•■ i,.-iTt{j„)B''" k^i^B'-" i^e 
From equation (3.3.8) it follows that 

(3.3.17) /(ai, ...,a„) = ai\..ajj" i^...i„f 



V 



e 



Equation (3.3.14) follows from comparison of equations (3.3.16) and (3.3.8). Equa- 
tion (3.3.15) follows from comparison of equations (3.3.16) and (3.3.17). □ 
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Linear Map of D- Vector Spaces 

4.1. Linear Map of D- Vector Spaces 
Definition 4.1.1. Suppose V and W are ZJ-vector spaces. We call map 

A:V 

additive map of I?-vector spaces if 

A{p + q)^Aip)+A{q) 
for any p,q^V. Let us denote A{D-, V; W) set of additive maps 

A:V 

of D-vector space V into Z?-vector space W. □ 

It is evident that _D**-linear map as well ^* D-lineaT map are additive maps. 
Set of morphisms of _D-vector space is wider then set of morphisms of £'**-vector 
space. To consider additive map of vector space, we will follow method used in 
section [3]-4.4. 

Theorem 4.1.2. Let D be division ring of characteristic 0. Let ^p be D* ^, -basis of 
D-vector space V over division ring D and v £ V 

V ~ V* ^p 

Let *r be D*^-basis of D-vector space W over division ring D. Additive map 

A:V 

relative to D* ^,-basis ,p and D*^-basis *r has form 

(4.1.1) A{v) = ,A^v') jf 

where iA^ (v^) additively depends on one variable and does not depends on the 
rest of coordinates of vector v. 

Proof. According to definition 4.1.1 

(4.1.2) A{v) = A{v%p) =^{j2 = 

For any given i vector A{v'^ ip) g W has only expansion 

(4.1.3) A{v' ,p) = ,Ai{v') ff A{v' ,p) = ^A{v')%r 

relative to _D*, -basis *r. Let us substitute (4.1.3) into (4.1.2). We get (4.1.1). □ 
Definition 4.1.3. Additive map 

iAJ : D ^ D 

is called partial additive map of variable w'. □ 
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We can write additive map as product of matrices 

_ ' if 

(4.1.4) A{v)^{^A\v') ... .^'"(«'))% 

Let us define product of matrices 

/i^i ... 

(4.1.5) {v^ ... =(,Ai(«0 - ^A'^{v')) 

\nA ... nA"'^ J 

where A = (j^-') is matrix of partial additive maps. Using the equation (4.1.5), we 
can write the equation (4.1.4) in the form 

/i^i ... lA" 

(4.1.6) A{v) = ... w") % 

... nA^ 

Definition 4.1.4. Let field P be subring of center Z{D) of division ring D. Map 

A:V 

of I^-vector space V into D-vectoi space W is called multiplicative over field P, 
if _ _ 

A{px) = pA{x) 

for any p E P. □ 
Definition 4.1.5. Let field P be subring of center Z{D) of division ring D. Map 

'A-.V 

of ZJ-vector space V into Z?-vector space W is called projective over field P, if 

'A{px) = A(x) 

for any p <E P. Set 

PS = {px : p e P,x e V} 
is called direction x over field P. □ 

Definition 4.1.6. Let field F be subring of center Z{D) of division ring D. Addi- 
tive map 

A:V 

of ZJ-vector space V into D-vector space W that is multiplicative over field F is 
called linear map over field F. □ 

Definition 4.1.7. Additive map 

A:V 

of ZJ-vcctor space V into D-vector space W that is linear over center of division 
ring is called linear map of D-vector spaces. Let us denote C{D; V; W) set of 
linear maps 

A:V -^W 

of D-vector space V into D-vector space W. □ 
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We can write linear map as product of matrices 

m = 

where A — (iyl-' (w' )) is matrix of partial linear maps. 

Theorem 4.1.8. Let field F be subring of center Z(D) of division ring D of char- 
acteristic 0. Linear map of D-vector space is multiplicative over field F. 

Proof. The statement of theorem is corollary of definitions 4.1.6, 4.1.7, be- 
cause a E F => a e Z{D). □ 

Theorem 4.1.9. Let D be division ring of characteristic 0. Let ,p be D* ^-basis of 
D-vector space V over division ring D and v EV 

V — V* 

Let *r he D* * -basis of D-vector space W over division ring D and w eW 

(4.1.7) w — w* ^r 
Linear map 

(4.1.8) 'A-.V w=~A{v) 
relative to D*^,-basis *p and D* -basis ^r**'^ has form 

(4.1.9) = ,A^{v') = ,(,)oA^' ^(s)iA' 

Proof. According to theorem 4.1.2 we can write linear map A{v) as (4.1.1). 
Because for given indexes i, j partial additive map iA^{v'^) is linear with respect to 
variable w% than according to (3.2.14) it is possible to represent expression iA^{v^) 
as 

(4.1.10) aHvl = ^{s)0A' ^i..nA' 

where index s is numbering items. Range of index s depends on indexes i and j. 
Combining equations (4.1.2) and (4.1.10), we get 

(4.1.11) 

A{v) =,A{v^)%r = {i(s)oA v' ,^,)iA)\r 

In equation (4.1.11), we add also by index i. Equation (4.1.9) follows from com- 
parison of equations (4.1.7) and (4.1.11). □ 

Definition 4.1.10. Expression i(s)pA^ in equation (4.1.11) is called component 
of linear map A. □ 



^•^Coordinate representation of map (4.1.8) depends on choice of basis. Equations change form 
if, for instance, we choose ,*D-basis r» in D-vector space W. 
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Theorem 4.1.11. Let D be division ring of characteristic 0. Let »p he a D* ^-hasis 
of D -vector space V, sjq be a D*\,-basis of D -vector space U, and *r be a D*^-basis 
of D -vector space W. Suppose diagram of maps 



V 




u 



is commutative diagram where linear map A has presentation 

(4.1.12) u = liv) = iA^{v') j-q = ,(,)o^^' v' j-q 
relative to selected bases and linear map B has presentation 

(4.1.13) w = B{u) = jB\u^) kf = ,(ooS^ kT 
relative to selected bases. Then map C is linear map and has presentation 

(4.1.14) w = C{v) = ,C^-(«0 kT - ,(u)o^' ^iunC" kT 
relative to selected bases, where^'^ 

,C^(vO ^jB'^iaHv')) 

(4.1.15) i{u)oC' = i(ts)idC^ = j(t)o-S'' i(s)o^^ 

Proof. The map C is additive map because 
C{a + h)^B{A{a + h)) 

= B{A{a) + A{b)) 
= B(A{a)) + B(A(b)) 
= C{a) + C(b) 

The map C is muhiphcative over field Z{D) because for a G Z{D) 
C{ab) = B(A{ah)) ^ B(a'A(b)) = aB(A(b)) aC(h) 
Equation (4.1.14) fohows from substituting (4.1.12) into (4.1.13). □ 
Theorem 4.1.12. For linear map A there exists linear map B such, that 

'A{axh) = B{x) 

Proof. Additivity of map B immediately follows from chain of equations 
'B{x + y) = 'A{a{x + y)h) = 'A{axh + ayh) ^ A{axb) + A{ayb) ^ 'B{x) + 'B{y) 
The map B is multiplicative over field Z{D) because for c S Z{D) 
B{cx) = A{acxb) = A{caxb) = cA{dxh) = cB{x) 
According to equation (4.1.9) 

j{s)oB' 3(s)iB^ = ^(s)oA^ (a 6)i(^)iA^' {^(s)oA^ ay [h ^(s)iA^) 

^■■^Index u appeared composite index, u = st. However it is possible that some items in (4.1.15) 
may be summed togetlier. 
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□ 



Theorem 4.1.13. Let D he division ring oj characteristic 0. Let 

A:V 

additive map of D -vector space V into D-vector space W. Then A{0) — 0. 
Proof. Corollary of equation 

A{a + 0) = A{a) + A{0) 



□ 



Definition 4.1.14. The set 

kerA = {x eV : A{x) = 0} 
is called kernel of additive map 

A:V 

of D-vector space V into Z?-vector space W. □ 
Definition 4.1.15. The additive map 

A:V -^W 

of ZJ-vector space V into D-vector space W is called singular, if 

kevA = V 

□ 

4.2. Polyadditive Map of D- Vector Spaces 

Definition 4.2.1. Let D be division ring of characteristic 0. Suppose Vi, Vn, 
Wi, Wm are D-vector spaces. We call map 

(4.2.1) A:Vi X ... xVn -^Wi X ... xWm 

polyadditive map of x -D-vector space V^i x ... x Vn into x -D-vector space Wi x 

... X Wjn, if 

A{pi,...,pi + qi,...,pn) = A{pi, ...,p^,...,pn) + A{pi,...,q^,...,pn) 
for any 1 < i < n and for any pi , qi Vi. □ 

Definition 4.2.2. Let us denote A{D; V \. Vn', Wi, Wm) set of polyadditive 
maps of X -D-vector space Vi x ... x Vn into x -D-vector space Wi x ... x Wm- O 

Theorem 4.2.3. Let D be division ring of characteristic 0. For each k Cz K ~ [l,n\ 
let fPk be D*^-basis in D-vector space Vk andvk G Vk 

Vk = Vk* *Pk 

For each I, I < I < m, let ^ri be D* ^-basis in D-vector space Wi and wi G Wi 

(4.2.2) wi=wi%fi 
Polyadditive map (4.2.1) 

(4.2.3) Wi X ... X Wm = A{vi, ...,Vn) 
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relative to basis ,pi x ... x and basis *7'i x ... x has form 

(4.2.4) wi=,,_,^A^(v^,...,vlr) 

Range S of index s depends on values of indexes ii, in- CTg is a transposition of 
set of variables u^" }. 

Proof. Since we may consider map A into x-D-vector space Wi x ... x Wm 
componentwise, then we may confine to considering of map 

(4.2.5) 'Ai-.ViX ...xVn-^Wi =l,(wi,...,w„) 
We prove statement by induction on n. 

When n = \ the statement of theorem is statement of theorem 4.1.9. In such 
case we may identify'* '' {p ~ 0, 1) 

■, ^ 4^^ — w ^ A3 

Let statement of theorem be true for n — k — l. Then it is possible to represent 
map (4.2.5) as 



Vi X ... X V, 




Vi X ... X Vk-i 

wi = Ai{vi, ...,vk) = Ci{vk)ivi, ...,Vk-i) 
According to statement of induction polyadditive map Bi has form 

wi = 



-1)] 



According to construction Bi = C'i{vk). Therefore, expressions i^^, 
are functions oivk- Since Ci{vk) is additive map of TJ^, then only one expression 



ispB^'^ is additive map v^, and rest expressions 



ii...ik-isp 

depend on ■ 

Without loss of generality, assume p = 0. According to theorem 4.1.9 
R(fc-i)j _ n^j „ik n^j 

ii...ifc_i(t)0^ ; — ikil---ik-l(tr)0'^ I Vf. i^ii...ik-i{tr)l'^ I 

Assume s = tr. Let us define transposition as according to rule 



U(k-l)3 Jo 



cr(tr) = 



V 



k 



•^k-l 

lk-1 - 



'^■^In representation (4.2.4) we will use following rules. 

• If range of any index is set consisting of one element, then we will omit corresponding 
index. 

• If n = 1, then cts is identical transformation. We will not show such transformation in 
the expression. 
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Suppose 

Akj _ fl(k~l)j 
ifcJi...jfc_i (tr)(i3+l)^ ; — ii...2fc_isg-D ; 

for g = l, /c — 1. 

ifcii...ifc_i (tr)q^ j = ikii...ik-l{tr)qC j 

for q = 0, 1. We proved step of induction. □ 

Definition 4.2.4. Expression ii...i„{s)p^^i in equation (4.2.4) is called compo- 
nent of polyadditive map A. □ 



CHAPTER 5 



Differentiable Maps 



5.1. Topological Division Ring 

Definition 5.1.1. Division ring D is called topological division ring''^ if D is 
topological space and the algebraic operations defined in D are continuous in the 
topological space D. □ 

According to definition, for arbitrary elements a,b Cz D and for arbitrary neigh- 
borhoods Wa-b of the element a — b, Wab of the element ah there exists neighbor- 
hoods Wa of the element a and Wb of the element b such that Wa — Wb C Wa-b, 
WaWb C Wab- For any a ^ and for arbitrary neighborhood VFa-i there exists 
neighborhood Wa of the element a, satisfying the condition W~'^ C Wa-^- 

Definition 5.1.2. Absolute value on division ring Z?'' is a map 

which satisfies the following axioms 

• |a| > 

• |a| = if, and only if, a = 

• = l«l 1^1 

• |a-|-5| < \a\ -t- |6| 

Division ring Z?, endowed with the structure defined by a given absolute value 
on D, is called valued division ring. □ 

Invariant distance on additive group of division ring D 

d{a,b) ^\a~b\ 

defines topology of metric space, compatible with division ring structure of D. 

Definition 5.1.3. Let D be valued division ring. Element a e Z) is called limit 
of a sequence {a,i} 

a ~ lim a,i 

if for every e S i?, e > there exists positive integer no depending on e and such, 
that |a„ — a| < e for every n > uq. □ 

Theorem 5.1.4. Let D be valued division ring of characteristic and let d (z D. 

Let a ^ D be limit of a sequence {a„}. Then 

lim {and) = ad 

n— >oo 

lim {don) = da 



^■^\ made definition according to definition from [6], cfiapter 4 
^■^I made definition according to definition from [4], IX, §3.2 
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Proof. Statement of the theorem is trivial, however I give this proof for com- 
pleteness sake. Since a E D is limit of the sequence {a„}, then according to 
definition 5.1.3 for given e e i?, e > 0, there exists positive integer uq such, that 
|a„ — a\ < e/\d\ for every n > hq. According to definition 5.1.2 the statement of 
theorem follows from inequalities 

\and — ad\ = |(a,i — a)d\ ~ |a„ — a||o?| < e/|o?||d| = e 

\dan — da\ = |d(a„ — a)\ ~ |rf||a„ — a| < |(i|e/|d| = e 
for any n > uq. □ 

Definition 5.1.5. Let D be valued division ring. The sequence {a„}, an E D 
is called fundamental or Cauchy sequence, if for every e G i?, e > there 
exists positive integer ng depending on e and such, that \ap — aq\ < e for every p, 
q > iiQ. □ 

Definition 5.1.6. Valued division ring D is called complete if any fundamental 
sequence of elements of division ring D converges, i.e. has limit in division ring 
D. □ 

So far everything was good. Ring of characteristic contains ring of integers. 
Division ring of characteristic contains field of rational numbers. However this 
does not mean that complete division ring D of characteristic contains field of 
real numbers. For instance, absolute value |x| = 1 determines discrete topology on 
valued division ring and is not interesting for us, because any fundamental sequence 
is constant map. 

Later on, speaking about valued division ring of characteristic 0, we will assume 
that homcomorphism of field of rational numbers Q into division ring D is defined. 

Theorem 5.1.7. Complete division ring D of characteristic contains as subfield 
an isomorphic image of the field R of real numbers. It is customary to identify it 
with R. 

Proof. Let us consider fundamental sequence of rational numbers {p„}. Let 
p' be limit of this sequence in division ring D. Let p be limit of this sequence in 
field R. Since immersion of field Q into division ring D is homeomorphism, then 
wc may identify p' E D and p £ R. □ 

Theorem 5.1.8. Let D be complete division ring of characteristic and let d £ D. 

Then any real number p £ R commute with d. 

Proof. Let us represent real number p £ R as fundamental sequence of ratio- 
nal numbers {pn}- Statement of theorem follows from chain of equations 

pd ~ lim (pnd) ~ lim (dpn) = dp 

based on statement of theorem 5.1.4. □ 

Theorem 5.1.9. Let D be complete division ring of characteristic 0. Then field of 
real numbers R is subfield of center Z{D) of division ring D. 

Proof. Corollary of theorem 5.1.8. □ 

Definition 5.1.10. Let D be complete division ring of characteristic 0. Set of 
elements d £ D, \d\ = 1 is called unit sphere in division ring D. □ 
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Definition 5.1.11. Let Di be complete division ring of characteristic with ab- 
solute value \x\i. Let D2 be complete division ring of characteristic with absolute 
value \x\2- Function 

f -.0,^02 

is called continuous, if for every as small as we please e > there exist such 6 > 0, 
that 

\x' - x\i < 6 

implies 

\f{x')-f{x)\2<e 

□ 

Theorem 5.1.12. Let D be complete division ring of characteristic 0. Since index 
s in expansion (3.2.14) of additive map 

f-D^D 

belongs to finite range, then additive map f is continuous. 
Proof. Suppose x' = x + a. Then 

f{x') - f{x) = f{x + a) - f{x) = /(a) = (^s)of a (^s)if 
- f{x)\ = |(,)o/ a < (|(,)o/| |(.)i/|)|a| 

Let us denote F = \(s)of \ \{s)if\- Then 

\fix')~fix)\<F\a\ 

Suppose e > and let us assume a = — e. Then S = \a\ = —. According to 

F F 
definition 5.1.11 additive map / is continuous. □ 

Similarly, since index s belongs to countable range, then for continuity of addi- 
tive map / it is necessary that series \(s)of\ l(s)i/l converges. Since index s belongs 
to continues range, then for continuity of additive map / it is necessary that integral 
/ l(s)o/l \is)if\ds exist. 

Definition 5.1.13. Let 

f -.01^02 

map of complete division ring Di of characteristic with absolute value |a::|i into 
complete division ring D2 of characteristic with absolute value \y\2- Value 

(5.1.1) 11/11 =sup^^ 

\x\i 

is called norm of map /. □ 

Theorem 5.1.14. Let Di be complete division ring of characteristic with absolute 
value \x\i. Let D2 be complete division ring of characteristic with absolute value 
\x\2- Let 

f:Di^ D2 
be map which is multiplicative over field R. Then 

(5.1.2) 11/11 = sMI/(a;)|2:|a:|i = l} 
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Proof. According to definition 3.1.5 

\f{x)\2 _ I/MI2 

\x\i \rx\i 

Assuming r = - — ;— , we get 
F 1 



1/(^)1 



^'4 



(5.1.3) 

\x\i 

Equation (5.1.2) follows from equations (5.1.3) and (5.1.1). □ 
Theorem 5.1.15. Let 

additive map of complete division ring Di into complete division ring D2. Since 
11/11 < 00, then map f is continuous. 

Proof. Because map / is additive, then according to definition 5.1.13 

\fix)-m\2^\fix-y)\2<\\f\\ \x~y\. 
Let us assume arbitrary e > 0. Assume S = J^J^- Then 

\f{x)~fiy)\2<\\f\\6^e 

follows from inequality 

\x -y\i <S 

According to definition 5.1.11 map / is continuous. □ 

Theorem 5.1.16. Let D be complete division ring of characteristic 0. Either 
continuous map f of division ring which is projective over field P, does not depend 
on direction over field P , or value /(O) is not defined. 

Proof. According to definition 3.1.7, map / is constant on direction Pa. 
Since S Pa, then we may assume 

/(O) = f{a) 

based on continuity. However this leads to uncertainty of value of map / in direction 
0, when map / has different values for different directions a. □ 

If projective over field R map / is continuous, then we say that function / is 
continuous in direction over field R. Since for any a e Z?, a 7^ we may choose 
ai ~ \a\~^a, /(fli) = /(a), then it is possible to make definition more accurate. 

Definition 5.1.17. Let D be complete division ring of characteristic 0. Projective 
over field R function / is continuous in direction over field R, if for every as small 
as we please e > there exists such (5 > 0, that 

\x' - x\i <5 \x'\i = \x\i = 1 

implies 

\f{x')~f{x)\2<e 

□ 

Theorem 5.1.18. Let D be complete division ring of characteristic 0. Projective 
over field R function f is continuous in direction over field R iif this function is 
continuous on unit sphere of division ring D. 
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Proof. Corollary of definitions 5.1.11, 3.1.7,5.1.17. □ 
5.2. Differentiable Map of Division Ring 
Definition 5.2.1. Let D be valued division ring.'' '' Function 

is called D^Ar-difTerentiable in the Frechet sense on the set U C D'^'^, if at every 
point X E U the increment of the function / can be represented as 

(5.2.1) f(^^ + h)-fix)^h^ + o{h) 
where o is such continuous map 

o: D ^ D 

that 

(5.2.2) li- ^ = 

h^O \h\ 

□ 

According to definition 5.2.1, the EVechet L)*-derivative of map / at point 

d^x 

generates a homomorphism 

df{x) 



Af = Ax- 



which maps increment of argument into increment of function. 

If we multiply both sides of equation (5.2.1) by h~^, then we get equation 

(5.2.3) h-^{f{x + h)- fix)) = + h-^o{h) 
Alternative definition of the Frechet D*-derivative 

(5.2.4) ^ = lim(/i-i(/(x + h) - fix))) 

follows from equations (5.2.3) and (5.2.2). 

In contrast to derivative of map over field F the Frechet D*-derivative of map 
of division ring D is not linear map. Indeed, the Frechet D*-derivative is ★D-linear 
map; however, in general, it is not I?*-linear map. In fact, 

fix + h)a — fix)a = h— — a + o(ft,) 
d^x 



^ "^1 made definition according to definition [lJ-3.1.1, page 177. 
^'^Like in remark [3J-4.4.5 we may define D*-diff'erentiabiIity of map 

of valued division ring S into valued division ring D according to rule 

f{x + h)-f{x)=F{h)^ + o{h) 

where 

F -.S ^ D 

is homomorphism of division rings. However, based on isomorphism theorem, we may confine 
ourselves by case of maps of division ring D into D. 
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(5.2.5) af{x + h)-af{:x) = ah-^+o{h) 
However, in general, 

Similar problem arises when we differentiate product of maps. According to 
definition 5.2.1 

(5.2.6) /(x + h)g{x + /i) - !{x)g{x) = h'^l^M. + o{h) 

It is possible to represent expression in left side as 
!{x + h)g(x + h)~^{x)g(x) 

(5.2.7) =/(x + h)g{x + h)- f{x)g{x + h) + f{x)g{x + h) - f{x)g{x) 
^{f{x + h) - f{x))g{x + h) + f[x){g{x + h) - g[x)) 

According to definition 5.2.1, it is possible to represent (5.2.7) as 
f{x + h)g{x + h)- J{x)g{x) 

(5.2.8) = ( + o{h)) ( g{x) + h'^ + o{K) 

\ a^,x J \ cl^^x 

Since, in general, 

mh^^^hfix)^ 

then it is natural to anticipate that map f{x)g{x) is not D*-differentiable in the 
Frechet sense. 

Thus definition the Frechet Z)*-derivative is extremely restricted and does not 
satisfy standard definition of differentiation. To find solution of problem of differ- 
entiation, let us consider this problem on the other hand. 

Example 5.2.2. Let us consider increment of map f{x) = x^ . 

f{x + h)-f{x)^{x + h)^-x^ 
= xh + hx + 
= xh + hx + o{h) 

As can be easily seen, the component of the increment of the function f{x) — x^ 
that is linearly dependent on the increment of the argument, is of the form 

xh + hx 

Since product is non commutative, we cannot represent increment of map f{x + h) — 
f{x) as Ah or hA where A does not depend on h. It results in the unpredictable 
behavior of the increment of the function f{x) = x^ when the increment of the 
argument converges to 0. However, since infinitesimal h is infinitesimal like h ~ ta, 
a € D, t G R, t 0, the answer becomes more definite 

{xa + ax)t 

□ 
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Definition 5.2.3. Let D be complete division ring of characteristic 0.^ '^ The 
function 

is called differentiable in the Gateaux sense on the set U C D, ii at every 
point X £ U the increment of the function / can be represented as 

(5.2.9) fix + a)- fix) = dfix)ia) + o(a) = ^^(a) + o(a) 

where the Gateaux derivative dfix) of map / is linear map of increment a and 
o : D ^ D is such continuous map that 

lim = 

a-fO \a\ 

□ 

Remark 5.2.4. According to definition 5.2.3 for given x, the Gateaux derivative 
dfix) G CiD; D). Therefore, the Gateairx derivative of map / is map 

df -.D ^ CiD;D) 

dfix) 

Expressions dfix) and — - — are different notations for the same function. Wc will 

ox 

dfix) 

use notation — - — to underline that this is the Gateaux derivative with respect to 
ox 

variable x. □ 

Theorem 5.2.5. It is possible to represent the Gateaux differential 9/ (a;) (a) 
of map / as 

aff \t \ i'>)o^f(^) {s)idfix) 

(5.2.10) dfix)ia) = a 

Proof. Corollary of definitions 5.2.3 and theorem 3.2.9. □ 

(s)pdfix) 

Definition 5.2.6. Expression , p = 0, 1, is called component of the 

ox 

Gateaux derivative of map fix). □ 

Theorem 5.2.7. Let D he division ring of characteristic 0. The Gateaux derivative 
of function 

f-D^D 

is multiplicative over field R. 

Proof. Corollary of theorems 5.1.9, 3.2.4, and definition 5.2.3. □ 
From theorem 5.2.7 it follows 

(5.2.11) dfix)ira)=rdfix)ia) 

for any r e i?, ?' 7^ and a G D, a 0. Combining equation (5.2.11) and definition 
5.2.3, we get known definition of the Gateaux differential 

(5.2.12) dfix)ia)= it-\fix + ta)~fix))) 

Definitions of the Gateaux derivative (5.2.9) and (5.2.12) are equivalent. Using 
this equivalence we tell that map / is called differentiable in the Gateaux sense on 



^•'^I made definition according to definition [lJ-3.1.2, page 177. 
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the set U C D, if at every point x G U the increment of the function / can be 
represented as 

(5.2.13) f{x + ta) - f{x) = tdf{x){a) + o{t) 
where o : i? — )■ D is such continuous map that 

hmMM = o 

Since infinitesimal ta is differential dec, then equation (5.2.10) gets form 

(5.2.14) df{x){dx)^^-^^^dx'-^^^ 

Theorem 5.2.8. Let D he division ring of characteristic 0. Let e be basis of 
division ring D over center Z{D) of division ring D. Standard representation 
of the Gateaux differential (5.2.10) of map 

f -.D 

has form 

d^^ f(x) 

(5.2.15) df{x)ia) = ie a je 
d^^ fix) 

Expression — in equation (5.2.15) is called standard component of the 

ox 

Gateaux differential of map /. 

Proof. Statement of theorem is corollary of theorem 3.2.10. □ 

Theorem 5.2.9. Let D be division ring of characteristic 0. Lete be basis of division 
ring D over center Z{D) of division ring D . Then it is possible to represent the 
Gateaux differential of map 

f-D^D 

as 

dx'^ 

where a G D has expansion 

a = jC a' G F 



(5.2.16) df{x){a) = a' ^ ,-e 



relative to basis e and Jacobian matrix of map f has form 

Proof. Statement of theorem is corollary of theorem 3.2.11. □ 

To find structure similar to derivative in commutative calculus we need extract 
derivative from differential of map. For this purpose we need take the increment 
of argument outside brackets. '^■^ It is possible to take a outside brackets using 
equations 

(s)oC>f{x) (s)idf{x) (s)odf{x) {s)idf{x) 

5 " 5 = 5 5 " " 

ox ox Ox ox 



It is possible when all = e or all = e. Therefore definition [1]-3.1.2, 

dx dx 
page 177, leads us either to definition of the Frcchct D^t-dcrivative, or to definition of the Frcchet 

*D-derivative. 
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{s)odf{x) {s)idf{x) _i{s)odf{x) {s)idf{x) 
-a ' = aa ' a- 



dx dx dx dx 

Definition 5.2.10. Let D be complete division ring of characteristic and a G D. 



We define the Gateaux Z)*-derivative 

equation 

(5.2.18) dfix){a)=a 

We define the Gateaux ★D-derivative 

equation 

(5.2.19) df{x){a) 



df{x){o 
d^,x 

df{x){a) 
d*x 
df{x){a) 
*dx 

df{x){a) ^ 
^.dx 



of map f : D ^ D using 



of map f : D ^ D using 



□ 



Let us consider the basis le = 1, 26 = i, 36 — j, 46 = k of division ring 
of quaternions over real field. From straightforward calculation, it follows that 
standard ZJ^-representation of the Gateaux differential of map x^ has form 

dx^{a) = (a; + xi)a + X2ai + x^aj + x^ak 

For representation of the Gateaux £)*-derivative we also use notation 

For representation of the Gateaux *Z?-dcrivative we also use notation 
df{x){a) d w . w . 

Based on duality principle [3J-4.3.8, we will study Z^Tk-derivative, keeping in 
mind that dual statement is true for ★ZJ-derivative. 

Because product is not commutative, concept of fraction is not defined in di- 
vision ring. We need explicitly show from which side denominator has an effect on 
numerator. Symbol * in denominator of fraction implements this function. Accord- 
ing to definition 

a/ 

5/ 

*dx 

Thus, we may represent the Gateaux i3*-derivative of function / as ratio of change 
of function to change of argument. We do not extend this remark to components 

d , d 

not as 



{d.x)-^df 
dfi.dx)-^ 



of the Gateaux differential. In this case we consider notation — — and 



tdx 



fraction, but as symbol of operator. 

Then we can write equation (5.2.18) as 

(5.2.20) df{x){dx) = dx{d,x)-^df{x){dx) 

It is easy to see that we wrote £)*-differential of variable x in denominator of fraction 
in equation (5.2.20), however wc multiply fraction by differential of variable x. 

Theorem 5.2.11. Let D be complete division ring of characteristic 0. The Gateaux 
D-k-derivative is projective over field of real numbers R. 
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Proof. Corollary of theorems 5.2.7 and example 3.1.8. □ 
From theorem 5.2.11 it follows 
(5 2.21) df{x){ra) ^ df{x){a) 

d*x d^x 

for every r g i?, r ^ and a G D, a ^ 0. Therefore the Gateaux D*-derivative is 
well defined in direction a over field R, a G D, a 0, and does not depend on the 
choice of value in this direction. 

Theorem 5.2.12. Let D be complete division ring of characteristic and a ^ 0. 
The Gateaux Di^- derivative and the Gateaux -kD- derivative of map f of division 
ring D are bounded by relationship 

df{x){a) df{x){a) 

Proof. From equations (5.2.18) and (5.2.19) it follows 

df{x){a) w . _i df{x)(a) _^ 

□ 

Theorem 5.2.13. Let D be complete division ring of characteristic 0. The Gateaux 
differential satisfies to relationship 

(5.2.23) d{f{x)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 

Proof. Equation (5.2.23) follows from chain of equations 

d{f{x)g{x)){a) = lim(t-i(/(.T + ta)g{x + ta) - f{x)g{x))) 

= Yim{t^'^{f{x + ta)g{x + ta) - f{x)g{x + ta))) 



lim{t-\fix)g{x + ta) - f{x)g{x))) 



= lim{t-\f{x + ta)^ f{x)))g{x) 
+ fix) limit-' igix + ta)~gix))) 

t—^0 

based on definition (5.2.12). □ 

Theorem 5.2.14. Let D be complete division ring of characteristic 0. Suppose the 
Gateaux derivative of map f : D ^ D has expansion 

trooA\ »ft ^^ \ {s)Qdfix) {s)idfix) 

(5.2.24) dfix)ia) = "'-^^ 

Suppose the Gateaux differential of map g : D ^ D has expansion 

fK^oK\ a t \f \ (t)o%(^) {t)idgix) 

(5.2.25) dgix)ia) = ~dx 

Gomponents of the Gateaux differential of map /(a;)g(a;) have form 

i^^r,a\ {s}o9fix)gix) _ (s)odfix) it)odfix)gix) _ ^ (f)oC>g(x) 

(5.2.25) - - -f^^) 

2 27) is)idfix)gix) ^ (^)ig/(x) ^^^^ it)idfix)gix) ^ (t)idgix) 
dx dx dx dx 
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Proof. Let us substitute (5.2.24) and (5.2.25) into equation (5.2.23) 
(5.2.28) d{fix)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 

^ (s)o'9/(a;) ^ (^)ig/(a;) ^^^^ ^ j(^) {t)adg{x) ^ (^t)ida{x) 
dx dx dx dx 

Based (5.2.28), we define equations (5.2.26), (5.2.27). 



□ 



Theorem 5.2.15. Let D be complete division ring of characteristic 0. The Gateaux 
D-k-derivative satisfy to relationship 

(^ooQ\ 9f{x)g{x) df{x){a) -if, \ 9g{x){a) 
(5.2.29) (a) = — g[x)+a f{x)a 

Proof. Equation (5.2.29) follows from chain of equations 

df{x)g{x) _i \ f \t \ 
(a)=a df{x)g{x)[a) 

= a-\dfix){a)g{x) + f{x)dg{x){a)) 

= a~^df{x){a)g{x) + a^^ f{x)aa^^dg{x){a) 



d<,x 



9* a; 



□ 



Theorem 5.2.16. Let D he complete division ring of characteristic 0. Either the 
Gateaux D-k-derivative does not depend on direction, or the Gateaux D*-derivative 
in direction is not defined. 

Proof. Statement of theorem is corollary of theorem 5.2.11 and theorem 
5.1.16. □ 

Theorem 5.2.17. Let D be complete division ring of characteristic 0. Let unit 

sphere of division ring D be compact. If the Gateaux D-k-derivative ' '^[^^^ ^ exists 

o^x 

in point x and is continuous in direction over field R, then there exist norm \\df{x) \\ 
of the Gateaux D-k-differential. 



Proof. From definition 5.2.10 it follows 



(5.2.30) 



\dfix){a)\ = \a\ 



df{x){a) 



9*x 



From theorems 5.1.18, 5.2.11 it follows, that the Gateaux D*-derivative is contin- 
uous on unit sphere. Since unit sphere is compact, then range the Gateaux 
derivative of function / at point x is bounded 



df{x){a) 



(9* 



According to definition 5.1.13 



< F = sup 
\df{x)\\=F 



dfix){a) 



9* 



□ 
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Theorem 5.2.18. Let D be complete division ring of characteristic 0. Let unit 

sphere of division ring D be compact. If the Gateaux D-k- derivative exists 

in point x and is continuous in direction over field R, then function f is continuous 
at point X. 

Proof. From theorem 5.2.17 it follows 

(5.2.31) \df{x){a)\ < \\df{x)\\\a\ 
From (5.2.9), (5.2.31) it follows 

(5.2.32) \f{x + a)- f{x)\ < \a\ \\df{x)\\ 
Let us assume arbitrary e > 0. Assume 

\\df{x)\\ 

Then from inequality 

\a\ < 6 

it follows 

\f{x + a)~f{x)\ < \\dfix)\\S = e 
According to definition 5.1.11 map / is continuous at point x. □ 

Theorem 5.2.18 has interesting generalization. If unit sphere of division ring 
D is not compact, then we may consider compact set of directions instead of unit 
sphere. In this case we may speak about continuity of function / along selected set 
of directions. 

5.3. Table of Derivatives of Map of Division Ring 

Theorem 5.3.1. Let D be complete division ring of characteristic 0. Then for any 
be D 

(5.3.1) d{b){a)^Q 

Proof. Immediate corollary of definition 5.2.3. □ 

Theorem 5.3.2. Let D be complete division ring of characteristic 0. Then for any 
b, ce D 

(5.3.2) d{bf{x)c){a) = bdf{x){a)c 
3 3^ ^,)odbf{x)c ^ ^(s)odf{x) 



(5.3.4) 



dx dx 
(s)idbf{x)c _ (s)idf{x) 

dx dx 



,.or\ dbf{x)c -u df{x){a) 
(5.3.5) — (a) = a ba — c 

o^x o^x 

Proof. Immediate corollary of equations (5.2.23), (5.2.26), (5.2.27), (5.2.29) 
because 96 = (9c = 0. □ 
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Theorem 5.3.3. Let D be complete division ring of characteristic 0. Then for any 
b, ce D 

(5.3.6) d{bxc){h) = bhc 

(i)odbxc _ 



(5.3.7) 
(5.3.8) 



dx 
(i)i96xc 

dx 



(5.3.9) ?^(/i) = h^^bhc 

OrX 

Proof. Corollary of theorem 5.3.2, when f{x) = x. □ 

Theorem 5.3.4. Let D be complete division ring of characteristic 0. Then for any 
be D 

(5.3.10) d{xb - bx){h) = hb - bh 

(1) od{xb - bx) _ ^ {i)id{xb - bx) _ ^ 

dx dx 

(2) od{xb - bx) _ ^2)id{xb-bx) _ ^ 

dx dx 

^^^^^ih) = h-^bhc 
dt.x 

Proof. Corollary of theorem 5.3.2, when f{x) = x. □ 

Theorem 5.3.5. Let D be complete division ring of characteristic 0. Theri' 

d{x'^)(a) — xa + ax 

(5.3.11) dx^ , , 

-;r — (a) =a xa + X 
d^x 



„5.7 



(5.3.12) 



dx dx 



dx dx 

Proof. (5.3.11) follows from example 5.2.2 and definition 5.2.10. (5.3.12) 
follows from example 5.2.2 and equation (5.2.14). □ 



statement of the theorem is similar to example VIII, [11], p. 451. If product is commu- 
tative, then the equation (5.3.11) gets form 

d{,x^)(h) = 2hx 

= 1x 

dx 
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Theorem 5.3.6. Let D he complete division ring of characteristic 0. Thert''^ 

(5.3.13) d{x-^){h) = -x-^hx-^ 

^^{h) = -h-'x-^hx-^ 
o„x 

^ 1^ 
ox ox 

Proof. Let us substitute f{x) = x^^ in definition (5.2.12). 

dfix){h)= lim (t-\{x + th)-' -X-')) 

= lim {t^'^{{x + thy^ - x^\x + th){x + thy^)) 

(5.3.14) = lim {t-'^{l~x-\x + th)){x + th)-'^) 

t— s-O, t£R 

= lim (t-^(l-l-x-hh)(x + th)-'^) 
t->o, teR 

= lim (~x~^h(x + thy^) 
t-s-o, teR 

Equation (5.3.13) follows from chain of equations (5.3.14). □ 
Theorem 5.3.7. Let D be complete division ring of characteristic 0. Thert' 

(5.3.15) d{xax^^){h) = hax^^ — xax^^hx^^ 

dxcLX ^ 

— (h) = ax^^ — h^^xax^^hx~^ 



n5.9 



(1) o^a:^ ^ _ ^ {i)idx ^ 

dx _ _ 

(2) ndx-^ _i {2)idx"^ _ _^ 



ax ^ 



X 



dx dx 

Proof. Equation (5.3.15) is corollary of equations (5.2.23), (5.3.6), (5.3.15). 

□ 



^'®The statement of the theorem is similar to example IX, [11], p. 451. If product is commuta- 
tive, then the equation (5.3.13) gets form 

d{x~'^){h) = 

= -X~^ 

dx 

^■^If product is commutative, then 



y = xax ^ = a 



Accordingly, the derivative is 0. 



CHAPTER 6 



Differentiable Maps of Vector Space 

6.1. Topological _D- Vector Space 

Definition 6.1.1. Given a topological division ring D and _D**-vector space V 
such that V has a topology compatible with the structure of the additive group of 
V and the map 

{a,v) G D xV ^ av eV 
is continuous, then V is called a topological D*, -vector space®'^. □ 

Definition 6.1.2. Given a topological division ring D and D-vector space V such 
that V has a topology compatible with the structure of the additive group of V 
and maps 

{a,v) e D xV ^ av eV 
{v,a) eV X D ^va eV 
are continuous, then V is called a topological ZJ-vector space. □ 

Definition 6.1.3. The map 

f-F^A 

of set F to an arbitrary algebra A is called A-valued function. The map 

of set F to D**-vector space V is called _D**-vector function. The map 

f-F^V 

of set F to D-vcctoT space V is called _D-vector function. □ 

We consider following definitions in this section for topological D-vector space. 
However definitions do not change, if we consider topological -D**-vector space. 

Definition 6.1.4. Let *e be £'**-basis of D-vector space V of dimension n. We 
represent an arbitrary map 

f:V^A 

of D- vector space V to set A as function 

/' : D" ^ y4 

of n ZJ-valued variables; function /' is defined by equation 

/'(ai, ...,a„) = f{a%e) 

□ 

^■^I made definition according to definition from [5], p. TVS I.l 
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Definition 6.1.5. Function 

f:V^A 

of topological D-vector space V of dimension n to topological space A is called con- 
tinuous with respect to set of the arguments if for arbitrary neighbourhood U 
of image of element a = a**e G for every ai & D there exist such neighbourhood 
V.^, that 

/'(l/i,...,F„)cC/ 

□ 

Theorem 6.1.6. Continuous Junction 

f:V->A 

of topological D-vector space V of dimension n to topological space A is continuous 
with respect to set of arguments. 

Proof. Let b = /(a**e) S A and U be neigborhood of point b. Since map / 
is continuous, there exists such neighborhood V of vector a = a**e that f{V) C U. 
Since additive operation is continues, then there exists such neighborhood Ei of 
vector Ci and neighborhood Wi of G 13 that W*^,E C V. □ 

Definition 6.1.7. Norm on 13- vector space V over non-discrete valued division 
ring D*^'^ is a map 

V eV ^ \\v\\ e R 

which satisfies the following axioms 

• M > 

• ||w|| = if, and only if, w = 

• \\v + w\\ < \\~'\\ + ll^^ll _ 

• \\av\\ = |a|||w|j for all a € £> and d\\v £V 

If 13 is a non-discrete valued division ring, ZJ-vector space V , endowed with the 
structure defined by a given norm on V , is called normed ZJ-vector space. □ 

Invariant distance on additive group of Z3-vector space V 

d{a,b) = ||a-6|| 

defines topology of metric space compatible with structure of £>- vector space V. 
Definition 6.1.8. Let D be complete division ring of characteristic 0. Let 

A:V -^W 

map of normed _D-vector space V with norm ||3;||i to normed ZJ-vector space W 
with norm ||y||2- Value 

Ml, - supMk 
ll^ll-sup 

is called norm of map A. □ 



''■^I made definition according to definition from [4], IX, §3.3 
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6.2. DifFerentiable Maps of D- Vector Space 
Definition 6.2.1. The function 

J-.v 

of normcd D- vector space V with norm ||a;||i to normed D- vector space W with 
norm ||a;||2^ '' is called diflferentiable in the Gateaux sense on the set U C V, 
if at every point x € U the increment of the function / can be represented as 

(6.2.1) 7ix + a)-Jix) = d7{x){a) +o(a) 

where the Gateaux derivative df{x) of map / is linear map of increment a and 
o : V W is such continuous map that 

, l|o(a)||2 
lim " 1 " = 

a^O ||a||i 

□ 

Remark 6.2.2. According to definition 6.2.1 for given x, the Gateaux differential 
df{x) £ C{D; V; W). therefore, the Gateaux differential of map / is map 

dj :V ^ C{D;V;W) 

□ 

Theorem 6.2.3. Let D be division ring of characteristic 0. Let be D* ^, -basis of 
D-vector space V over division ring D and h £ V 

h — h*^p 

Let *r be D*^-basis of D-vector space W over division ring D. It is possible to 
represent the Gateaux difierential df{x){h) of map / as 

(6.2.2) df{xm = .(,,)oa/^"(x) W ,(,)ia/^-(x) ,r = ^^^^^ ^^^4^ 
Proof. Corollary of definition 6.2.1 and theorem 4.1.9. □ 

Definition 6.2.4. Expression i(s)ndf-' ix) = (flP_j^_i_J. ^ p = 0, 1, is called com- 

ponent of the Gateaux derivative of map f{x). □ 

Theorem 6.2.5. Let D be complete division ring of characteristic 0. Let field F be 
subring of center Z{D) of division ring D. The Gateaux derivative of the function 

J-.V 

of normed D-vector space V to normed D-vector space W is multiplicative over 
field F. 

Proof. Corollary of theorem 4.1.8, and definition 6.2.1. □ 



^■■^When dimension of D-vector space V equal 1, we can identify it with division ring D. Than 
we speak about map of division ring D into D-vector space W. When dimension of D-vector 
space W equal 1, we can identify it with division ring D. Than we speak about map of D-vector 
space V into division ring D. In both cases we will omit corresponding index, because this index 
has single value. 



58 



6. Diffcrcntiablc Maps of /^-Vector Space 



Theorem 6.2.6. Let D be complete division ring of characteristic 0. The Gateaux 
derivative of the function 

7 -.V 

of normed D-vector space V to normed D-vector space W is multiplicative over 
field R. 

Proof. Corollary of theorems 5.1.9, 6.2.5. □ 
From theorem 6.2.6 it follows 

(6.2.3) df{x){ra)^rdf{x){a) 

for every r G i?, r ^ and a G a ^ 0. Combining equation (6.2.3) and definition 
6.2.1, we get known definition of the Gateaux differential 

(6.2.4) df{x){a) = }ra{t-'(f{x + ta) - J{x))) 

Definitions of the Gateaux derivative (6.2.1) and (6.2.4) are equivalent. Using this 
equivalence we tell that map / is called differentiable in the Gateaux sense on 
the set U C D, if at every point x E U the increment of the function / can be 
represented as 

(6.2.5) J(x + ta) - f{x) = tdf{x){a) + o{t) 
where o : R ^ W is such continuous map that 

i->0 \t\ 

Since infinitesimal a is differential dx, then equation (6.2.2) gets form 

(6.2.6) = ifl^ dx^ 

Definition 6.2.7. Let D be division ring of characteristic 0. Let *p be D**-basis 
of _D-vector space V over division ring D and h G V 

h = h* tP 

Let *f be D**-basis of D-vector space W over division ring D. If we consider 
the Gateaux derivative of map / with respect to variable assuming that other 
coordinates of vector v are fixed, then corresponding additive map 

(6.2.7) %^{h^) = lmy{t-\f^{v\...,v^ + th\ ...,«") - f\v))) 

is called the Gateaux partial derivative of map with respect to variable 

v\ □ 

Theorem 6.2.8. Let D be division ring of characteristic 0. Let <tp be D* -basis of 
D-vector space V over division ring D and h £ V 

h ~ h*fP 

Let *r be D* -basis of D-vector space W over division ring D. Let the Gateaux 
partial derivatives of map f : V W are continuous on the set U £ V . Than on 
the set U the Gateaux derivative of map f and the Gateaux partial derivatives hold 

(6.2.8) dmih) = jr 
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Proof. From theorem 4.1.2 it follows that wc can expand the Gateaux de- 
rivative of map / into sum (6.2.8) of partial additive maps. Our task is to clarify 
when these partial additive maps become the Gateaux partial derivatives. 

According to definitions 6.2.4, 

dm(h) = lim(t-i (7(5 + th) - 7{x))) 
t->o 

(6.2.9) -f{x\x^ + th^, 2;" + th'') 

+f{x\x^+th^,...,x'' + th'')-... 
^f{x\...,x-))),r 

From equations (6.2.7) and (6.2.9), up to infinitesimal with respect to t, it follows 
that 



(6.2.10) =lim 



df{x){h) 



dP{x\...,x^) 



dx^ dx"- 

Therefore, for the equation (6.2.8) to follow from the equation (6.2.10) it is necessary 
that the Gateaux partial derivatives be continuous. □ 

d (x) 

We can represent the Gateaux derivative ^ . — (/i') as product of matrices 



3.2.11) 



where matrix 



d.f{x){h) = 



dx^ 



dx^ 

dr{x) 

(9a:;" 



in) 



df{x 
dx 



dx^ 



(h^) 1 is called the Jacobi- Gateaux matrix of 



mapping. 

U f : V ^ D is map of Z)-vector space V into division ring D, then the Jacobi- 
Gateaux matrix of map / has form 

dx^ ^ ' 

\i f : D ^ W \s map of division ring D into Z?-vector space W , then the Jacobi- 
Gateaux matrix of map / has form 



df\x) 



drix) 



dx dx 
Definition 6.2.9. Let function 

of normed Z?- vector space V to normed D- vector space W be difFerentiable in the 
Gateaux sense on the set U x W. Assume we selected £)**-basis *p in D-vector 
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space V. Assume we selected £'**-basis *r in _D- vector space W. We define the 

dJCx) (a) — 
Gateaux £'**-derivative — - — of map /. using equation 

(6.2.12) 9/(.)(a) = a = a ,r 

d (x) (a) 

Expression — — — - — — in equation (6.2.12) is called the Gateaux partial D**- 

(a**)a;'' 

derivative of map with respect to variable x\ □ 

For representation of the Gateaux D**-derivative we also use notation 

df{x){a) d -T 

-J{x){a) = {d\)f{x){a) 



(9**)a; {d*^)x' 

p[x){a) ={,d\)f{x){a) 



id%)x' {d%)x' 
Definition 6.2.10. Let function 

7 -.v 

of normed Z?- vector space V to normed D- vector space W be differentiable in the 
Gateaux sense on the set U x W. Assume we selected **D-basis p* in D-vector 
space V. Assume we selected **D-basis r* in £>- vector space W. We define the 

qT f—\ 

Gateaux **£'-derivative — — of map /. using equation 

(**a)a: 



(6.2.13) dj{x){a) = 



df{x){a) d^f{x){a) 



(,*9)x ' i,*d) 'X 



d ^ f(x)(a) 

Expression — — — - — in equation (6.2.13) is called the Gateaux partial ^,*D- 

(,*a) ^x 

derivative of map ^ f with respect to variable ^x. □ 

For representation of the Gateaux H,*£)-dcrivative we also use notation 

(» a)a; o)x 

Theorem 6.2.11. Let D he division ring of characteristic 0. Let Junction 

of normed D-vector space U to normed D-vector space V be differentiable in the 
Gateaux sense at point x. Then 

d7{x){0)^Q 

Proof. Corollary of definitions 6.2.1 and theorem 4.1.13. □ 

Theorem 6.2.12. Let D be division ring of characteristic 0. Let U be normed D- 
vector space with norm \\x\\i. Let V be normed D-vector space with norm \\y\\2- Let 
W be normed D-vector space with norm ||z||3. Let function 

7-u-^v 
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be differentiable in the Gateaux sense at point x and norm of the Gateaux derivative 
of map f 

(6.2.14) \\d7(x)\\ = F < oo 
finite. Let function 

g:V 

he differentiable in the Gateaux sense at point 

(6.2.15) y=l{x) 
and norm of the Gateaux derivative of map g 

(6.2.16) ||a5(y)|| = G<oo 
finite. Map 

(6.2.17) gJix) = g{7{x)) 
differentiable in the Gateaux sense at point x 

(6.2.18) dgmia) = dg{7{x)){d7ma)) 



(6.2.19) 
(6.2.20) 
(6.2.21) 
(6.2.22) 



mma) _ df{x){a) , dg{f{x)){df{x){a)) 
(a%)x (9%)x * {d%)f{x) 

d{g7f{x){a) ^ d7'{x){a)dg\7{x)){d7{x){a)) 
{d%)x^ id%)x' {d%)fiix) 

{st)odgf^{x) ^ (s)^dg''(j{x)) (t)odf^{x) 
dx^ dfi (x) dx^ 

(stndgf'ix) _ {t)idf^(x) (,)i9g'=(7(x)) 



dx^ dx^ df^{x) 

Proof. According to definition 6.2.1 

(6.2.23) g{y + 5) - g{y) = dg{y){b) + oi{b) 
where oi : — ?> is such continuous map that 

hniMk=0 

b~>0 \\b\\2 

According to definition 6.2.1 

(6.2.24) 7{x + a) - 7{x) = a7(x)(a) + 02(a) 
where 02 : U — !■ y is such continuous map tliat 

I|q2(q)||2 „ 

a^o \\a\\i 

According to (6.2.24) increment of vector x E U in direction a leads to increment 
of vector y in direction 

(6.2.25) b^ d7(x)(a) + 02(0) 
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Using (6.2.15), (6.2.25) in equation (6.2.23), we get 
ff(7(x + a))-5(7(x)) 

(6.2.26) =g{7{x) + d7{x){a) + 02(a)) - g(7(x)) 
=a5(7(x))(a7(x)(a) + 02(a)) -01 (97(3;)(a) + 02(a)) 

According to definitions 6.2.1, 4.1.1 from equation (6.2.26) it follows 
g(Jix + a))-g(fix)) 

(6.2.27) =ag(7(x))(a7(5)(a)) +W(^))(o2(a)) -01 (a7(x)(a) + 02(a)) 
Let us find limit 

l-^ ||gg(7(^))(02(a)) -5i(a7(5-)(a) + 02(a))||3 
a^o II all 1 

According to definition 6.1.7 

^.^ ||c^(7(5f))(02(a)) - oi(g7(^)(a) + 02(a))||3 
a^O ||a||i 

(6.2.28) < lim + lim 

a^O \\a\\i a^O \\a\\i 

From (6.2.16) it follows 

(6.2.29) lim "^(^^?)f-("))"- < G lim . 
a^O \\a\\i a^O \\a\\i 

From (6.2.14) it follows 

^.^ \\Md7ma) + 02{a))h 

a^Q \\a\\l 

^ ||oi(g7(x)(a) + 02(a))||3 j.^ ||97(S)(a) + 02(a)||2 

a^O ||9/(x)(a) + 02(a)||2 a^O \\a\\i 

^ ||oi(g7(x)(a) + 02(a))||3 ||97(a^)||||a||i + (02(a)||2 

~a^Q ||a/(x)(a) +02(a)||2 a^O \\a\\i 

a^o ||d/(a;)(a) + 02(a)||2 
According to theorem 6.2.11 



lim_(a/(^)(a) + 02(a)) = 

a-i-O 



Therefore, 



(6.2.30) ^^\Mmp±^^=o 

a^O \\a\\i 

From equations (6.2.28), (6.2.29), (6.2.30) it follows 

(g 2.31) ihn \m7ix)Ko2{a))-oimxm + 02m\3 ^ 

a^o ||a||i 
According to definition 6.2.1 

(6.2.32) g7{x + a) - g7ix) = dg7ix) (a) + o(a) 
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where o : U W is such continuous map that 

hm» = 
a^O \\a\\i 

Equation (6.2.18) follows from (6.2.27), (6.2.31), (6.2.32). 

From equation (6.2.18) and definition 6.2.9 it follows that 

*^d%w~ ~ y * (a%)7(x) _ 

(6.2.33) = a *^g^dfi.)ia) * (^.^^^^.^ 

Since increment a is arbitrary, then equation (6.2.19) follows from equation (6.2.33). 
From equation (6.2.18) and theorem 6.2.3 it follows that 

dx^ dx"^ 

_ is)odg''{7{x)) it)odPix) ^ (t)idfHx) (s)i'9g^(7(^)) 
df^{x) dx' " dx' df3{x) 

(6.2.21), (6.2.22) follow from equation (6.2.34). □ 



CHAPTER 7 



Quaternion Algebra 



7.1. Linear Function of Complex Field 

Theorem 7.1.1 (the Cauchy-Ricmann equations). Let us consider complex field 
C as two-dimensional algebra over real field. Let 

(7.1.1) .ceo = 1 -cei = i 

be the basis of algebra C . Then in this basis product has form 

(7.1.2) .eel = -.ceo 
and structural constants have form 

(7 1 3) '^^^ '^^"^ " ^ 

.cB|o =1 cBl, =-1 

Matrix of linear function 

y' = x^fi 

of complex field over real field satisfies relationship 

(7.1.4) /o° = f^ 

(7.1.5) /(} = -/° 



Proof. Equations (7.1.2) and (7.1.3) follow from 


equation = 


= -1. 


Usin 


equation (3.2.17) we get relationships 










(7.1.6) /° = /^^^cBLc^ = /°'-.ci3o°o.c< 




cBIq.cB°^ = 






(7.1.7) /o = /'"'.c-Bfco-c-SpT- = /°' c-Soo c-Bor 




cBIq.cBIj. = 


f°' + 


f'° 


(7.1.8) /? = /'='-.c5L c< = f°rcB^,,.cBt 4 


-/ -Ciill-C^Or = 


_/01_ 




(7.1.9) /I = f^rcBl^.cBl, = /°'-.cBo\cBi% 




C-Bll-C-Bor = 







(7.1.4) follows from equations (7.1.6) and (7.1.9). (7.1.5) follows from equations 
(7.1.7) and (7.1.8). □ 

Theorem 7.1.2 (the Cauchy-Riemann equations). Since matrix 

dx° dx^ 
dy^ dy^ 

^dx*^ dx^ • 

is Jacobian matrix of map of complex variable 

x = x° + x^i^y = y°(x°,x^) + y^{x^,x^)i 
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over real field, then 
(7.1.10) 



fei 



Proof. The statement of theorem is corollary of theorem 7.1.1. □ 
Theorem 7.1.3. Derivative of function of complex variable satisfyes to equation 



(7.1.11) 

Proof. Equation 



dy ^ . dy 
dx^ 9x1 







dy° 



.dy^ _l_ - dy^ dy^ 
9x° 9x1 1^3,1 



follows from equations (7.1.10). 

Equation (7.1.11) is equivalent to equation 



(7.1.12) 



□ 



9y° 


dy^ 


9x0 


9x1 


9yi 


9yi 


9x0 


9x1 



The Gateaux derivative of function of complex variable is total differential and has 
form 

/9yO 



(7.1.13) 



d{f{x + yi)){dx,dy) 



1 



9x0 
^9x0 




where dx, dy £ R. Therefore, a symbolic equation 
(7.1.14) 9(/(x + yi))(l,i) = 

does not express relation between the Gateaux derivative with the Cauchy-Riemann 
equations. 

7.2. Quaternion Algebra 

In this paper I explore the set of quaternion algebras defined in [8] . 

Definition 7.2.1. Let F be field. Extension field F{i, j,k) is called the quater- 
nion algebra E{F,a,b) over the field F' l if multiplication in algebra E is 
defined according to rule 





i 


3 


k 


i 


a 


k 


aj 


3 


-k 


b 


-~bi 


k 


~aj 


bi 


—ab 



(7.2.1) 



where a, b £ F , ab ^ 0. 

Elements of the algebra E{F, a, b) have form 

X = x'^ + x^i + x^j + x^k 



7.1 



I follow definition from [8] . 



7.3. Linear Function of Division Ring of Quaternions 
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where £ F, i = 0, 1, 2, 3. Quaternion 

— 1 • 2 ■ Si 

X = X — XI — xj— xk 

is called conjugate to the quaternion x. We define the norm of the quaternion 

X using equation 

(7.2.2) \x\^ = xx = {xy - a{x^f - b{x^f + abix^'f 

From equation (7.2.2), it follows that E{F, a, b) is algebra with division only when 
a < 0, 6 < 0. In this case we can renorm basis such that a = —1, b = —1. 

We use symbol E{F) to denote the quaternion division algebra E{F, —1, — 1) 
over the field F. Multiplication in algebra E{F) is defined according to rule 



(7.2.3) 





i 


3 


k 


i 


-1 


k 


-3 


3 


-k 


-1 


i 


k 


j 


—i 


-1 



□ 

In algebra E(F), the norm of the quaternion has form 

(7.2.4) \x\^ ^xx^ {x°f + {x'-f + {x-f + (^3)2 
In this case inverse element has form 

(7.2.5) x~^ = \x\-^x 

We wiU use notation H = E(R, —1, —1). 

The inner automorphism of quaternion algebra H"^'^ 

p qpq~^ 

(7.2.6) 

q{ix + jy + kz)q ^ = ix' + jy' + kz' 

describes the rotation of the vector with coordinates a;, y, z. The norm of quaternion 
q is irrelevant, although usually we assume |g| = 1. If g is written as sum of scalar 
and vector 

q — cos a + [ia + jb + kc) sin a + 6^ + c'^ = 1 
then (7.2.6) is a rotation of the vector (x, y, z) about the vector (a, 6, c) through an 
angle 2a. 

7.3. Linear Function of Division Ring of Quaternions 

Theorem 7.3.1. Let us consider division ring of quaternions E{F) as four- dimen- 
sional algebra over field F. Let ge = 1, le = i, 26 = j , 36 ~ k be basis of algebra 
E{F). Then in this basis structural constants have form 





=1 




= 1 


02B^ 


= 1 


oaB^ 


= 1 


loB^ 


=1 


iiB^ 


=-1 


12B^ 


= 1 


laB^ 


=-1 


2oB^ 


=1 


2lB^ 


=-1 


22B^ 


= -1 


23B^ 


= 1 


3oB^ 


=1 


3lB^ 


= 1 


32B^ 


= -1 


33-8° 


=-1 



Standard components of F -linear function and coordinates of corresponding linear 
map over field F satisfy relationship 

■^■^See [10], p.643. 



68 



7. Quaternion Algebra 



(7.3.1) 



'or 
if' 



(7.3.3) 



of' 

2j 

3J 



00 




— /■^^ 


— f^^ 


00 


-f' 




^fSS 


00 


+f'' 


_ j22 




00 


+/" 


+ ^22 


_fSS 


01 


+f'° 


+ f^' 


_f32 



(7.3.5) 

r op 

1/ 
fO _ 
2/ - 



_j01 
_/01 

f°'- 

j02 _ 
j02 _ 
__^02 
02 



_/10 



^^23 
_ y23 
^23 _ 



32 



_ y32 
P' 



,3f' — -f 



Jl3 _|_ j20 _|_ y31 
Jl3 _ j20 _ y31 
_ Jl3 _ j20 _|_ j31 



(7.3.7) 

r o/^ 
i/^ = 

2/^ 

fO _ 
.3/ - 



J03 _|_ Jl2 _ j21 _|_ y30 
_ j03 _ Jl2 _ j21 _|_ y30 
j03 _ Jl2 _ j21 _ j:30 

-P' + P^-P'-P° 



(7.3.2) 

4 /°° 
4/" = 
4 = 
,4 = 

(7.3.4) 
•4 /lo = 
4/01 ^ 
4 /^^ = 

4^23 

(7.3.6) 

•4 J20 ^ 

4/31 ^ 

4 /°2 = 
4/13 = 



(7.3., 



'4 /3° = 
4/21 ^ 

4/12 

4/°3 = 



= 0/°- 


^IP- 


V2P- 


V3P 


-0/° 


-IP 


+ 2P 


+ 3P 


fO 

-oj 


+ lP 


-2P 


+ 3P 


fO 

-Of 


+ lP 


+ 2P 


-3P 


fO 

-if 


+ oP 


-3P 


+ 2P 


fO 

-if 


+ oP 


+ 3P 


- 2/ 


-Ip 


-op 


-3P 


- 2/ 


-Ip- 


ho/1- 


-3P- 


- 2/ 


-2P 


+3/^ 


+ oP 


f3 
- if 


+ 2P 


-3/^ 


+ oP 


-IP 


fO 
-2j 


-3/^ 


+ oP 


+ lP 


fO 
-2j 


-3/^ 


-Op 


-IP 


fO 
-3/ 


-2P 


+ lP 


+ oP 


fO 
-3/ 


-2P 


-IP 


-Op 


fO 
- 3/ - 


-2P- 


-IP- 


^oP 


-3/ 


+ 2P 


-IP 


+ oP 



Proof. Value of structural constants follows from multiplication table (7.2.3). 
Using equation (3.2.17) we get relationships 

fO fkr r>p r>0 

OJ —J koij prij 

_ rOO T)0 T)0 I fll nl nO , n22 t>2 r>0 , n33 r>3 tjO 
— J OO-D OO-D +J IQO iiiJ +/ 20-t> 22-t> + 7 30i> 33i> 



r33 



= P'-P'-f^''-P 

fl fkr np nl 

0/ — / fc0i> pri> 

j^Ol riO Tjl I rlO nl nl I j"23 n2 nl i -f32 n3 nl 

— / 00-tS oii> +/ lO-O lO-D +/ 20i> 23i> +/ 30i> 32i> 

_ ^01 _|_ ^10 _|_ j23 _ j32 

of^ = f'" koB^ prB^ 

£02 nO n2 , j^l3 nl n2 , ^20 n2 n2 , ^31 n3 n2 

— / 00-t> 02O + J lO-O 13-0 + / 20ij 20ij + J 30^ 31^ 

= P'-P' + P" + P' 

Op = koBP prB^ 

— / 00i> 03i> +/ 10-D 12-D +/ 20^ 21^ +/ 30^ 30^ 

= P' + P^-f^' + P° 

fO fkr r>p nO 

_ j^Ol nl nO I flO nO nO , f23 r>3 nO , f32 t>2 nO 

— J OlO llO +7 11^ OOi* +7 2li> 33i> +7 3li> 22i> 



7.3. Linear Function of Division Ring of Quaternions 

— / Oli> 10i> +/ ll-O Ol-O +/ 21-0 32-0 +/ 3i±J 23^ 

f2 fkr TDP d2 

1/ — / fcli> pri> 

— J Ol-D 13-fc> +/ lli* 02i' +/ 2li> 3li> +/ 3li> 20i> 
= _/03_^12_^21^^30 

fS fkr r>p d3 

£02 ol r>3 I j^l3 pO o3 , t20 d3 d3 , t31 7:j2 7:j3 

— / Ol-D 12-D +7 iiii 03-D +/ 21-D 30-D +/ 3iii 21-D 

^^02_^13_^20_^31 

2/° = f""" k2BP prB° 

_ f02 o2 oO I j^l3 r)3 nO , n20 r>0 nO , ^31 ol oO 

— J 02O 22-D + / 12-D 33iJ + / 22i> 00i> + / 32i> lli> 

= _/02_^13_^20+^31 



fl fkr rip ol 

2/ — / fc2-D'^ pr-D 



2J = J fc2-D* pr-l 

fOS o2 ol I rl2 p3 pi i i'21 pO pi , ^30 pi pi 

— / 02-D 23-D +/ 12-D 32-D +/ 22i> Oli> +/ 32i> 10i> 

f2 fkr r>p p2 

2/ — / fc2-D'^ pr-D 

J^OO p2 p2 I j^ll p3 p2 I ^22 pO p2 , rSS pi p2 

— / 02-D 20i> +/ 12-D 3iii +/ 22i> 02i> +/ 320 I3i> 

2f = k2BP prB^ 

_ fOl o2 p3 I flO p3 p3 I --23 pO p3 , f32 pi p3 

— / 02^' 21^* +/ 12^3 30-D +/ 22i> 03^ +/ 32^' 12^' 

= -r+r-r-r 

fO fkr r>p pO 

3/ — J fc3i> pri> 

_ J^03 p3 pO I fl2 p2 pO I i;21 pi pO , n30 pO pO 

— J 03-D 33iS +/ i3iJ 22^* +/ 23i> lli> +/ 33i> 00i> 

= -f'+r-f'-f" 

fl fkr rip pi 

3/ — / fc3-D pr-D 

J^02 p3 pi I j^l3 p2 pi I ^-20 pi pi I ^31 pO pi 

— / 03i> 32i> + / 13-D 23-D + / 23i> 10i> + / 33i> 0li> 

= -f°'-f' + r-r 

£2 £kr TDP r)2 

3/ — / kS^ pr^ 

J-Ol d3 r>2 I rlO ri2 ri2 , ^23 ol rj2 , x32 oO rj2 

— / 03^ 31^ +/ 13-D 20-t> +/ 23^ 13^ +/ 33^ 02^ 

= r-r-r-f^ 
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3/ 



/ 03^ 30-D +/ 13-D 21-0 
^00^^11^^22__^33 



23^1 12^^ + / 



33 



4±> nsi* 



We group these relationships into systems of Hncar equations (7.3.1), (7.3.3), 
(7.3.5), (7.3.7). 

(7.3.2) is solution of system of linear equations (7.3.1). 
(7.3.4) is solution of system of linear equations (7.3.3). 
(7.3.6) is solution of system of linear equations (7.3.5). 

(7.3.8) is solution of system of linear equations (7.3.7). □ 

Theorem 7.3.2. Let us consider division ring of quaternions E{F) as four- dimen- 
sional algebra over field F. Let oe = 1, {e = i, ■^e = j, se = fc he basis of algebra 
E{F). Standard components of additive function over field F and coordinates of 
this function over field F satisfy relationship 

( o/° o/^ of^ of^\ 

fl fO f3 
1/ 1/ 1/ 



2/^ 



2/ 



(7.3.9) 



fO 
2/ 

Vs/"* s/'^ 3/^ 

fl 1 1 -l\ 

I- 11 1 

II- 11 

VI 1 1 -1/ 



2P 
3/V 

P' 
p2 



_f32 
j23 
ylO 

-f°' 



_f02 
_f20 



j03 



Proof. Let us write equation (7.3.1) as product of matrices 



(7.3.10) 



foP\ 
iP 

2P 
3 



\sPJ 



fl -1 -1 -1\ 

I- 11 1 

II- 11 

yi 1 1 -1/ 



P' 

\py 



Let us write equation (7.3.3) as product of matrices 



(7.3.11) 



foP\ 






1 






(p'\ 


Ip 




-1 


-1 


1 -1 




p° 


2P 




-1 


1 


-1 -1 




p. 








-1 


-1 -y 




\PV 






(-^ 


-1 






( 


-p'\ 






1 


1 


-1 1 






-p° 






1 


-1 


1 1 






-~p' 








1 


1 V 




V 


-P'J 








-1 


' 




/- 


-p^\ 






1 


-1 


1 1 












1 


1 


-1 1 














1 


1 -V 




V 


-P'J 
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Let us write equation (7.3.5) as product of matrices 



(7.3.12) 





/ 1 




I 


1 


\ 




/j-02\ 
[ \ 




1 


-1 


-1 


-1 








-1 


-1 


-1 


1 












-1 


1 


-1/ 








(-^ 


1 


-1 


-A 






-/°^\ 




-1 


1 


1 


1 






-/^^ 




1 


1 


1 








_ ^-20 






1 


-1 






V 








-1 


-1 


-A 










1 


-1 


1 


1 






_^02 




1 


1 


-1 


1 






-/^^ 






1 


1 


-V 




V 





Let us write equation (7.3.7) as product of matrices 



2P 



(7.3.13) 



/I 

-1 

1 

-1 

/-I 
1 

-1 

A -1 -1 

I- 11 

II- 1 
VI 1 1 



1 

-1 
-1 
1 

-1 

1 

1 

-1 



-1 
-1 
-1 
-1 

1 
1 
1 
1 



-1 
-V 



-1\ 

-1 
1 

1/ 

-1\ 

1 
1 

-1/ 



p^ 

\PV 

f-p'\ 
-p' 
-p' 

\-PV 

f-p'\ 

_y30 
— f03 

\-PV 



We join equations (7.3.10), (7.3.11), (7.3.12), (7.3.13) into equation (7.3.9) 
7.4. Differentiable Map of Division Ring of Quaternions 

'dy' 



□ 



Theorem 7.4.1. Since matrix 
ring of quaternions over real field, then 
( dy^ d°°y 



-ji- ) is Jacobian matrix of map x 
dx-> , 



y of division 



(7.4.1) 



^22y Q33y 



dxO 

dx^ 
dy^ 
dx^ 
dy^ 
dx^ 



dx 
dx 

QOO 

dx 

QOOy 

dx 



V 



y 



dx 
d^ 

dx 
d^^y 

dx 
d^ 

dx 



+ 



+ 



dx 
d^ 

dx 
d^ 

dx 
d^ 

dx 



dx 
d^^y 
dx 

Q33y 

dx 

Q33y 

dx 
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(7.4.2) 



(7.4.3) 



(7.4.4) 



(7.4.5) 



(7.4.6) 



dx° 
dy^ 

Qx^ 
dy^ 

9x2 - 

dy^ 

. dx^ 

d]f_ 
dx° 

dy^ 
dx^ 

dy^ 

dx'^ 

dyl_ 

dx^ 

( dy"^ 

dy^ 

dx^ 
dy^ 
dx^ 

dy^ 

dx'^ 



d°^y 



d^^y 



dx 

dx 
o y 
dx 

dx 

d^°y 
dx 

d°^y 
dx 

d^ 
dx 

dx 



dx 


dx 


dx 


dx 


d^^y 


d^^y 


d^-^y 


d-^^y 


d% 


d% 
^ y 


d^^y 
^ y 


f)rf. 

d^^v 

^ y 


+ 

dx 


dx 


dx 


dx 


d°^y 


d^°y 


d^^y 


d^^y 


dx 


dx 


dx 


dx 


d°^y 




d^°y 


931y 


dx 


dx 


dx 


dx 




9i^y 
^ y 


920?, 


9^1^ 


dx 


dx 


dx 


dx 


d°^y 


9i^y 
^ y 


92o„ 


9^iy 


dx 


dx 


dx 


dx 


d°^y 


d^^y 


d^°y 


d^^y 


dx 


dx 


dx 


dx 


- + 


9i2w 

y 


921W 

+ 


Q30 

y 


dx 


dx 


dx 


dx 


y 


91^7/ 

y 


d^^y 


y 


dx 


dx 


- H 
dx 


dx 




912^ 


d^^y 


Q30 

y 


dx 


dx 


dx 


dx 


Q03y 


d^^y 


d^'y 


gsoy 


dx 


dx 


dx 


dx 


11 dv'^ 

y y 


9^1 


diT' 


dv^ 
^ y 


dx^ 


+ — - 
9x1 


f — -t- 
9x2 


dx^ 


dv° 


9wi 
^ y 


9w2 


dv^ 


dx^ 


9x1 


+ — 

9x2 


f — 

9x^ 


dv° 


9wi 


9^2 


9w^ 




+ — 
9x1 


9x2 


f — 
9x^ 


dv° 
^y 




dv^ 


dv^ 
^y 


dx'' 


9x1 


9x2 


dx^ 


dy° 


9?/i 


dy^ 


4_ ^ 


dx^ 


9x0 


dx^ 


9x2 


dy° 


9?/i 




_ ^ 




9x0 


9x^ 


9x2 


dy° 


dy^ 


dy'^ 


9y3 


9x1 


9x0 


dx^ 


9x2 


y dy° 




dy" 


9y3 


9x1 


9x0 


dx^ 


9x2 
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(7.4.7) 



(7.4., 



4 


92o„ 

"-^ y 


dv° 

^ y 


dv^ 
+ ^ 


dy^ 


dv^ 
^ y 




dx 




dx^ 


+ — 




4 


^ y 


dv° 


^ y 


dy^ 


^ y 


< 


dx 


+— 


dx'^ 


+ — 

drO 


L/Ju 


4 


^ y 


dv° 
^ y 


dv^ 
^ y 


dy'^ 


dv^ 




Ox 


dx'^ 


Qx^ 


+ — 
ux 


+ — 

OX 


4 


^ y 


dv° 


dv^ 
^ y 


dy"^ 


dv^ 
^ y 




dx 


ox 


dx^ 


OX 


ox 


4 


Q30y 


_df_ 


_dy^ 




dy^ 




dx 




dx"^ 


dx^ 


dxo 


4 




dy° 


dy^ 


dy' 


dy^ 


< 


dx 


dx^ 


dx'^ 


dx^ 


dx° 


4 




dy^_ 


_ V _ 


dy' 


dy^ 




dx 


dx^ 


dx"^ 


" dx^ " 


dx° 


4 


Q03y 


_df_ 


dy^ 


dy'^ 


dy^ 


V 


dx 


dx^ 


dx^ 


dx^ 


dxo 



Proof. The statement of theorem is corollary of theorem 7.3.1. 
Theorem 7.4.2. Quaternionic map 

fix) 

has the Gateaux derivative 
(7.4.9) 

Proof. Jacobian matrix of the map / has form 



□ 



d{x){h) = -^(/i + ihi + jhj + khk) 



(I 













-1 














-1 





^0 








-V 



From equations (7.4.5) it follows that 



lOO 



y 



91 



y 



d 



22 



y 



& 



33 



y 



^ ^ dx dx dx dx 

From equations (7.4.6), (7.4.7), (7.4.8) it follows that 

d^iy 



(7.4.11) 



dx 



i^j 



□ 



Equation (7.4.9) follows from equations (5.2.15), (7.4.10), (7.4.11). 

Theorem 7.4.3. Quaternion conjugation satisfies equation 

X = — — (x + ixi + jxj + kxk) 

Proof. The statement of theorem follows from theorem 7.4.2 and example 
8.3.4. □ 
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Theorem 7.4.4. The norm of quaternion satisfies equations'^ 
(7.4.12) d{\x\^){h)=x'h + xh 

1 



(7.4.13) 



d{\x\){h) 



2\/ xh + xh 

Proof. The equation (7.4.12) follows from theorem 7.4.2 and equations (7.2.4), 
(5.2.23). Since xh + xhG R, than the equation (7.4.13) follows from the equation 
(7.4.12) 

' dy ' 



Theorem 7.4.5. Since matrix 



) is Jacobian matrix of map x 

dx-' , 



□ 

y of division 



ring of quaternions 


over real field, then 




/dy° 


dy' 


dy"^ 


dy'\ 




dxo 


dxo 


dxo 


dx° 




dy' 


dy^ 


dy' 


dy^ 




dx^ 


dx^ 


dx^ 


dx^ 






dy' 


df_ 


dy' 




dx'^ 


dx"^ 


dx^ 


dx"^ 




dy' 


d_l_ 


dy^ 


dif_ 

dx^' 

/d°°y 


^dx^ 


dx^ 


dx^ 



/I 

1 
1 



-1 
-1 
1 
1 



-1 
1 

-1 
1 



-1\ 

1 
1 

-1/ 



dx 



dx 



y 



y 



dx 

go: 



y 



dx 

d-'^y 
dx 

d"y 
dx 



dx 

QIO 



y 



dx 

gOl 



y 



dx 



dx 
d-'hj 
dx 

dx 



d''y \ 

dx 
d'^'y 

dx 
d'^'y 



dx 
dx 



Proof. The statement of theorem is corollary of theorem 7.3.2. 
Theorem 7.4.6. We can identify quaternion 



(7.4.14) 

and matrix 

(7.4.15) 



a'i + a^j + a'k 



Ja 



( 




-a' 




-a' 


\ 




a' 


a° 


-a' 










a' 


a° 


-a' 




V 


a3 


2 

—a 


a' 




J 



Proof. The product of quaternions (7.4.14) and 

X ~ x'^ + x'i + x^j + x'k 



has form 





ax = a X 



a'x' 



22 33, ,-01, 10, 23 3 2\- 

ax+[ax+ax+ax— axji 
+ (a"x^ + a^x" + a'x' - a'x')j + {a°x' + a'x° + a'x^ - a^x')k 



a X 

0„2 I „2„0 I „3„1 



'^■■^The statement of the theorem is similar to example X, [11], p. 455. 



□ 
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Therefore, function fa{x) = ax has Jacobian matrix (7.4.15). It is evident that 
fa°fb = fab- Similar equation is true for matrices 





a° - 




-a" 




\ 




( b° 


-b^ 


-b^ - 


-b^ \ 




















b^ 


6° 


-b^ 















a° 








b^ 


6^ 


6° - 


-b^ 






\ 


u — 


„2 
u 


(I 


(1 


/ 




\ ° 


— u 


c 


6° ) 






/ 












- a 


1^0 


-a°b^ 


















4 


- a 


3^2 




-a^b^ 












+ 




a°b° 




- a 








a°b^ 


-a^b^ 








a^b^ 






- a 


3^3 




-a^b° 




b° 


+ 0^61 














- a 




a°6° 












+ 


a^b^ 






- a 


3^0 




-a^b^ 


-a' 


b^ 








+ 


aH^ 




4 


- a 


1^3 


a°b^ 


+ aH° 






V 




+ 


a^b° 






- a 


3^1 


+a^b^ 


-a^b^ 




b^ 


-a^b^ 



Therefore, we can identify the quaternion a and the matrix J^. □ 



CHAPTER 8 



Derivative of Second Order of Map of Division 

Ring 

8.1. Derivative of Second Order of Map of Division Ring 

Let D be valued division ring of characteristic 0. Let 

function differentiablc in tlic Gateaux sense. According to remarlc 5.2.4 the Gateaux 
derivative is map 

df -.D C{D-D) 

According to theorems 3.1.2, 3.1.3 and definition 5.1.13 set C{D\ D) is normed D- 
vector space. Therefore, we may consider the question, if map df is differentiablc 
in the Gateaux sense. 

According to definition 6.2.1 

(8.1.1) d,f{x + a2){ai) - d,f{x){ai) = 9(9/(x)(ai))(a2) + 02(02) 
where 02 '■ D ^ ^{D; D) is such continuous map, that 

lim M^^O 

a2->0 \a2\ 

According to definition 6.2.1 map d{d f {x){ai)){a2) is linear map of variable 02. 
From equation (8.1.1) it follows that map 9(9/(x)(ai))(a2) is linear map of variable 

Definition 8.1.1. Polylinear map 

(8.1.2) aV(a:)(ai; as) = ^^(ai; 02) = d{d.f{x){a,)){a2) 

is called the Gateaux derivative of second order of map /. □ 

Remark 8.1.2. According to definition 8.1.1 for given x the Gateaux differential of 
second order d'^f{x) G C{D, D; D). Therefore, the Gateaux differential of second 
order of map / is map 

d^f -.D^ C{D,D;D) 

Theorem 8.1.3. It is possible to represent the Gateaux differential of second 
order of map / as 

(8X3) ^ <^..Mi^..ia,)^^ 

Proof. Corollary of definition 8.1.1 and theorem 4.2.3. □ 
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8 1 (s)pd^f{x) 

Definition 8.1.4. Expression , p = 0. 1, is called component of the 

Gateaux derivative of map f{x). □ 

By induction, assuming that we defined the Gateaux derivative d"~^f{x) of 
order n — 1, we define 

(8.1.4) a"/(a:)(ai; a„) = ^^j^(ai; a„) = 3(5"- V(^)(ai; au-i))(a„) 

ox" 

the Gateaux derivative of order n of map /. We also assume f{x) = f{x). 

8.2. Taylor Series 

Let us consider polynomial in one variable over division ring D of power n, 
n > 0. We want to explore the structure of monomial pk{x) of polynomial of power 
k. 

It is evident that monomial of power has form Uq, bq £ D. Let k > 0. Let us 
prove that 

Pk{x) = pk-iix)xak 

where G D. Actually, last factor of monomial Pk{x) is either Uk G or has form 
x\ I > 1. In the later case we assume = 1. Factor preceding has form x', 
I > 1. We can represent this factor as x''~'^x. Therefore, we proved the statement. 

In particular, monomial of power 1 has form pi{x) = aoxai. 

Without loss of generality, we assume k = n. 

Theorem 8.2.1. For any m > the following equation is true 
a™(/(.T)a;)(/ii;...;/i„0 

(8.2.1) =a"7(.T)(/ii; h„,)x + d"'-' f{x){h,; h,n-i)hm 
+d"'-^f{x)(h;;...;h^^,;h,n)hi + ... 
+d"'^^f{x){hi; /i™)ft,„_i 

where symbol means ahsense of variable in the list. 
Proof. For m = 1, this is corollary of equation (5.2.23) 
d{f{x)x){h^) = df{x){h^)x + /(x)/ii 
Assume, (8.2.1) is true for m — 1. Than 

5"-i(/(a;)x)(/ii;...;/i,„_i) 

(8.2.2) =9™- V(x)(/ii; h^^i)x + d"'-'' f {x){h^- h^^2)h^-i 
+9™-V(a^)(/n, /i™-i)/ii + ... 

+d'"^^f{x){hi, hjn-2,hr,i-l)hm-2 



'^We suppose 

dx^ dxdx 



8.2. Taylor Scries 
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Using equations (5.2.23) and (5.3.2) we get 

d"'{f{x)x){hu...;h^^i;h,n) 
=d"'f{x){hi; hm-i;h„^)x + d"'-' f{x){hi; hm-2; hm-i)hm 

(8.2.3) +d^-^f{x){hi-...-h,r,^2;d;h„,)K-,_i 

+d"'-'^f{x){h~i, /i„_2, hm~i;h^)hi + ... 

The difference between equations (8.2.1) and (8.2.3) is only in form of presentation. 
We proved the theorem. □ 

Theorem 8.2.2. The Gateaux derivative 9'"p„(x)(ft.i, /i™) is symmetric poly- 
nomial with respect to variables hi, hm- 

Proof. To prove the theorem we consider algebraic properties of the Gateaux 
derivative and give equivalent definition. We start from construction of monomial. 
For any monomial Pn{x) we build symmetric polynomial r„(x) according to follow- 
ing rules 

• If pi{x) ~ aaxai, then ri{xi) = aoxiai 

• U pn{x) ^ pn-i{x)an, then 

where square brackets express symmetrization of expression with respect 
to variables xi, Xn- 
It is evident that 

Pn{x^ — 7" 72(^1, Xn) Xl — ... — Xji = X 

We define the Gateaux derivative of power k according to rule 

(8.2.4) d''pnix){hi, hk) = r„(/ii, /i^, .t^+i, ...,a;„) Xk+i = Xn = x 

According to construction, polynomial r„(/ii, hk^ Xk+i, Xn) is symmetric with 
respect to variables hi, hk, Xk+i, x„. Therefore, polynomial (8.2.4) is sym- 
metric with respect to variables hi, hk- 

For fc = 1, we will prove that definition (8.2.4) of the Gateaux derivative 
coincides with definition (5.2.18). 

For n — I, ri{hi) = aohiai. This expression coincides with expression of the 
Gateaux derivative in theorem 5.3.3. 

Let the statement be true for n — 1. The following equation is true 

(8.2.5) r„(/ii {X2, ...,x„)hian 

Assume X2 ^ ... ^ Xn = x. According to suggestion of induction, from equations 
(8.2.4), (8.2.5) it follows that 

rn{hl,X2, .■.,Xn) = dpn~l{x){hi)xan + Pn~l{x)hian 

According to theorem 8.2.1 

rn{hi,X2, ...,x„) = dpn{x){hi) 

This proves the equation (8.2.4) for fc = 1. 

Let us prove now that definition (8.2.4) of the Gateaux derivative coincides 
with definition (8.1.4) for k > 1. 
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Let equation (8.2.4) be true for k — 1. Let us consider arbitrary monomial 
of polynomial r„(/ii, Xfc, a;„). Identifying variables hi, hk-i with 
elements of division ring D, we consider polynomial 

(8.2.6) Rn-kixk, ■■■,Xn) = Tnihi, ...,hk-l,Xk, .■.,Xn) 

Assume Pn^k{x) = Rn^kixk, ■■■,Xn), Xk = ... = Xn = X. Therefore 

P„-^kix) = a''"Vn(a;)(/ii; hk-i) 
According to definition of the Gateaux derivative (8.1.4) 

dPn-k(x)ihk) ^d{d''-^pn{x){hi- hk-l)){hk) 

(8.2.7) ^d''p,,{x){hi-..-hk-uhk) 
According to definition (8.2.4) of the Gateaux derivative 

(8.2.8) dPn^k{x){hk) = Rn-k{hk,Xk+l, ■■■,Xn) Xk+l ^Xn^X 

According to definition (8.2.6), from equation (8.2.8) it follows that 

(8.2.9) dPn-k{x){hk) = rn{hi,...,hk,Xk+l,.:,Xn) Xk+l = Xn = x 

From comparison of equations (8.2.7) and (8.2.9) it follows that 

d'^Pn{x){hi; hu) = r„(/ii, hk,Xk+i, Xn) Xk+i = Xn = x 

Therefore equation (8.2.4) is true for any k and n. 

We proved the statement of theorem. □ 

Theorem 8.2.3. For any n > following equation is true 

(8.2.10) a"+V(a;)(/»i;-;/in+i) = o 

Proof. Since po{x) = oq, oq e D, then for n = theorem is corollary of 
theorem 5.3.1. Let statement of theorem is true for n — 1. According to theorem 
8.2.1 when f{x) = Pn-i{x) we get 

a"+ V(a;)(^i; hn+i) ^d''+\pn-i{x)xan){hi; /i„+i) 

=9"+Vn-i(a;)(/ii; ...;/im)a;a„ 

+9>„_i(x)(/ii; h,n-i)h 

+5>„_i(x)(/ii;.. )/iia„ + ... 

+9™~V«-l(2;)(/ii; hm~l]hm)hm-ian 

According to suggestion of induction all monomials are equal 0. □ 
Theorem 8.2.4. If m < n, then following equation is true 

(8.2.11) a">„(0)(/i) =0 
Proof. For n = 1 following equation is true 

d^Pi{0) = aoxai = 
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Assume that statement is true for n — 1. Then according to theorem 8.2.1 

d"^{p„-i{x)xan){hi; /i„J 
=9"'p„_i(a;)(/ii; h,n)xan + d"^~^pn-i{x){hi; hm-i)hman 

+9™"Vri-i(--z;)(/ii; Ki-i] h.m)hia„ + ... 

+d"'~^Pn-i{x){hi; hm-i; /lm)/^m-la„ 

First term equal because x = 0. Because to — 1 < n — 1, then rest terms equal 
according to suggestion of induction. We proved the statement of theorem. □ 

When hi = ... = hn = h, we assume 

d''f{x){h)^d"f{x){hi;...;h^) 

This notation does not create ambiguity, because we can determine function ac- 
cording to number of arguments. 

Theorem 8.2.5. For any n > following equation is true 

(8.2.12) dyn{x){h) ^ nlpnih) 
Proof. For n = 1 following equation is true 

dpi(x)(h) = d{aQxai){h) = aohai ~ \\p\(Ji) 
Assume the statement is true for n — 1. Then according to theorem 8.2.1 

(8.2.13) 9>„(a;)(/i) =a>„_i(x)(/i)a;a„ + d''-^Pr.^i{x){h)har, 

+... + d''-^Pn-i{x){h)han 

First term equal according to theorem 8.2.3. The rest n terms equal, and according 
to suggestion of induction from equation (8.2.13) it follows 

d"-pn{x){h) = nd'"-~^pn-i{x){h)han = n{n - l)!p„_i (/i)/ia„ = n\pn{h) 

Therefore, statement of theorem is true for any n. □ 

Let p{x) be polynomial of power n.*'^ 

p{x) = Po+PUi{x) + ... +P„,;„(.t) 

We assume sum by index ik which enumerates terms of power k. According to 
theorem 8.2.3, 8.2.4, 8.2.5 

d^p{x){hi-...-hk) = A:!pfc,;,(x) 

Therefore, we can write 

p{x) ^po + {V.)-^dp{0){x) + {2l)-^dM0){x) + ... + (n!)-i9>(0)(x) 

This representation of polynomial is called Taylor polynomial. If we consider 
substitution of variable x ^ y — yo, then considered above construction remain true 
for polynomial 

p{y) =Po+ Pill {y -yo) + ■■■+ Pm„ {y - yo) 

Therefore 

p{y) =Po + (11)-' dp{yo)iy-yo) + (21)-' dMyo)iy~yo) + - + in\)-'dyiyo)iy-yo) 

^■^I consider Taylor polynomial for polynomials by analogy with construction of Taylor polyno- 
mial in [7], p. 246. 
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Assume that function f{x)) is differentiable in the Gateaux sense at point xq 
up to any order. ^ '^ 

Theorem 8.2.6. If function f{x) holds 

(8.2.14) f{xo) - df{xo){h) = ... = 9"/(a;o)(/i) = 

then for t ^ expression f{x + th) is infinitesimal of order higher then n with 
respect to t 

f{x^+th)=o{t^) 

Proof. When n = 1 this statement foUows from equation (5.2.13). 
Let statement be true for n — 1 . Map 

f,{x)=df{x){h) 

satisfies to condition 

/i(xo) = a/i(xo)(/i) = ... = a"-Vi(.^o)(/i) = 

According to suggestion of induction 

/i(a;o+t/i) = o(t"-i) 

Then equation (5.2.12) gets form 

o(t"-i)= hm {t-^f{x + th)) 
t^o, tei? 

Therefore, 

f{x + th) = o(r) 

□ 

Let us form polynomial 

(8.2.15) pix) = f{xo) + (l!)-i9/(xo)(x - xo) + ... + {niy^d^ f{xo){x - xo) 
According to theorem 8.2.6 

f{xo + t{x - Xo)) - p{xo + t{x - Xo)) = o{t") 

Therefore, polynomial p{x) is good approximation of map f{x). 

If map f{x) has the Gateaux derivative of any order, the passing to the limit 
n — >■ oo, we get expansion into series 

oo 

/(x-) = 5](n!)-ia"/(xo)(x-xo) 
which is called Taylor series. 

^■■^I explore construction of Taylor scries by analogy with construction of Taylor series in [7], p. 
248, 249. 
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8.3. Integral 

Concept of integral has different aspect. In this section we consider integration 
as operation inverse to differentiation. As a matter of fact, we consider procedure 
of solution of ordinary differential equation 

df{x){h) = F{x;h) 

Example 8.3.1. I start from example of differential equation over real field. 

(8.3.1) y' = 

(8.3.2) a:o=0 yo = 

Differentiating one after another equation (8.3.1), we get the chain of equations 

(8.3.3) y" = 6x 

(8.3.4) y'" = 6 

(8.3.5) =0 n>3 

From equations (8.3.1), (8.3.2), (8.3.3), (8.3.4), (8.3.5) it follows expansion into 
Taylor series 

y = x^ 

□ 

Example 8.3.2. Let us consider similar differential equation over division ring 

(8.3.6) d{y){h) = hx^ +xhx + x^h 

(8.3.7) a;o = yo = 

Differentiating one after another equation (8.3.6), we get the chain of equations 

(8.3.8) dHy){hi;h2) 

=hih2X + hixh2 + h2hix + xhih2 + h2xhi + xh2hi 

(8.3.9) d^iy)ihuh2;h3) 

=hih2h3 + hih3h2 + /i2^i^3 + ^3^i^2 + h2hj,hi + hj,h2hi 

(8.3.10) 9"(y)(/ii;...;/i„) =0 ti > 3 

From equations (8.3.6), (8.3.7), (8.3.8), (8.3.9), (8.3.10) expansion into Taylor series 
follows 

y = 

□ 

Remark 8.3.3. Differential equation 

(8.3.11) d{y){h) ^ ihx^ 

(8.3.12) xo=0 yo = 

also leads to answer y = x^ . it is evident that this map does not satisfies differential 
equation. However, contrary to theorem 8.2.2 second derivative is not symmetric 
polynomial. This means that equation (8.3.11) does not possess a solution. □ 



84 



8. Derivative of Second Order of Map of Division Ring 



Example 8.3.4. It is evident that, if function satisfies to differential equation 
(8.3.13) d{y){h) = (,)o/ h ^,^J 

then The Gateaux derivative of second order 

d'f{x){h,;h2)^0 

Than, if initial condition is y{0) = 0, then differential equation (8.3.13) has solution 

y = (s)o/ X 

□ 

8.4. Exponent 

In this section we consider one of possible models of exponent. 

In a field we can define exponent as solution of differential equation 

(8.4.1) y'^y 

It is evident that we cannot write such equation for division ring. However we can 
use equation 

(8.4.2) d{y)ih) = y'h 
From equations (8.4.1), (8.4.2) it follows 

(8.4.3) d{y){h) = yh 

This equation is closer to our goal, however there is the question: in which order 
we should multiply y and hi To answer this question we change equation 

(8.4.4) d{y){h)^^iyh + hy) 

Hence, our goal is to solve differential equation (8.4.4) with initial condition y{Q) = 
1. 

For the statement and proof of the theorem 8.4.1 1 introduce following notation. 

Let 

y hi ... hn 
^(T{y) a{hi) ... (T(/i„)y 
be transposition of the tuple of variables 

{y hi ... hn) 

Let Paihi) be position that variable hi gets in the tuple 

(cr(y) a{hi) ... a{hn)) 

For instance, if transposition a has form 

y hi h2 hz 

yh2 y /i3 hi^ 

then following tuples equal 

{a{y) a{hi) cr(/i2) cr(/i3)) = (/i2 y h^ hi) 

= (p<t(^2) Pa{y) Paihs) Pa{hl)) 



8.4. Exponent 85 

Theorem 8.4.1. If function y is solution of differential equation (8.4.4) then the 
Gateaux derivative of order n of function y has form 

(8.4.5) 5"(2/)(/ii, /i„) = i- ^ a{y)a{hi)...a{h,,) 

a 

where sum is over transpositions 

y hi ... hn 
^a{y) a{hi) ... a{hr, 

of the set of variables y, hi, /i„. Transposition a has following properties 

(1) // there exist i, j , i ^ j , such that Pa{hi) is situated in product (8.4.5) on 
the left side of p„{hj) and p^{hj) is situated on the left side ofpa{y), then 
i < j. 

(2) // there exist i, j, i ^ j, such that p„ [hi) is situated in product (8.4.5) on 
the right side of pa{hj) and paihj) is situated on the right side ofpa-{y), 
then i > j. 

Proof. We prove this statement by induction. For n = 1 the statement is true 
because this is differential equation (8.4.4). Let the statement be true for rt = fc — 1. 
Hence 

(8.4.6) d'^-'iyKhi,..., hk-i) = ^ E <^iyMhi)-<yihk-i) 

(7 

where the sum is over transposition 

^ f y ^1 ■•■ ^k-i 
^ ~ yf^iy) cr(^l) ■•• cr(/lfe-l), 
of the set of variables y, hi, hk-i. Transposition a satisfies to conditions (f), 
(2) in theorem. According to definition (8.f .4) the Gateaux derivative of order k 
has form 

dHy)ihi, hk) =d{d>'-\y){hi, hk-i)){hk) 

(8.4.7) =^d a{y)aihi)...a{hk^i)^ {h^) 

From equations (8.4.4), (8.4.7) it follows that 
d''{y){hi,...,hk) 



5.4., 



= W^\ cr(y/ife)cr(/ii)...cr(/ifc_i) + ^ a{hky)a{hi)...a{hk-i)^ 



It is easy to see that arbitrary transposition a from sum (8.4.8) forms two trans- 
positions 

y hi ... hk^i hk 



Tl 

.4.9) 

T2 



yTliy) Ti{hi) ... Ti{hk-l) TlQlk) 

hky hi ... hk-i 



^cj{hky) (j{hi) ... a{hk-i) 

y hi ... hk-i hk 

yT2{y) T2{hi) ... T2{hk-l) T2{hk) 

yhk hi ... hk-i 

.cr{yhk) a{hi) ... a{hk-i) 
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From (8.4.8) and (8.4.9) it follows that 
d''{y){h,,...,hk) 



(8.4.10) 




y^Ti(y)ri(fei)...ri(fefc-i)Ti(fefc) 



+ ^ T2 (y)T2 (/ll ) . . .T2 (ft.fe-1 )t2 (/ife) 



In expression (8.4.10) Pnihk) is written immediately before Pniy)- Sinee k is 
smallest value of index then transposition ti satisfies to conditions (1), (2) in the 
theorem. In expression (8.4.10) Pr2(^fc) is written immediately after Pr^iv)- Since 
k is largest value of index then transposition T2 satisfies to conditions (1), (2) in 
the theorem. 

It remains to show that in the expression (8.4.10) we get all transpositions r 
that satisfy to conditions (1), (2) in the theorem. Since k is largest index then 
according to conditions (1), (2) in the theorem T{hk) is written either immediately 
before or immediately after t(?/). Therefore, any transposition r has either form ti 
or form T2. Using equation (8.4.9), we can find corresponding transposition cr for 
given transposition r. Therefore, the statement of theorem is true for n ~ k. We 
proved the theorem. □ 

Theorem 8.4.2. The solution of differential equation (8.4.4) with initial condition 
y{0) = 1 is exponent y = that has following Taylor series expansion 



Proof. The Gateaux derivative of order n has 2" items. In fact, the Gateaux 
derivative of order 1 has 2 items, and each differentiation increase number of items 
twice. From initial condition y{0) — 1 and theorem 8.4.1 it follows that the Gateaux 
derivative of order n of required solution has form 



(8.4.11) 





□ 



Proof. To prove the theorem it is enough to consider Taylor series 



(8.4.15) 




(8.4.16) 




n=0 



(8.4.17) 




n=0 
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Let us multiply expressions (8.4.15) and (8.4.16). The sum of monomials of order 
3 has form 

(8.4.18) -a^ + -a^b+-ab^ + -b^ 
^ ' 6 2 2 6 

and in general does not equal expression 

(8.4.19) l{a + bf = la^ + ^a^b + ^aba + ha^ + ^ab^ + hab + h^a + 

6 66666666 

The proof of statement that (8.4.13) follows from (8.4.14) is trivial. □ 

The meaning of the theorem 8.4.3 becomes more clear if we recall that there 
exist two models of design of exponent. First model is the solution of differential 
equation (8.4.4). Second model is exploring of one parameter group of transforma- 
tions. For field both models lead to the same function. I cannot state this now 
for general case. This is the subject of separate research. However if we recall 
that quaternion is analogue of transformation of three dimensional space then the 
statement of the theorem becomes evident. 
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Derivative of Second Order of Map of D- Vector 

Space 

9.1. Derivative of Second Order of Map of _D- Vector Space 

Let D be valued division ring of characteristic 0. Let V be normed D-vector 
space with norm \\y\\u- Let W be normed D- vector space with norm Let 

7 :V -^W 

function difFerentiable in the Gateaux sense. According to remark 6.2.2 the Gateaux 
derivative is map 

dj :V ^ C{D;V;W) 
According to theorems 3.1.2, and definition 6.1.8 set C{D;V;W) is normed D- 
vector space. Therefore, we may consider the question, if map df is differentiable 
in the Gateaux sense. 

According to definition 6.2.1 

(9.1.1) dfix + a2){ai) - a7(x)(ai) = a(a7(a;)(ai))(a2) + 02(02) 
where 02 ■ V ^ ^{D; V; W) is such continuous map, that 

According to definition 6.2.1 map d{df{x)(ai)){a2) is hnear map of variable a2- 
From equation (9.1.1) it follows that map d(df{x){ai))(a2) is linear map of variable 
ai. 

Definition 9.1.1. Polylincar map 

(9.1.2) d^7{x){ai;a2) = d{d7ix)iai)){a2) 

is called the Gateaux derivative of second order of map / □ 

Remark 9.1.2. According to definition 9.1.1 for given x the Gateaux derivative 
of second order d^f{x) G C{D;V,V;W). Therefore, the Gateaux derivative of 
second order of map / is map 

d'^7 -V ^ C{D;V,V]W) 

Theorem 9.1.3. Let be D* -basis oj D -vector space V over division ring D. 
Let *f be D* -basis of D-vector space W over division ring D. The Gateaux 
differential of second order of map / relative to D**-basis *p and D*^-basis 
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*r has form 

" dx^^dx^- '^'^"1^ dx^^dx^- '^'^"^J 

Proof. Corollary of definition 9.1.1 and theorem 4.2.3. □ 

Definition 9.1.4. Expression . — , p = 0, 1, 2, is called component of 

ox^^ax^^ _ 

the Gateaux derivative of second order of map f{x). □ 

Definition 9.1.5. Let D be division ring of characteristic 0. Let be D*, -basis 
of I^-vector space V over division ring D. Let *r be £'*H.-basis of ZJ-vector space 
W over division ring D. The Gateaux partial derivative 

(9X4) w^j,.,, 

is called the Gateaux mixed partial derivative of map /-' with respect to 
variables v% . □ 

Theorem 9.1.6. Let D be division ring of characteristic 0.^'^ Let *p be D*^:-basis 
of D -vector space V over division ring D. Let *r be D* ^, -basis of D -vector space 
W over division ring D. Let the Gateaux partial derivatives of map f : V ^ W 
are continuous and differentiate in the Gateaux sense on the set U £ V . Let the 
Gateaux mixed partial derivatives of second order is continuous on the set U £ V . 
Then on the set U the Gateaux mixed partial derivatives satisfy equation 

Proof. To prove theorem we will use notation f'^{v) = /'^'(w', «•'), assuming, 
that rest variables have given values. The statement of theorem follows from fol- 
lowing chain of equations 

' ' W,h') 
d (df{v\v^) 



(y) (h^ 



=iimt- f^/(--+^'M^) _ 

= lim t-"^ (f(v' + hh, v^ + hH) - fM + hH, v') - f{v\v^ + hH) + f{v\v^)) 
= limt-2 (/(v* + hH,v^ + hH) - f{v\v^ + hH) - f{v' + hH,v') + f{v\v^)) 



d^f{v\v^) 



{h\y) 



proved the theorem the same w&j like it is done for theorem in [7], p. 405, 406. 
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□ 

By induction, assuming that the Gateaux derivative d"~^ f{x) of order n — 1 is 
defined, we define 

(9.1.6) d"m{ai; ...;a„) = a(a"-7(^)(Si; a„-i))(a„) 

the Gateaux derivative of order n of map /. Wc also assume fix) = fix). 

9.2. Homogeneous Map 
Definition 9.2.1. The map 

J -.V -^W 

of I?- vector space V into Z?- vector space W is called homogeneous map of degree 
k over field if for any a ^ F 

(9.2.1) Jiav) = a'^Jiv) 

□ 

Theorem 9.2.2 (Eulcr's theorem). Let map 

7 :V 

of D -vector space V into D-vector space W be homogeneous map of degree k over 
field F C Z{D). 

(9.2.2) df(,v)(,v) = kj{v) 

Proof. Let us differentiate equation (9.2.1) with respect to a^'^ 

(9.2.3) ±(J{av))Aa = ^ia''7{v))Aa 

da da 

From theorem 6.2.12 it follows 

-^(f{av))Aa - d7{av)idiav){Aa)) 

(9.2.4) = d7{av) ( 

\ da 

= df{av){vAa) 
From theorem 6.2.5 and equation (9.2.4) it follows 

(9.2.5) -^i7iav))Aa^d7iav)iv)Aa 

da 

It is evident that 

(9.2.6) ^{a'7iv)) = ka''-'7[v) 

da 

Let us substitudc (9.2.5) and (9.2.6) in (9.2.3) 

(9.2.7) d7{av){v)Aa = ka'^-^7{v)Aa 

Because Aa ^ 0, than (9.2.2) follows from (9.2.7) under the condition a = 1. □ 



'^■^For map of field it is true that 



df(x)(h) = 

ax 
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Let map 

J-.v-^W 

from D-vector space V into D-vector space W be homogeneous map of degree k 
over field F C Z{D). From theorem 6.2.5 it follows 

(9.2.8) d7{av){av) = ad]{av){v) 
From equations (9.2.2), (9.2.1) it follows 

(9.2.9) df{av){av) = kj{av) = ka''7{v) = a^df{v){v) 
From equations (9.2.8), (9.2.9) it follows 

(9.2.10) df{av){v) = a^-^df{v){v) 
However from equation (9.2.10) it docs not follow that map 

df -.V ^ A{D]V]W) 
is homogeneous map of degree k — 1 over field F . 



CHAPTER 10 



References 



[1] L. P. Lebedev, I. I. Vorovich, Functional Analysis in Mechanics, Springer, 
2002 

[2] P. K. Rashevsky, Riemann Geometry and Tensor Calculus, 

Moscow, Nauka, 1967 
[3] Aleks Kleyn, Lectures on Linear Algebra over Division Ring, 

eprint arXiv:niatli.GM/0701238 (2010) 
[4] N. Bourbaki, General Topology, Chapters 5 - 10, Springer, 1989 
[5] N. Bourbaki, Topological Vector Spaces, Chapters 1-5, Transl. by H. G. 

Eggleston & S. Madan, Springer, 2003 
[6] L. S. Pontryagin, Selected Works, Volume Two, Topological Groups, Gor- 
don and Breach Science Publishers, 1986 
[7] Fihtengolts G. M., Differential and Integral Calculus Course, volume 1, 

Moscow, Nauka, 1969 
[8] I. M. Gelfand, M. I. Graev, Representation of Quaternion Groups over 

Localy Compact and Functional Fields, 

Funct. Anal. Appl. 2 (1968) 19 - 33; 

Izrail Moiseevich Gelfand, Semen Grigorevich Gindikin, 

Izrail M. Gelfand: Collected Papers, volume II, 435 - 449, 

Springer, 1989 

[9] Vadim Komkov, Variational Principles of Continuum Mechanics with En- 
gineering Applications: Critical Points Theory, 
Springer, 1986 

[10] Sir William Rowan Hamilton, The Mathematical Papers, Vol. HI, Alge- 
bra, 

Cambridge at the University Press, 1967 
[11] Sir William Rowan Hamilton, Elements of Quaternions, Volume I, 
Longmans, Green, and Co., London, New York, and Bombay, 1899 



93 



CHAPTER 11 



Index 



l-D**-form 13 

j4-valued function 55 

absolute value on division ring 41 

additive map of division ring generated by 

map G 22 
additive map of ring 19 
additive mapping of D-vector spaces 33 
associative law for twin representations 16 
norm of quaternion 67 

Cauchy sequence in valued division ring 42 

complete division ring 42 

component of the Gateaux derivative of 

map f{x) 57 
component of the Gateaux derivative of 

map /(x) 47 
component of the Gateaux derivative of 

second order of map of division ring 78 
component of the Gateaux derivative of 

second order of map f{x) 90 
component of linear map / of division ring 

24 

component of linear map of D- vector space 

35 _ 
component of polyadditive map A 39 
component of polylinear map of division 
ring 29 

continuous function of division ring 43 

D-valucd variable 55 
D-vector function 55 
D- vector space 17 

direction in D-vector space V over field P 
34 

direction in ring D over commutative ring 
P 20 

D**-vector function 55 

D*-component of coordinates of vector r 18 
dual space of D* t-vector space 14 

function continuous with respect to set of 
arguments 56 



function is projective over field R and 

continuous in direction over field R 44 
function of n _D-valued variables 55 
function of D-vector space V to D — Hyph 

vector space W differcntiable in the 

Gateaux sense 57 
function of division ring difi'erentiable in 

the Gateaux sense 47 
function of division ring D*-differentiable 

in the Frechet sense 45 
fundamental sequence in valued division 

ring 42 

the Gateaux j'D-dcrivative of map / of D- 

vector space V to D-vector space W 60 
the Gateaux derivative of map / of normod 

D-vector space V to normed D-vector 

space W 57 
the Gateaux derivative of map / 47 
the Gateaux derivative of order n of map / 

91 

the Gateaux derivative of order n of map / 

of division ring 78 
the Gateaux derivative of second order of 

map of division ring 77 
the Gateaux differential of map / of 

normed D-voctor space V to normed 

D-vector space W 57 
the Gateaux differential of map / 47 
the Gateaux differential of second order of 

map of division ring 77 
the Gateaux differential of second order of 

mapping / 89 
the Gateaux D* , -derivative of map / of D- 

vector space V to D-vector space W 60 
the Gateaux D*-derivative of map / of 

division ring D 49 
the Gateaux mixed partial derivative of 

map with respect to variables ii', 

90 

the Gateaux partial derivative of map 
with respect to variable 58 



94 



Index 



95 



the Gateaux partial D**-dcrivative of map 
with respect to variable 60 

the Gateaux partial D**-derivative of map 
with respect to variable 60 

the Gateaux itD-derivative of map / of 
division ring D 49 

generator of additive map 22 

homogeneous map of degree k over field F 
91 

the Jacobi-Gatoaux matrix of map of D- 
vector space 59 

kernel of additive map of D-vector space 37 
kernel of additive map of division ring 26 

limit of sequence in valued division ring 41 
linear map of D-vector spaces 34 
linear map of D-vector spaces over field F 
34 

linear map of division ring 23 

map of D-voctor space, multiplicative over 
field 34 

map of D-vector space, projective over field 
34 

map of division ring, projective over 

commutative ring 20 
map of ring D, linear over commutative 

ring F 20 
map of ring, multiplicative over 

commutative ring 20 
map polylinear over commutative ring 28 

norm of map A of normed D-vector space 
56 

norm of mapping of division ring 43 
norm on D-vector space 56 
normed D-vector space 56 

partial additive map of variable 33 
polyadditive map of rings 27 
polyadditive mapping of (n)-D-vector 

spaces 37 
polylinear map of rings 28 
polylinear skew symmetric map 30 
polylinear symmetric map 30 

quaternion algebra E over the field F 66 

*,D-basis dual to D**-basis of vector 
space 14 

singular linear map of division ring 26 
singular linear mapp of D-vector space 37 
standard component of the Gateaux 

differential of map / 48 
standard component of linear map of 

division ring 24 



standard component of polylinear map / of 

division ring 29 
standard F-componont of additive map / 

22 

standard F-representation of additive map 

of division ring 22 
standard representation of the Gateaux 

differential of map of division ring over 

field F 48 

standard representation of linear map of 

division ring 24 
standard representation of polylinear map 

of division ring 29 
*D-product of D*, -linear map A over 

scalar 12 

*D-component of coordinates of vector r 18 
sum of D*«-linear maps 12 

Taylor polynomial 81 
Taylor series 82 

the Frechet D*-derivative of map / of 

division ring D at point x 45 
topological D-vector space 55 
topological division ring 41 
topological D*, -vector space 55 
twin representations of division ring 16 

unit sphere in division ring 42 

valued division ring 41 



CHAPTER 12 



Special Symbols and Notations 



i(s)p^"' component of linear map A of D- 

vector space 35 
ii...i„ (s)p^"; component p of polyadditive 

map 'A 39 
norm of map A of normed D- vector 

space 56 

iA-' partial additive map of variable ti' 33 

A{D; V; W) set of additive maps of D- 

vector space V into D-vector space W 
33 

A{Ri; R2) set of additive maps of ring Ri 

into ring R2 20 
A(D;Vi,...,V„;Wu...,W„,) set of 

polyadditive mappings 37 
A{Ri, Rn \ S) set of polyadditive maps 

of rings R\, R„ into module S 27 
C{Ri, Rn; S) set of polylinear maps of 

rings Ri, Rn into module 5 28 



df(x)(a) 



dx'- 



component of the Gateaux 



derivative of map }(x) 57 
i(a)pdf-' (x) component of the Gateaux 

derivative of map f{x) 57 
(s)pdf{x) 



dx 



component of the Gateaux 



differential of map f{x) 47 
: : — component of the Gateaux 

derivative of second order of map f{x) 
90 

(s)pd^fi^) 



dx'2 



component of the Gateaux 



dfjx) 
d.,x 



derivative of second order of map f(x) 
of division ring 78 

the Frechet D*-derivative of map / 

of division ring 45 



the Gateaux * * Z)-dcrivative of 



{**d)x _ _ 

map / of D- vector space V to D- 

vector space W 60 
df{x) the Gateaux derivative of map / of 

normed D-vector space V to normed 

D-vector space W 57 
df{x) the Gateaux derivative of map / 47 
dfix) 



dx 



the Gateaux derivative of map / 47 



d"f{x) the Gateaux derivative of order n 

of map / 91 
d"f{x) the Gateaux derivative of order n 

of map / of division ring 78 



dx" 



the Gateaux derivative of order n 
of map / of division ring 78 
d^f{x) the Gateaux derivative of second 

order of map / 89 
d^f{x) the Gateaux derivative of second 

order of map / of division ring 77 
d\f{x) 



dx^ 



the Gateaux derivative of second 



order of map / of division ring 77 
df(x)(h) the Gateaux differential of map / 
of normed D- vector space V to 
normed D-vector space W 57 
df{x){a) the Gateaux differential of map / 
_ 47 

d^ f{x){ai;a2) the Gateaux differential of 
second order of mapping / 89 

9^/(x)(ai ; 02) the Gateaux differential of 
second order of mapping / of division 
ring 77 

dJCx) (a) 

^ — the Gateaux D* ,-derivative of 

_ _ 

map / of D- vector space V to D- 

vector space W 60 

the Gateaux D*-derivative of 

dtX 

map / of division ring D 49 



96 



Special Symbols and Notations 



97 



df(x) 

the Gateaux Jacobian of map of D- 

dx 

vector space 59 
{t*di) f{x){a) the Gateaux partial 

derivative of map with respect to 

variable 60 
g i f(x)(a) 

: — the Gateaux partial D*,- 

derivative of map with respect to 
variable ii" 60 
{t*d)f{x)(a) the Gateaux partial £>**- 
derivative of map with respect to 
variable 60 

: the Gateaux mixed partial 

derivative of map with respect to 
variables ti', 90 
dJHv) 



dv' 



the Gateaux partial derivative of 



map /■' with respect to variable v' 58 
(3F)(a) the Gateaux partial D*,- 
derivative of map with respect to 
variable v"' 60 
Q fj (x) (a) 

— — — the Gateaux partial D*,- 

(d* t)x^ 

derivative of map with respect to 
variable ii" 60 
{d* t)f{x)(a) the Gateaux partial £>*»- 
derivative of map with respect to 
variable 60 

'^^ ^ the Gateaux *D-derivative of 
tdx 

map / of division ring D 49 
d'^fix) 



dx 



standard component of the 



Gateaux differential of map / 48 

E{F, a, b) quaternion algebra over the field 
F 66 

(s)p/ component of linear map / of 

division ring 24 
(s)p/" component of polylinear map of 

division ring 29 
|j/|| norm of map / of division ring 43 



lim a,i limit of sequence in valued 

division ring 41 
C{D*t;V;W} **£)-vector space of D**- 
linear maps of _D*t-vector space V 
into D'i-vector space 14^ 11 
C{D; V; W) set of linear maps of D-vector 

space V into _D-vector space W 34 
£(%Z); F; W) Z)**-vector space of 

lincar maps of * , £>- vector space V 
into *»Z)- vector space W 11 
C{*T; S; R) sot of *T-representations of 
division ring S in additive group of 
division ring _R 11 
C{T*; S; R) set of r*-representations of 
division ring S in additive group of 



division ring _R 11 



r* D*-component of coordinates of vector 
r 18 

,r *D-component of coordinates of vector 
r 18 

V* dual space of D*t-vector space V 14 



standard _F-component of additive 
map / 22 

/' standard component of linear map / of 

division ring 24 
(t)/*" " standard component of 

polylinear map / of division ring 29 

H quaternion algebra over real field 67 

kcryl kernel of additive map of D-vcctor 
space 37 

ker/ kernel of additive map of division 
ring 26 



BBG^GHHe B MaTGMaTHHeCKHH aHaJIH3 Ha^ TGJIOM 



AjiGKcaHflp KjieHH 



E-mail address: Aleks_Kleyii@MailAPS.org 

URL: http : //sites . google . com/site/alekskleyn/ 

URL: http : //arxiv. org/ a/kleyii_a_l 

URL: http: //AleksKleyn.blogspot . com/ 



Ahhotali;h5I. B KHHre pacciviaTpHBaiOTCJi napntie npeflCTaBJieHHH Tejia b a6e- 
jieBOH rpynne h Z?-BeKTOpHbie npocTpaHCTBa Ha^ tcjiom. MopcJ^HSMbi D-seK- 

TOpHblX npOCTpanCTB HBJIHIOTCH JIUHeilHBIMH 0T06pa?KeHHHMH Z?-BeKTOpHbIX 

npocTpancTB. 

51 HsyMaio nponsBOflHyio <J)yHKi^Hn / HenpepMBHbix tcji KaK jiHHefiHoe 
OTo6pa:»ceHHe, HaH6ojiee 6jiH3Koe k 4)yHKLi,HH /. $1 Hsy^aio pa3Jio:H^eHHe oto6- 
pa^KCHHH B pH^ TeiiJiopa h MeTO/; pemeHiiH ^H4)<J)epeHLi,HajibHoro ypaBHCHHs. 

Hopivia B Z)-BeKTOpHOM npocTpancTBe nosBOJiHCT paccMaxpHBaTb Henpe- 
pbiBHbie OTo6pa:»ceHHH Z)-BeKTOpiibix npocTpaHCTB. ^H4)<|)epeHLi,Haji OTo6pa- 
?KeHHH / D-BeKTOpHbix npocTpaHCTB onpeflejieH KaK jinHCHHoe OTo6pa?KeHHe, 
HaH6ojiee 5jiH3Koe k OTo5pa:aceHnio /. 



OrjiaBJiGHHe 



FjiaBa 1. HpeflHCjiOBHe 5 

1.1. IIpe^HCJIOBHe K H3flaHHK) 1 5 

1.2. ITpe^HCjiOBHe k HSflaHHio 3 7 

1.3. ITpe^HCjiOBHe k HSflanHK) 4 8 

1.4. ITpe^HCjiOBHe k HSflamim 5 10 

1.5. CorjiamenHH 10 

FjiaBa 2. £'**-jiHHeHHoe OTo6pa}KeHHe 13 

2.1. Z?*,-jiHHeHHoe OTo6pa}KeHHe 13 

2.2. l-D*<,-4)opMa Ha BeKTopnoM npocTpancTBe 15 

2.3. IlapHbie npe;i,CTaBjieHHH lejia 18 

2.4. Z?-BeKTopHoe npocTpancTBO 20 

FjiaBa 3. JlHHeitHoe OTo6pa>KeHHe TCjia 23 

3.1. A/mHTHBHoe OTo6pa>KeHHe KOjibii,a 23 

3.2. A/mHTHBHoe OTo6pa>KeHHe Tejia 25 

3.3. IlojiHjiHHeHHoe OTo6pa}KeHHe TCjia 32 

FjiaBa 4. JInHefiHoe OTo6pa}KeHHe D-BeKTopHbix npocTpancTB 37 

4.1. JlHHeflHoe OTo6pajKeHHe D-BeKTopHbix npocTpancTB 37 

4.2. HojiHa/mHTHBHoe OTo6pajKeHne D-BCKTopHoro npocTpancTBa .... 42 

FjiaBa 5. flH4)4)epeHii,HpyeMbie OTo6pajKeHHa 45 

5.1. TonojiorHHecKoe lejio 45 

5.2. /I,H4)4)epeHLi,HpyeMoe OTo6pajKeHHe xejia 49 

5.3. Ta6jiHLi,a npoiiSBOflUbix FaTO OTo6pajKeHiia: Tejia 57 

FjiaBa 6. ^HcJicjaepeni^HpyeMbie OTo6pajKeHHa: D-BeKTopnoro npocTpancTBa . 61 

6.1. TonojiorHT^ecKoe ZJ-BCKTopHoe npocTpancTBO 61 

6.2. /I,H4)4)epeHLi,HpyeMijie OTo6pa>KeHHfl ZJ-BCKTopHoro npocTpancTBa . . 63 

FjiaBa 7. Ajire6pa KBaTepuHOHOB 71 

7.1. JlHHefiHaa 4)yHKLi;iiH KOMnjiCKCHOro nojia 71 

7.2. Ajire6pa KBaTepHHOHOB 72 

7.3. JlHHefiHaa 4)yHKii,HH Tejia KBaTepHHOHOB 74 

7.4. ^H4)4)epeHn,HpyeMoe OTo6pa}KeHHe Tejia KBaTepHHOHOB 78 

FjiaBa 8. npoii3Bo;i,HaH BToporo nopaflKa OToGpajKennH lejia 83 

8.1. HpoHSBO^Has BToporo HopHflKa OTo6pa}KeHHa Tejia 83 

8.2. Pha Teiijiopa 84 

8.3. HHTerpaji 89 



3 



4 



OrjiaBJieHHe 



8.4. 3KcnoHeHTa 90 

FjiaBa 9. IIpoHSBOflHaa BToporo nopHflKa OTo6pa}KeHHH D-eeKTopHoro npo- 

CTpaHCTBa 95 

9.1. ITpoHSBO^Haa: BToporo nopH^Ka OTo6pajKeHiiH D-BeKTopnoro npo- 
CTpancTBa 95 

9.2. 0;i,Hopo;i,Hoe OTo6pajKeHiie 97 

FjiaBa 10. CraicoK jiiiTepaTypBi 99 

FjiaBa 11. npe^MeTHbiii yKaaaiejiB 100 

FjiaBa 12. Cnen,HajiBHBie chmbojibi ii o6o3HaT^eHiiH 102 



FjiaBa 1 

Ilpe^HCJioBHe 

1.1. IIpeflHCJIOBHe K H3/I,aHHK) 1 

flopora onapoBaHHii h pasonapoBaHHii. 
Ho H 6bi CKasaji Hao6opoT. Kor;i,a tm hohh- 
Maenib. hto npn^HHa tbohx paso^apoBaHHii - b 
TBOHx ojKHflaHHsx, TBI Ha^iHHaeniB npHCMaTpH- 
BaTBCH K OKpyjKaiomeMy jiaH/i,ina4)Ty. Tbi OKa- 
sajica Ha Tpone, no KOTopoii flo Te6H hhkto ne 
xofliiji. H HOBBie BnenaTjieHna Ky^a CHjiBnee, hbm 
ecjiH 6bi TBI meji no flopore MHoroKpaino npo- 
TonTaHHOii h xopomo HsyHeHHOii. 
Abtop neHSBecTen. SanncKH nyTemecTBennHKa. 
B MaTCMaTHKe, Kax n b o6bihhoh jkhshh, cctb yTBepjKflennH, KOTopBie nocjie 
HsynenHH CTanoBHTCH OHeBH/i,HbiMH. H Korfla sth yTBepjKfleHHH b noBBix ycjiOBnax 
ne pa6oTaiOT, sto b nepBbifi MOMeHT BbiSBiBaeT y/i,HBjieHHe.^'^ 

Kor^a H nanaji nsynaTb jinHeftnyio ajire6py nafl tcjiom, h 6biji totob k pas- 
HBiM ciopnpHsaM, CBHsanHBiMH c HeKOMMyTaTHBHOCTBio yMHOJKeHHH. Ho GojiBnioe 
KOjiHHecTBO yTBepjKfleHHii, noxojKHx na yTBep^Kflenna jiHHeHHon ajireGpbi nap, no- 
jieM, noBHflHMOMy ocjia6HjiH Moe BRHManne. H tbm ne Menee, y»ce b jiHReftHoii 
ajire6pe a bctpbthji nepByro cepbeanyio npoGjieMy: onpeflejienne nojinjinHennbix 
(J)opM H TenaopHoro npoHSBeflenHH noflpaayMeBaeT KOMMyTaTHBHOCTb nponsBefle- 
HHH. TBepflaa yBepenHOCTb, hto penienne KOHKpeTHbix aa^an pacT kjiioh k pe- 
meHHK) o6meH safla^n, 6Bijia ocHOBHbiM mothbom, no6y}KflaK)m,HM mshh naynaTB 
MaTeMaTH^ecKHH anajins na;; TejiOM. HpefljiaraeMaa Knnra bboaht b MeTO^Bi AiKt)" 
4)epeHn,HpoBaHHH OTo6pajKeHHH na/i, tcjiom h HBjiaeTCH ecTecTBennbiM cjieflCTBHCM 
Knnrn [3], nocKOjiBKy b ocnoBe MaTCMaTHHecKoro anajinsa jiesKHT BOSMOKHOCTb 
jiHHeiiHoro npnSjiHJKeHHH k OToSpaacenHio. B anajinse, Kax n b jinHefiHofi ajireGpe, 
Mbi BCTpenacM yTBepjKflenHa, KOTopbie naM xopoino snaKOMBi. OflnaKO cctb neMajio 
noBBix H HeojKHflaHHBix yTBepjKflenHH. 

HepBoe onpeflejienne npoHSBOflHoii, KOTopoe a paccMOTpeji, Gbijio ocnoBaHO 
na KjiaccHHecKOM onpeflejienHH npoH3Bo;i,Hoii. O^naKO npn nonbiTxe paccMOTpeTb 
npoHSBOflnyio 4)ynKn,HH x'^ h o6Hapy>KHji, hto ne Mory 3Ty npoHSBOflnyio BBipa- 
3HTb anajiHTHHecKH. HTo6bi OTBCTiiTb na Bonpoc, cyni,ecTByeT jih nponsBOflHaa, a: 

"'^■"'^noflo6Horo pofla omymeHiie h HcnMTaji, Kor^a nMTajiCH ccJ^opMyjiHpoBaTb xeopeMy Pojijtji 
npH Hsy^eHHH MaxeMaTHMecKoro aHajiHsa Ha^ TejiOM. Hocjie MHoroKpaTHtix nontiTOK HSMeHHTt 
(JJopMyjiHpoBKy TeopeMbi PojiJia a nonaji, hto 3to yTBepjKfleHHe neBepHO ;^a>Ke b cjiynae kom- 
njieKCHbix MHceji. ^ocTaTOMHO paccMOTpeTB 4)yHKi3,Hio w = z'^ . z = - e/^HHCTBCHHasi TOMKa, r/i;e 
npoHSBOflHaa paBHa 0. OflHaKO tomkh z = 0.5 h z = —0.5 MoryT 6biTB coe^^HHenbi KpHBoii, He 
npoxoflHLu,eH Mepes TOMKy ^ = 0. 
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1. IlpCflHCJIOBHe 



peniHji npoBecTii BBiHHCjiHTejibHbiH SKcnepHMCHT. CaMbiii jiyHinnii KanfliiflaT fljia 
BbiHHCjiHTejibHoro SKcnepHMeHTa - sto tcjio KeaTepHnoHOB. HecjiojKHbie pac^eTbi 
noKasajiH, hto b hckotopbix cjiyi^aHx npoHSBO^Haa: fleiiCTBHTCjiBHO ne cymecTBy- 
eT. 3to npiiBOflHT k TOMy, mo MHOJKecTBO flH4)4)epeHn,HpyeMbix 4)yHKn,Hii KpaiiHe 
6eflHO, a caMa leopHa flHcJxJjepeni^HpoBaHHH ne npeflCTasjiaeT cepbesHoro iiHTe- 
peca.^ '^ AnajiHS BbiT^iicjiHTejibHoro SKcnepHMCHTa oSnapyiKHBaeT, hto ^a>Ke ecjiH 
npoHSBOflnaa: He cymecTByeT, BOSHHKaeT BbipajKeHne, saBHcamee ot npHpamenHH 
apryMCHTa. no^oSnaH KOHCTpyKii,Ha HSBecTHa b 4)yHKD,H0HajiijH0M anajiHse. Pent 
HfleT o npoH3BOflHbix Opeme ii FaTO b npocTpancTBe jiiiHefiHbix onepaTopoB. 

Kor^a a onpeflejiHji D*-npoH3B0flHyio'^ '^ FaTO, a o6paTHji BHHMaHne, hto ahcJ)- 
(i)epeHLi,Haji ne saBiiciiT ot Toro, Hcnojibsyio jih a D*-npoH3BOflHyio Faio hjih *D- 
npoHSBOflHyio FaTO. FEosTOMy a iiSMeHnji xapaKTep iisjiosKenHa ii nanaji c onpefle- 
jiCHHa flHeJjcjDepetmHajia. 

KoHLi,enn,Ha £'*»-BeKTOpHoro npocTpancTBa aBjiaeTca MomntiM HHCTpyMCHTOM 
HsyHCHiia jiHHeiiHbix npocTpancTB na/; tcjiom. OflnaKO fliicJjcjDepeHi^Haji FaTO ne 
yKjia;];biBaeTca b paMxax Z?*,-BeKTopHoro npocTpancTBa. HpiiMep 5.2.2 npHBO^HT 
K BbiBOfly, HTO D-BeKTopHoe npocTpancTBO - Haii6ojiee a^eKBaTHaa MOflfijib p/isi 
HsyHCHiia flH4)4)epeHD;Hajia Faio. 

HsyneHne D**-jiHHeHHBix OTo6pajKeHHH npHBO^HT k KOHLi,enLi,HH napntix npe;;- 
CTaBjieHHit Tejia b a6ejieBOH rpynne. A6ejieBa rpynna, b KOTopofi onpe;],ejieHO nap- 
Hoe npeflCTaBjieHHe xejia D, nasbiBaeTca D-bcktophbim npocTpancTBOM. FIocKOjib- 
Ky yMHO>KeHHe na sjieMCHTbi Tejia D onpe/i,ejieHO h cjieBa, h cnpaBa, roMOMop4)H3- 
Mbi D-BeKTopHBix HpocTpaHCTB He MoryT coxpanaTB siy onepan;Hio. 3to hphbo^ht 
K KOHn;enn,HH afl/];HTHBHoro OTo6pa>KeHHa, KOTopoe aBjiaeTca mop4)H3mom D-bck- 

TOpHblX npOCTpaHCTB.^ '' 

PaccMOTpeHHe flH(J)4)epeHD;Hajia Faio xax apjiwiwBTioe OToSpajKeHHe npHBO^HT 
K HOBOii KOHCTpyKn,HH p/ia OHpe^ejieHHa hpohsbo^hoh. B otjihhhh ot _D*,-Hpon3- 
Bo;i,HOH FaTO KOMnoneHTbi /i,H4)4)epeHn,Hajia FaTO ne saBHcaT ot nanpaBjienHa. Ofl- 
HaKO KOMnoHeHTBi flHcjDcjaepeHi^Hajia FaTO onpeflejienbi HeoflHoanaHHO h Heonpe^e- 

JieHHO IIX KOJIHHeCTBO. OHeBHflHO, HTO, KOFfla Mbl paCCMaTpiIBaeM MaTeMaTHHeCKHII 

anajiHS na/i, nojieM, D*-npoH3BOflHaa FaTO h KOMnoneHTbi flH4)4)epeHLi,Hajia FaTO 
coBnaflaK)T c npoHSBOflHOii. 3th KOHCTpyKD,HH B03HHKaiOT B pesyjiBTaTe pasjiHH- 
Hbix nocTpoeHHH. Korfla npoH3Be;];eHHe KOMMyTaTHBHO sth KOHCTpyKii;HH coBna- 
flaiOT. Ho KaK tojibko nponsBefleHne CTanoBHTca ne KOMMyTaTHBHtiM, oacHflaeMaa 
CBasb paspyinaeTca. HecMOTpa na pasjiH^He b noBe^eHiiH, stii KOHCTpyKii;HH Bsa- 
HMHO flonojiHaiOT flpyr flpyra. 

AeKa6pb, 2008 

^■^rioHCK B CTaTbHx H KHHrax noKasaji, mto sto ^eHCTBHTCJibHO ceptesHaa npo6jieMa. Maxeivia- 
THKH nbiTaiOTCH pemaTb sxy sa^any, npe^Jiaraa pasHbie onpeflejieHHH npOHSBO^HOH, ocHOBanHbie 
Ha Tex HJIH HHbix CBOHCTBax npoH3BO^HOH 4>yHKD;HH fleiiCTBHTejibHoro HJIH KOMHJieKCHoro nepe- 
MeHHoro. 3th KOHCTpyKu,HH OMCHb HHTepecHbi. Ho M05I safla-^ia paccMOTpeTb o6mHe saKonoMep- 
HOCTH flji5i ^H4)<|)epeHu,HpOBaHHH OTo6pa>KeHHH nojiHoro Tejia xapaKTepncTHKH 0. 

^■■^B 3TOH KHHre 51 Hcnojibsyio o5o3HaM:eHH5i, BBe^eHKbie b [3]. 

^■'^riocTpoeHHe a^flHTHBHoro OTo6pa»ceHH5i, BbinojineHHoe npn ;i,OKa3aTejibCTBe Teopeivibi 4.1.9, 
BecbMa noyMHTejibHO MeTO^HnecKH. C Toro caMoro MOMeHxa, Kor^a s na^aji Hsy^aTb /],H4)<|>epeH- 
ii,HajibHyio reoMexpHio, h npnanaji 4>aKT, -^to Bce cbo^htch k TenaopaM, mto KOMHoneHTbi Tensopa 

HyMepyiOTCH C HOMOmblO HHfleKCOB H 3Ta CBH3b HepaspblBHa. B TOT MOMeHT, KOr/l,a 3TO OKaaajiocb 

He TaK, H OKasajiCH ne roTOB npHsnaTb 3to. noHa^o6HJiCH mcchu, HpeiH^^e, mbm h CMor sanHcaTb 
Bbipa:»ceHHe, KOTOpoe h BH^eji rjiasaMH, ho KOTOpoe h ne Mor sanncaTb SToro, TaK KaK nbiTajiCH 
BbipasHTb ero b TeHSOpHoii hjih OHepaTOpHoii 4)opMe. 
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1.2. IIpeflHCJioBHe k H3^aHHio 3 

06cy}K^aH noHHTue npoHSBOflHoii, npHBe;];eHHoe b stoPl KHHre, h nonaji, hto 
3TO oneHb cjiojKHaH TeMa. HosTOMy b stoh ^lacTH BBefletiiiH h xo^y paccMOTpeTb 
6ojiee noflpo6HO KOH]j;enii,Hio flH4)4)epeHu,HpoBaHHH. 

Kor^a Mbi Hsy^^aeM 4)yHKii,Hn opjmii nepeMeHHOii, to nponsBOflHaa b saflaHHOii 
TOHKe aBjiHCTca HHCjiOM. Korfla mbi HsynaeM 4)ypiKri,Hio hcckojibkhx nepeivieHHBix, 

BBIHCHHeTCa, HTO HHCJia HeflOCTaTOHHO. HpOHSBOflHaa CTaHOBHTCa BCKTOpOM HJIH 

rpa/i,HeHTOM. IIpH HsyneHHii OTo6pa>KeHHii bcktophbix npocTpancTB mbi BnepBBie 
roBopHM o npoHSBOflHoii xax 06 onepaiope. Ho Tax KaK stot onepaTop jiHHecH, to 
MBI MOJKCM npeflCTaBHTB npoHSBOflHyio KaK yMHOJKeHHe Ha MaTpHn,y, t. e. ohhtb 
MBI BBipajKaeM npoiiSBOflHyio KaK Ha6op hhccji. 

Be3 coMHeHHs, no/i,o6Hoe noBefleniie npoH3BOflHOii ocjiaSjiaeT name BHiiManHe. 
Kor;i,a mbi nepexofliiM k 06'BeKTaM, 6ojiee cjiojkhbim nem nojiH hjih BeKTopHBie npo- 
CTpaHCTBa, MBI no npejKneMy nBiTaeMCH yBiifleiB o6T>eKT, KOTopBiii mo>kho sann- 
caTB KaK MHOJKiiTejiB nepefl npiipameHneM h KOTopBiii ot npiipameniiH ne saBHCHT. 
Ajire6pa KBaTepniiOHOB - sto caMaa npocTaH MO^ejiB nenpepBiBHoro Tejia. Ofltia- 
KO noHBiTKa onpeflejiHTB npoiiSBOflnyio KaK jiiiHeiiHoe OToSpajKeniie o6peT^eHa na 
Heyfla^y. Tojibko jiHHeiiHaH 4)yHKii,iia:, ^a 11 to ne jiio6aH, flH4)4)epeHii,HpyeMa b 

3TOM CMBICJie. 

EcjiH MHOJKCCTBO jiiiHeHHBix OTo6pa>KeHHii orpaHHHHBaeT Hamy bosmojkhoctb 
HsyHCHiiH noBefleHHH OTo6pa>KeHHii b MajiOM, cymecTByeT jiii ajiBTepnaTiiBa. Otbct 
Ha 3TOT Bonpoc nojiojKHTejiBHBiH. PaccMOTpHM ajire6py KBaTcpHHonoB. Ajire6pa 
KBaTepHHOHOB - 3TO HopMiipoBaHHOC HpocTpaHCTBO. Mbi 3HaeM ;i,Ba Tiina npoiis- 

BOflHBIX B HOpMHpOBaHHOM npOCTpaHCTBC. CnjIBHaH HpOHSBOflHaS HJIH HpOHSBOflHaH 

Opeme SBjiaeTca anajioroM toh npoiiSBOflHOii, k KOTOpoii mbi hphbbikjih. Kor^a a 
HHcaji o HOHBiTKe HaHTH HpoH3B0flHyio KaK jHiHeiiHoe OToSpajKeniie npHpamenHH 
apryMCHTa, h hmcji b BHfly npoHSBOflnyio Opeme. IIomhmo chjibhoii HpoH3BOflHOii 
cymecTByeT cjia6aa: npoHSBOflnaa: hjih npoHSBOflnaa: FaTO. OcHOBHaH iiflea coctoht 

B TOM. HTO np0II3B0;];HaH MOJKCT SaBHCBTB OT HaHpaBJieHHH. 

BaflHM KoMKOB ;i,aeT onpeflCjieHHe HpoH3BOflHOH FaTO ^jia Tejia KBaTepnnonoB 
([9], c. 322) cjie;i,yioni,HM o6pa30M. Hojiojkhm (72 HBjiJieTCsi hpoii3bo/i,hoh FaTO b 
HanpaBjieHHH gi, ecjiH fljiH e > cnpaBefljiiiBO 

f{q + eqi) - f{q) = £(91^2) 

3to onpeflejiCHHe c^ejiano corjiacHO OHpeflejiemiio [1]-3.1.2. CTp. 256 11 ne chjibho 
OTjiH^aeTCH OT HpoH3Bo;];HOH Opcnie. 3to sBjienne coxpaHHCTCH h b o6in;eM cjiynae. 
BcHKHH pas, Korfla mbi HBiTacMca bbiacjihtb HpoH3Bo;];Hyio FaTO KaK mho^kiitcjib, 
HpoHCxoflHT 0T0iK;i,ecTBjieHHe HpoH3Bo;i,HOH FaTO H npoH3Bo;i,HOH Opeine. 

JlHHeiiHoe OTo6pa}KeHHe Tejia - sto roMOMop4)H3M ero afl^HTHBHOH rpynHBi h 
roMOMop4)H3M ero MyjiBTHnjiiiKaTHBHOfi rpyHHBi b o^hom OTo6pajKeHHH. Orpanii- 

HHBaiOIII,HM 4)aKTOpOM HBJiaeTCH rOMOMOp4)H3M MyjIBTHHJIHKaTHBHOH TpyHHBI. Ho- 
STOMy eCTB CMBICJI OTJIOJKHTB B CTOpOHy rOMOMOp4)H3M MyjIBTHHJIHKaTIIBHOII TpyH- 
HBI H paCCMaTpHBaTB TOJIBKO rOMOMOp4)H3M aflflllTHBHOH rpyHHBi. OneBIIflHO, HTO 
MHO>KeCTBO rOMOMOp4)H3MOB a/mHTHBHOH rpyHHBi TOpaSflO HIHpe, HGM MHOSCeCTBO 

jiHHeHHBix OTo6pa}KeHHH. OflHaKO, TaK KaK B Tejie OHpe;i,ejieHBi ^Be OHepaii,HH, afl- 
flHTHBHoe OTo6pajKeHHe HMeeT CHeLi;HajiBHyio CTpyKTypy. HosTOMy h BBi^ejiHji sth 

0T06pa>KeHHH B OTflejIBHBIH KJiaCC H Ha3BajI HX aflflHTHBHBIMH OToSpajKCHUHMH. 
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1. IlpCflHCJIOBHe 



^a>Ke B 3T0M cjiynae coxpanaiOTca HCKOTopbie sjieMeHTbi jiHHeiiHOCTH. D^eHxp 
Tejia HBjiHeTCH nojieM. B pesyjibTaie aflflHTHBHoe OTo6pa}KeHHe OKasbiBaeTca: jiii- 
HeiiHbiM Hafl Li;eHTpoM. Ecjih lejio hmbct xapaxTepHCTHKy h ne HMeeT fliiCKpcTHyio 
Tonojiornio, to mm MOJKeM bjiojkhtb nojie fleitcTBHTejiBHbix hhccji b Li;eHTp TCjia. B 
pesyjibTaTC onpeflejienne npoHSBOflHoft KaK a/mnTiiBHoro OToGpajKCHHa OKasbisa- 

CTCH SKBIIBajieHTHBIM OnpeflejICHHIO npOH3BO^HOH FaTO. 

HivieHHO sflecB npoHCxo^iiT Ka^^ecTBeHHijiH CKanoK. B a/miiTiiBHOM OToSpajKe- 

HHH MBI He MOJKeM BblflejIHTB apryMeHT KaK MHOJKHTejIb. Mbl He MOJKeM Bblfle- 
JIHTb HpnpameHHe H3 npOHSBOflHOfl. 5lBJIHeTCH JIH 3Ta KOHH,enLI,IIH HpHHH,HHHajH>HO 

HOBOH? 51 He flyMaro. HpoiiaBOflHaH - sto OTo6pajKeHHe. 3to OTo6pa}KeHHe ahcJ)- 
(i)epeHn,Hajia apryMenia b flH4)4)epeHD;Haji 4)ypiKn,HH. ^asKe a/mnTHBHaa 4)yHKH,HH 
npHpam,eHHH apryMenxa nosBOjiaeT annpoKCHMHpoBaTb npiipamenne 4)yHKD;HH no- 
jiHHOMOM nepBOH CTeneHH. CipyKiypa nojiHHOMa nafl xejiOM OTjinnaeTCH ot CTpyK- 
Typbi nojiHHOMa na/i, nojieM. 51 paccMaTpHBaro neKOTopbie CBOficTBa nojiHHOMa b 
pasflejie 8.2. Onnpaacb na nojiyneHnbie pesyjibTaTbi, h Hsy^^aK) pasjiojKenHe oto6- 
pajKeHHH B pHfl Teiijiopa n Meiofl pemenHH flH4)4)epeHLi,HajibHoro ypaBnenHH. 

51 BHanajie TOJKe ntiTajiCH onpeflejiHTb npoHSBO^Hyio OTo6pa>KeHHH naji tcjiom 
KaK npoHSBOflHyro Openie. Ho yBH/i,eB, ^ito STa npoHSBOflHaa ne y;];oBjieTBopaeT oc- 
HOBHBiM npaBHjiaM fliKjxJjepeimiipoBaHHH, H noHHji, HTO 3T0 HeBepHBiii nyTB. MTo6bi 
y6e^HTbCH, HTO npo6jieMa (JjyHflaMeHTajiBHa, a ne b jioriiKe mohx nocTpoeHHii, si 
BbinojiHHji pac^^eT b xejie KBaTepHiiOHOB. HivieHHO Sflecb h oSnapyiKiiji, mo npoHS- 
Bo;i,HaH saBHCHT OT HanpaBjieHHH. 

B 3TO BpeMH H Hsynaji OTo6pa}KeHHs ZJ-BCKTopHbix npocTpancTB, h KOHii;en- 
n,HH afl/];HTHBHoro OTo6pa>KeHHH CTajia Beflymeii Hfleeii b stom HCCjieflOBaniiH. B 
npe^HCjiOBHH K HSflaHHK) 1 {pasp^eji 1.1) h niicaji o Bne^aTjienHax nyTeinecTBen- 
HiiKa, OKasaBineroca: BnepBbie b HesnaKOMbix Kpaax. ^ejiaa yBUflCTb snaKOMbie 
neiisajKH, nyTeinecTBeHHUK ne cpaay aaMenaei HeoSbiHHOCTb hobbix MecT. TaKyio 
CMeny BnenaTjieHHii a HcntiTaji na npoTHJKeHHH 3Toro ro;i,a noKa a nncaji KHHry. 

51 He cpasy ocosnaji, hto nafifleHHaH mhoio npoiiSBOflnaa aBjiHCTCH npoHSBO^- 
HOH FaTO. 51 ;i,a>Ke BH^eji pasjiHHHH MejKfly Moeii npoiiSBOflHoii h npoH3Bo;i,HOH FaTO. 
noTpe6oBajica ^jihhhbiii nyib, noKa h noHHji, hto flBa onpeflejienHH SKBHBajieHT- 
Hbi. FEo^oSho nyTemecTBeHHHKy, KOTopbiii nbiTajica: yBH^eTb snaKOMbie neiisajKH, a 
Hsynaji BapiiaHTbi KaK mojkho BbiflejiHTb npHpamenne h3 npoH3Bo;i,HOH. B pesyjib- 
TaTe noHBHjiacb D^-npoHSBOflHaa FaTO. 

Mto yLi,ejieeT h3 BBefleHHbix noHSTHii b 6yflymeM? Bes coMHeHiis ochobhbimh 
noHHTHHMH 6y;i,eT co6cTBeHHO npoH3BOflHaH FaTO h HacTHbie npoiiSBOflHbie FaTO. 
KoMnoHeHTbi npoHSBOflHOii FaTO BajKHbi pjia HCCjie;i;oBaHiiH CTpyKTypti npoHSBOfl- 
Hoii FaTO. 51 ne flyMaro, hto _D*-npoH3BO/i,Haa: FaTO Syp^ei MeHH HHTepecoBaTb 3a 
npe/i,ejiaMH npoH3BOflHbix FaTO nepBoro nopa^Ka. Ochobhoc npenMymecTBO D-k- 

npOH3BOflHOH FaTO COCTOHT B TOM, HTO OHa n03B0Jia:eT H3yHHTb yCJIOBHH, Korfla 

OTo6pa>KeHHe nenpepbiBHO. 

Mail, 2009 

1.3. IIpeflHCJioBHe k H3/i;aHHK) 4 

Ajire6pa KBaTepHHOHOB - caMbiii npocToft npHMep Tejia. FIosTOMy h npoBepaio 
nojiyHeHHbie mhoh TeopeMbi b ajire6pe KBaiepHHOHOB, htoGbi yBHfleTb KaK ohh 
pa6oTaK)T. Ajire6pa KBaTepHHonoB noxojKa na nojie KOMnjieKCHbix ^vLcen h nosTOMy 
ecTecTBeHHO HCKaTb HCKOTopbie napajijiejiH. 



1.3. npC/];HCJIOBHC K HSflaHHK) 4 
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B nojie fleHCTBiiTejibUbix hhccji jiio6oe aflflHTHBHoe OTo6pa>KeHHe aBTOMRTH- 
HecKH OKasbiBaeTCH jiHHeiiHBiM Hafl nojieM fleiicTBHTejibHHx HHceji. 3to CBHsano c 
TCM, HTO nojie fleiicTBHTejiBHBix HHceji aBjiHCTca nonojiHeHiieM nojiH pai^HonajibHtix 

HHCejI H HBJIHeTCH CJIC/^CTBHCM TeOpCMBI 3.2.2. 

0;i,HaKO B cjiyi^ae KOMnjiCKCHBix hhccji ciiTyai^iiH MenaeTCH. He BCHKoe SLpjxa- 
THBHoe OTo6pa>KeHHe nojia KOMnjiCKCHBix ^^Hceji OKasbiBaeTCH jiiiHeiiHbiM na/i, no- 
jieM KOMnjieKCHBix HHceji. Onepaii,Ha conpHJKeHiia - npocTeHiniiH npHMep Taxoro 
OTo6pa>KeHHH. Korfla h o6Hapy}Kiiji stot Kpafine nHTepecHbifi (JjaKT, h Bepnyjica k 
Bonpocy 06 anajiHTHHecKOM npeflCTaBjienHn a^HTHBHoro OTo6pa>KeHHH. 

Hsynaa a;mHTHBHbie OTo6pajKeHHs, h noHHji, hto h cjihiukom pesKO pacmnpHji 
MHOJKecTBO jiHHeiiHBix OTo6pa>KeHHii npii nepexo;i,e ot nojia k Tejiy. IIphhhhoh 3to- 
My Sbijio He bhojihc acHoe noHHMaHne xax npeoflOjieTb HeKOMMyTaTiiBHOCTb npo- 
HSBCfleHHH. OflHaKO B npoD;ecce nocTpoeHHfi CTanoBHjiocb Bce 6ojiee o^eBHflHbiM, 
^iTO jiio6oe a/mnTHBHoe OTo6pa»:eHHe jihechho na;; neKOTopbiM nojieM. BnepBbie 
3Ta KOHn,enLi;iiH noHBHjiacb npH nocTpoenHH TenaopHbix npoHSBefleHHii h othStjih- 
BO npoHBiijiacb B nocjieflyiomeM HCCjieflOBanHH. 

Hpii nocTpoeHiiH TCHSopHoro npoiiSBefleHHH Ten Di, .... _D„ h npe^nojiaraio cy- 
mecTBOBanne nojia F, na^ KOToptiM a/mHTHBHoe npeo6pa30BaHHe lejia Di jiHHeiiHO 
fljiH jiio6oro i. EcjiH Bce lejia hmgiot xapaKTepHCTiiKy 0, to corjiacHO TCopeMe 3.2.2 
TaKoe nojie Bcer^a cymecTByei. OflnaKO Sflecb B03HHKaeT saBiiciiMOCTb TenaopHoro 
npoHSBeflCHHa ot Bbi6paHHoro nojia F . HTo6bi ii36aBHTbCH ot stoh saBHCiiMOCTH, 
H npeflnojiaraio, ^^to nojie F - MaKCHMajiBHoe nojie, oGjiaflaiomee yKasannbiM cboh- 

CTBOM. 

EcjiH Di = ... = Dn = D, TO TaKoe nojie HBjiaeTCH n,eHTpoM Z{D) Tejia D. Ecjih 
npoHSBeflCHHe b TCjie D KOMMyTaTiiBHO^ '"', to Z{D) = D. CjieflOBaTCjibHO, na^iaB 
c a/mHTHBHoro OTo6pa>KeHHfl;, a npHineji k KOHLi,enLi,HH jiHHefiHoro OToSpajKCHHa, 
KOTopaa HBjiaeTCH oSoSinenneM jinneiiHoro OTo6pajKeHHH na^ nojiCM. 

Ha Moe pemeHiie iisy^aTb npoHSBOflnyro FaTO KaK jiHHeliHoe OToGpajKenne no- 
BjiHHjiH cjieflyiomiie o6cToaTejibCTBa. 

• JlHHeiiHoe OTo6pajKeHHe nojiH - sto b to^kc BpeMH oflHopo/^Hbiii MHoroHjien 
nepBoii CTeneHH. 

• P,JiR HenpeptiBHbix nojieii npoiiSBOflHaa dpyBKnjiii nojia - sto oflHopo^Hbifl: 
MHoro^ijieH nepBoro nopHflKa, annpoKCHMiipyiomHii HSMeneHHe 4)yHKn,HH. 
OflHOBpeMeHHO MBi paccMaTpiiBaeM npoHSBOflnyio KaK jiiiHeiiHoe OTo6pa- 
jKeHHe nojia. Hpn nepexofle k Tejiy mbi MOJKeM coxpaHiiTt Ty jkc cbhsb 
npoHSBOflHoii h a/mHTHBHoro OTo6pa}KeHHa. 

HccjieflOBaHHe b o6jiacTH KOMnjieKCHbix ^Hceji ii KBaTepHHOHOB npoHBHjiH eme 
0^0 HHTcpecHoe HBjiCHHe. HecMOTpH Ha to, hto nojie KOMnjieKCHbix nuceji HBjiaeT- 
CH pacniHpeHHeM nojia fleftcTBHTejibHbix HHceji, CTpyKTypa jiHHeflHoro OTo6pa}Ke- 
HHH Hafl nojiCM KOMnjieKCHbix hhccji OTjiHHaeTca ot CTpyKTypbi jiHHeiiHoro oto6- 
pajKeHHH Hafl nojieM fleficTBHTejibHbix HHceji. 3to pasjiHHne npHBO^HT k TOMy, hto 
onepaLi,Ha: conpHJKeHHa KOMnjiCKCHbix hhccji aBjiaeTca a;miiTHBHbiM OToSpajKCHH- 
eivi. HO He HBjiaeTca jiHHeiiHbiM OTo6pa}KeHHeM nafl nojieM KOMHjieKCHbix hhccji. 

AnajiornHHO, CTpyxTypa jiHHeiiHoro OTo6pajKeHHa; na^ tcjiom KBaTepHHOHOB 
OTjiHHaeTCH OT CTpyKTypbi jiHHeiiHoro OTo6pa»ceHHH nafl nojiCM KOMnjieKCHbix hh- 
ceji. HpHHHHa pasjiHHHH B TOM, HTO i^CHTp ajire6pbi KBaTepHHOHOB HMeeT Sojiee 



'Hhmmh cjiOBaMn, Tejio HEjiaeTca nojieM. 
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1. IlpCflHCJIOBHe 



npocTyio CTpyKTypy, hbm nojie KOMnjieKCHbix Hiiceji. 3to OTjinnne npHBOflHT k to- 
My, HTO onepaLi,HH conpajKennH KBaTeptiHOHa yflOBjieTBopaeT paseHCTBy 

-^{p + ipi + jpj + kpk) 

BcjieflCTBHe SToro sa^ana naiiTH OTo6pajKeHiiH, yflOBjieTBopHiomHe TeopeMe no- 
flp6TiovL TeopeMe PaMana (leopeMa 7.1.1), HBjiaeTCH HeTpHBHajibHoii aaflaHeii fljiH 

KBaTepHHOHOB . 

ABrycT, 2009 

1.4. ripeflHCJlOBHe K H3/J,aHHK) 5 

He/i,aBHO B HHTepneTe a Hameji KHHry [11], b KOTopoii FaMnjibTOH nameji ana- 
jiorHHHoe onHcaHHe flH4)4)epeHii,Hajii>Horo HC^iHCJieHHH b ajireSpe KBaTepHHOHOB. H 
xoTH 3Ta KHHra HanHcana 6ojiee nem 100 jieT nasafl, h peKOMeH^yio nponecTb 3Ty 
KHHry BceM, KOMy HHTepecHbi Hpo6jieMbi anajiHsa b ajire6pe KBaTepHHOHOB. 

AeKa6pb, 2009 

1.5. CorjiameHHa 

(1) cDyHKii,Ha H OTo6pajKeHHe - chhohhmbi. OflnaKO cymecTByeT TpaflHii,HH 
cooTBeTCTBiie MejKfly KOjibD;aMH hjih BeKTopHbiMii npocTpancTBaMH na- 
sbiBaTb OTo6pa}KeHneM, a OToGpajKenne hojih flencTBHTejibHtix HHceji hjih 
ajire6pbi KBaTepHHonoB naabiBaTb 4)yHKH,HeH;. 51 Toace cjieflyio 3toh Tpa- 

;],HH,HH. 

(2) B jiro6oM BbipasceHHH, r^e HOHBjiaeTCH HH^eKC, h Hpe/i,nojiaraK), hto stot 
HHfleKC MOJKeT HMeTb BHyTpeHHioio CTpyKTypy. HanpHMep, npn paccMOT- 
peHHH ajire6pi>i A KOop;i,HHaTi>i a e A OTHOCHTejibHO 6a3Hca e nponyMe- 
poBaHbi HHfleKCOM i. 3to osHanaeT, hto a HBJiaeTCH BeKTopoM. O^naKO, 
ecjiH a HBjiHeTCH MaTpHiieii, HaM Heo6xoflHMO flBa HH^eKca, o^hh nyiviepyeT 
CTpoKH, ppyroA - CT0ji6D,bi. B tom cjiyiae, Kor^a mbi yTOHnaeM CTpyKTy- 
py HRflCKca, Mbi 6yflfiM HaHHHaTb HHfleKC c CHMBOjia • B cooTBeTCTByromeii 
no3HLi,HH. HanpHMep, ecjiH h paccMaTpHBaio MaTpni^y a* KaK sjieMenT BeK- 
TopHoro npocTpancTBa, to h Mory sanncaTb sjieMeHT MaTpnn,!.: b bh^c a *. 

(3) B BbipajKCKHH BHfla 

(s)oa X (5)ia 

HpeflHOjiaraeTCH cyMMa no HH^eKcy s. 

(4) Tejio D MOJKHO paccMaTpnBaTb KaK Z?-BeKTopnoe npocTpancTBO pasMep- 
HOCTH 1. CooTBeTCTBenno 3T0My, mbi MOJKeM HsynaTb ne tojibko tomo- 
MopcJjHSM Tejia Di b Tejio D2, ho h jiHHeftnoe OToGpaaceHne tbji. Hpn 
3T0M no/ipasyMeBaeTCH, ^ito 0To6pa>KeHHe MyjibTHHjiHKaTHBHO na^ MaK- 
CHMajiBHO BOSMOJKHbiM HOJieM. B HacTHOCTH, jiHHeHHoe OTo6pa}KeHHe Tejia 
D MyjiBTHHjiHKaTHBHO Hafl H;eHTpoM Z[D). 3to He HpoTHBopenHT onpe^e- 
jieHHK) jiHHeiiHoro OToGpajKenHH nojia, Tax KaK ^jih hojis F cnpasefljinBO 
Z{F) = F. EcjiH nojie F otjih^iho ot MaKCHMajibHO bosmo^khofo, to h 3to 

HBHO yKaSblBaiO B TeKCTC. 

(5) HecMOTpa na neKOMMyTaTHBHOCTb npoHSBeflenHH MHorne yTBepjKflenHH 
coxpaHHK)TCH, ccjiH saMeHHTb HanpHMep npaBoe HpeflCTaBjienne na jieBoe 
npeflCTaBjienne hjih npaBoe BexTopnoe npocTpancTBO na jiCBoe BCKTop- 
Hoe npocTpaiiCTBO. HTo6bi coxpanHTb 3Ty chmmctphio b (JjopMyjiiipoBKax 



1.5. CorjiamcHHa 
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TeopeM H nojibsyiocb CHMMCTpnHHtiMH o6o3HaieHHaMii. HanpHMep, a pac- 
CMaTpHBaio D^-BCKTopHoe npocTpancTBO ii TkrD-BeKTopHoe npocTpancTBO. 
SanHCb D*-BeKTopHoe npocTpancTBO mojkho nponecTB xax D-star-BCK- 
TopHoe npocTpancTBO jih6o xax jiCBoe BeKTopnoe npocTpancTBO. 3aniicb 
D^-jiHHeiiHO saBiiCHMbie BCKTopbi MO>KHO npoHecTB KaK D-star-jiHHeiiHO 

SaBHCHMbie BCKTOpbl JII160 KaK BeKTOpBI, JIHHeHHO SaBHCHMbie cjieBa. 

(6) Mbi 6yfleM paccMaTpHBaTb ajire6py A, KOTopaa HBjiHeTca KOHe^HO Mep- 

HblM BCKTOpHblM npOCTpailCTBOM Hafl Il,eHTpOM. IIpH pa3J10}KeHHH 3Jie- 

MeHTa ajire6pbi A OTHOCHTejitHO 6a3Hca e mbi nojiBsyeMCH o^hoh h toh 
jKe KopneBOii 6yKBOii fljia o6o3HaHeHHH SToro sjieMCHTa ii ero KOop;i,HHaT. 
O^HaKO B ajire6pe ne npHHHTO iicnojibsOBaTB BeKTopuBie oSosHaneHiiH. 
B BBipajKeniiH ne hcho - sto KOMnonenTa pasjiosKeniiH sjiCMeiiTa a 
OTHOCHTejiBHO 6a3Hca Hjiii 3T0 onepaii,Ha BOSBefleniiH b CTenenb. ^Jia 06- 
jierneHHa t^tchhh TCKCTa mbi 6yfleM hhackc sjieMeHTa ajireSpBi BBi^ejiHTB 
D;BeTOM. HanpHMep, 

a = a^Ci 

(7) IIpH paCCMOTpCHHII KOHCHHOMepHOH ajire6pBI MBI 6ypfiM OTOJKfleCTBJlSTB 

BCKTop 6a3Hca Co c eflHHHii,eH ajire6pBi. 

(8) Bea coMHenHH, y HHTaTCjia mohx CTaTeii Moryi 6bitb BonpocBi, saMei^aHHH, 
BOspajKeHHH. H 6yffy npHsnaTejien jiio6oMy OTSBiBy. 



FjiaBa 2 



D**-jiHHeHHoe OTo6pa:aceHHe 

2.1. D**-jiHHeHHoe OTo6pa:aceHHe 

B 3T0M pasflejie mbi nojiojKHM, hto V, W - sto £'*»-BeKTopHijie npocTpancTBa. 

Onpe/i;ejieHHe 2.1.1. 06o3HaHiiM C{D*^,; V; W) MHOJKecTBO L)*,-jiHHeiiHBix oto6- 
pajKCHHit 

A:V 

D*^-BeKTopHoro npocTpancTBa V b £)*,-BeKTopHoe npocTpancTBO W. 06o3Ha^HM 
C{* ^D] V; W) MHO>KecTBO **Z?-jiHHeHHbix OTo6pa}KeHHii 

A:V 

**-D-BeKTopHoro npocTpancTBa V b **D-BeKTopHoe npocTpancTBO W. □ 

Mbi MOJKeM paccMaTpHBaTb tcjio D KaK o^HOMepHoe Z3**-BeKTopHoe npo- 
CTpancTBO. CooTBeTCTBeHHO mbi MOJKeM paccMaipHBaTB MHOJKecTBa C{D* ^; D; W) 
iiC{D\-V- D). 

Onpe/i;ejieHHe 2.1.2. OSoanaHiiM C{*T; S; R) MHOscecTBO ★T-npeflCTaBjieHHii tc- 
jia S* B a/mHTHBHOii rpynne TCjia R. OSoanaHiiM C{T*] S] R) MHOJKecTBO r*-npefl- 
CTaBjieHHH Tejia S b a/mnTHBHOft rpynne lejia R. □ 

TeopeMa 2.1.3. IIpednoAOCHCUM, umo V, W - D* ^.-eeKmopnue npocmpaHcmea. 
Tozda MHOMcecmeo jC{D*^,; V; W) fieAsiemcfi a6eAeeou zpynnou omHocumeAbHO 3a- 

KOHa K0Mn03UV,UU 

(2.1.1) x*4A + B)=x%A + x%:B 

flOKASATEJibCTBO. HaM naflo noKasaTB, hto OToGpajKenHe 

A + B:V^W 

onpe^ejieHHoe paBencTBOM (2.1.1), - sto D**-jiHHettHoe OToGpaacenne Z?*»-BeKTop- 
Hbix npocTpancTB. CorjiacHO onpeflejienHio [3]-4.4.2 

(fl *x) :^A = Qj ^ (x ^.A) 

(a**a;)**i3 = a*,(3;**i3) 

Mbl BHflHM, HTO 

{a%x)%(A + B) = {a* ,x)* ,A + {a* ,x)%B 
= a*^{x*^A) + a\{x\B) 

= a\{x\(A + B)) 
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2. _D* ^-JIHHCHHOC OToSpajKCHHe 



HaM HaflO noKaaaTb Tax jKe, hto ste onepai^iia KOMMyTaTHBHa. 

= xB + xA 
^x\(B + A) 

□ 

Onpe/i;ejieHHe 2.1.4. £'**-JlHHeHHoe OToGpajKemie A + B nasbiBaeTCH cyMMoft 
Z)*»-JiHHeiiHbix OTo6pa:>KeHHH A n B. □ 

TeopeMa 2.1.5. Ilycmb f = (af, a ^ I) - D* i,-6a3uc e eeKmopnoM npocmpaHcmee 
V ue = {be,b G J) - D* ^-6a3uc e eeKmopnoM npocmpaHcmee W. Uycmb A = 
{aA''), a G I , b Q J - npouaeojiwasi Mampui^a. Tozda omo6pacnceHue 

(2.1.2) A:V^W 
onpedeACHHoe paeencmeoM 

(2.1.3) b = a%A 

omHocumcMbHO eu6paHHUx D* ^-6a3ucoe, jieAMCmcji D* ^-auhcuhum omo6paotceHU- 
CM ecKmopHux npocmpancme. 

^OKASATEJibCTBO. TeopcMa 2.1.5 HBjiHeTCH o6paTHbiM yTBep>K^eHHeM xeo- 
pcMC [3J-4.4.3. IIpeflnojiojKHM = w**A*,e. Tor;i,a 

{a*^v)*^,A ~ a*^,v*^,A*^,e 

= a%(TJ%A) 

□ 

TeopeMa 2.1.6. Uycmb f - D* ^-6a3uc e ecKmopnoM npocmpancmee V u e - 
D* ^-6a3uc e eeKmopnoM npocmpancmee W. IIpednoAootcuM D* ^-AuneuHoe omo6- 
pacHcenue A uMcem Mampwuy A = {aA^) omnocumcAbno euOpannux D* ^-6a3ucoe. 
Ilycmb m £ D. Tozda Mampuv,a 

aiAm)" = aA" m 
onpedcAsiem D* ^,-AuneuHoe omo6pacHcenue 

(2.1.4) Am:V^W 

Komopoe Mu 6ydeM Ha3ueamb ★Z)-npoH3BefleHHeM £'**-jiHHeHHoro OTo6pa- 
TKeHun A Ha CKajiap. 

^OKASATEJibCTBO. YTBep^KfleHne TeopeMbi HBjiaeTCH cjieflCTBHeM TeopeMbi 
2.1.5. □ 

TeopeMa 2.1.7. Mnomcecmeo C{D* V] W) sieA^emcji* ^D-ecKmopnuM npocmpan- 
cmeoM. 

^OKASATEJibCTBO. TeopcMa 2.1.3 yTBepjKflaeT, hto C{D*^]V; W) - a6ejieBaH 
rpynna. Ha TeopeMbi 2.1.6 cjie^yeT, hto sjieMenT Tejia D nopojK^aeT *T-npeo6pa- 
soBaHHe Ha a6ejieBOii rpynne C{D* ^,]V ]W) . Hs TeopeM 2.1.5, [3]-4.1.1 h [3]-4.1.3 
cjieflyeT, hto MHOJKecTBO C{D*^; V; W) HBjiaeTca ★_D-BeKTopHbiM npocTpancTBOM. 

BbinncbiBaa sjieMeHTbi 6a3Hca *£)-BeKTopHoro npocTpancTBa C(D* ,,]V;W) 

B BHfle »-CTpOKH HJIH *-CTpOKH, Mbl HpeflCTaSHM *D-BeKTOpHOe HpOCTpaHCTBO 



2.2. l-D* .^-4)opMa Ha BCKTopHOM npocTpaHCTBe 
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C{D* V; W) KaK hjih **£'-BeKTopHoe npocTpancTBO. Hpn stom naflo HMeTB 

B BHfly, HTO BI>l6op MeiKfly H ,*Z3-JIHHeiiHOH SaBIICIlMOCTBIO B ★ZJ-BCKTOpHOM 

npocTpancTBe V; W) ne saBiiCHT ot Tiina BexTopHbix npocTpancTB V h W. 

JXnsi Toro, HToSbi Bbi6paTb thh BeKTopnoro npocTpancTBa C{D* ^:]V]W) mbi 
o6paTHM BHHMaHiie Ha cjieflymmee o6cToaTejibCTBO. ^onycTiiM V ii W - D*,-BeK- 
TopHBie npocTpancTBa. ^onycTHM C{D* ^,;V;W) - **£'-BeKTopHoe npocTpancTBO. 
Torfla fleficTBiie *-CTpoKH D*^-jiHHeHHbix OTo6pa}KeHHii na ^-cxpoKy BCKTopoB 

(,/ MOJKHO npeflCTaBHTb B BHfle MaTpHn,bi 

i7 \ _ _ / i7**A' - iT*A" 

.._ %( ^1 ... A™ ) = ... 

%f / V nf* ... nf**A" 

3Ta sanHCB corjiacyeTca c MaTpiiHHOii sanncBio fleiiCTBHH *:,,D-jiHHeiiHOH K0M6HHa- 
u,HH A** a £'**-jiHHeHHbix OToGpajKemiii A. □ 

CjieflCTBHCM TeopeMbi 2.1.7 HBjiaeTCH HeoflHOsnaHHOCTb sanHcn 

Mbi MOJKeM npe^nojiojKHTb, hto cmbicji stoh sanHCH acen h3 KOHTeKCTa. O^naKO 
jKCjiaTejiBHO HeoflHO3HaHH0CTb H36e>KaTb. Mbi 6y/i,eM nojiBSOBaTbCH pjia stovl ufijm 
CKo6KaMii. BbipajKCHiie 

w = ?;**[A**m] 

oaHanaeT, hto * * ZJ-jiiiHeiiHaH KOM6HHaii,HH D**-jiHHeiiHbix OTo6pa>KeHHH oto6- 
paacaeT BeKTop u b BexTop w. BbipajKCHHe 

w = v*^A*^B 

osHanaeT, hto *,-npoii3BefleHHe £'*^-jiHHeHHbix OTo6pa>KeHHH A i\ B OTo6pa>KaeT 

BCKTOp V B BeKTOp W. 

2.2. l-Z)*,-4)opMa Ha BeKTopnoM npocTpancTBe 

Onpe/i,ejieHHe 2.2.1. l-_D**-4)opMa na BeKTopnoM npocTpancTBe V - sto 
jiiiHeiiHoe OTo6pajKeHHe 

(2.2.1) b:V-^D 

□ 

Mbi MOJKCM 3HaHeHHe l-£'*,-4)opMbi 6, onpeflejienHoe fljia BexTopa a, 3anHCi>i- 
BaTb B BH;i,e 

6(a) =< a, 6 > 

TeopeMa 2.2.2. MHomcecmeo C{D* ^; V; D) sienfiemcsi-kD-eeKmopHUM npocmpan- 
cmeoM. 

^OKASATEJlbCTBO. £)*:,,-BeKT0pH0e npOCTpaHCTBO pa3MepH0CTH 1 SKBHSajieHT- 

HO Tejiy D □ 

TeopeMa 2.2.3. IJycmti e - D* ^-6a3uc e eeKmopnoM npocmpaHcmee V. 1-D*^- 
(fiopMa h UMeem npedcmaeMenue 

(2.2.2) <a,6>=a%6 

omHocumeAbHO euGpauHozo D* ^-6a3uca, zde eeKmop a UMeem pasAOCHcenue 

(2.2.3) a = a%e 
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u 

(2.2.4) ,b^<,e,b> 
^OKASATEJibCTBO. TaK KEK b - l-Z)*,-4)opMa, H3 (2.2.3) cjieflyeT, hto 

(2.2.5) < a,5 >=< a*,e,6 >= a' < ie,b > 

(2.2.2) cjieflyeT h3 (2.2.5) h (2.2.4). □ 

TeopeMa 2.2.4. Ilycmb e - D* ^-6a3uc e eenmopHOM npocmpaHcmee V. 1-Z?**- 
(popjua (2.2.1) odH03HaHHO onpedeAena SHauenujiMU (2.2.4), e Komopue 1-D* ^-(pop- 
Ma b omo6paDH2aem eeKmopa 6a3uca. 

^OKASATEJibCTBO. YTBepiKfleHHe sBjiHeTCH cjieflCTBHeM TeopeM 2.2.3 h [3]- 
4.3.3. □ 

TeopeMa 2.2.5. Uycmti e - D* t-6a3uc e eeKmopnoM npocmpaHcmee V. Mhookc- 
cmeo \-D* ^-(fiopM (P maKux, umo 

(2.2.6) <^e,d^>^,5^ 

jiBAJiemcM * ^,D-6a3ucoM d ecKmopnozo npocmpancmea C{D* ,,]V; D). 

^OKASATEJibCTBO. l-£'**-4)opMa cymecTByeT fljia flaHHoro j corjiacHO 
TeopeMe 2.2.4, ecjiii nojio>KHTb ,6 = . Ecjih npeflnojiojKHTb, hto cymecTByeT 
l-Z?**-4)opMa 

b^d\b^O 
TO < ic, d^ > jb = 0. CorjiacHO paBencTBy (2.2.6) 

,6 = ,6^ ,b = 

CjieflOBaTCjiBHO, l-D* ^-c^popMbi d^ jiHHeiiHO HesaBiiciiMbi. □ 

Onpe/i;ejieHHe 2.2.6. IlycTb V - Z?**-BeKTopHoe npocTpancTBO. **Z)-BeKTopHoe 
npocTpancTBO 

V* = C{D\;V;D) 

HasbiBacTCH ^yajibHtiM npocTpancTBOM k D*,-BeKTopHOMy npocTpancTBy 

V. IlycTb e - iD**-6a3HC b bcktophom npocTpancTBe V. *,Z?-6a3HC d BeKTopnoro 
npocTpancTBa V* , yflOBjieTBopHK)iii,HH paBCHCTBy (2.2.6), HasbmaeTca: *,D-6a3H- 
coM, flyajibHbiM Z?**-6a3Hcy e. □ 

TeopeMa 2.2.7. Uycmb A - naccuenoe npeo6pa3oeaHue MHOzoo6pa3UH 6a3ucoe 
B{V,GL^ '). /(onycmuM D* ^,-6a3uc 

(2.2.7) f ^ AM 

MBAJiemcji o6pa30M D* <,-6a3uca e. Uycmb B - naccuenoe npeo6pa306anue Mnozo- 
o6pa3usi 6a3uco6 B{V* ,GL^ *) maKoe, umo * ^,D-6a3uc 

(2.2.8) 2' =1\B 
dyaACH D* <,-6a3ucy. Tozda 

(2.2.9) B = A-^'' 



2.2. l-D* .^-4)opMa Ha BCKTopHOM npocTpaHCTBe 
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/],OKA3ATEJibCTBO. Hs paseHCTB (2.2.6), (2.2.7), (2.2.8) cjie^eT 
(2.2.10) ^M*-' < ke,d^ > iB' 

PaBCHCTBO (2.2.9) cjieflyeT h3 paBencTBa (2.2.10). □ 

B flajiBHeiinieM mbi 6yfleM paccMaTpiiBaTb cjie^yiomHe MOflejiii xejia 

• PaccMOTpHM Tejio D kbk D^-BeKTopnoe npocTpancTBO . HpeflCTaBjie- 
HHe TCjia D onpeflejieno nocpeflCTBOM T^-cflBiira a* 

b-k a * d — (6a) ★ d 

3to cooTBeTCTByeT saKony yMHOsceniiH 

b{ad) = {ba)d 

B Tejie D. l-D^-eJjopMa HMeeT bh/i, 

< a,b >= ab 

IIpeflCTaBjieHHe Tejia D b ^yajiBHOM ★ZJ-seKTopHOM npocTpancTBe *D 
onpeflejieHHO nocpeflCTBOM T^T-cflBiira -ka 

d * a ★6 = 6? * (ab) 

Mbi MO>KeM BbiSpaTb npoHSBOjibHbiii sjieMenT d ^ xejia D b Ka^ecTBe 
6a3iica D-k-BeKTopnoTO npocTpancTBa . CooTBeTCTBeHHO flyajibubiii 6a- 
3HC ★Z)-BeKTopHoro npocTpancTBa *D HMeeT mip^ f = d^^. Xlpn stom 

< d, f >= df = e. HaccHBHoe npeo6pa30BaHHe a* OTo6pa>KaeT Sasiic d b 
6a3HC d' = ad. flyajibnoe emy naccHBHoe npeo6pa30BaHHe *a^^ OTo6pa- 
acacT 6a3HC / b 6a3HC 

/' fa-^ = d-^a-^ = (ad)-^ = d'-^ 

• PaccMOTpHM Tejio D Kax Tk-D-BeKTopnoe npocTpancTBO ^D. Hpe/iCTaBjie- 
HHe Tejia D onpe^ejieHO nocpe;;cTBOM ★T-c^BHra *a 

d * a *6 = (i * (ab) 

3to cooTBeTCTByeT 3aK0Hy yMHoacenHH 

{da)b = d{ab) 

B Tejie D. l-^ZJ-eJjopMa iiMeeT bh/i, 

< b,a >= 6a 

HpeflCTaBjieHHe Tejia D b ^yajiBHOM ZJ^-bcktophom npocTpancTBe D* 
onpeflCJieHHO nocpeflCTBOM T*-cflBHra a-k 

b-k ak d = (6a) * d 

Mbi MOJKCM BbiSpaTb npoH3BOjibHbiH sjieMCHT d ^ Tejia D B Ka^ecTBe 
6a3Hca *£)-BeKTopHoro npocTpancTBa ^D. CooTBeTCTBeHHO flyajiBHBiii 6a- 

3HC D^-BCKTOpHOrO HpOCTpaHCTBa D* HMeeT BHfl / = d~^. Hpil 3T0M 

< f, d >~ fd — e. HacciiBHoe npeo6pa30BaHHe ^a OTo6pa>KaeT 6a3HC d b 
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6a3iic d! ^ da. ^yajitnoe eMy naccHBHoe npeoGpasoBaHne a* OToGpaacaeT 
6a3iic / B SasHC 

/' = fl-i/ = a-^d-^ = {da)~^ = d'-^ 

• PaccMOTpHM TCJio D KaK BeKTopHoe npocTpancTBO nafl nojiCM F. ^ony- 
CTHM BCKTopbi jC £ D nopojKflaiOT 6a3HC Hafl nojieM F. a € D HMeeT 
pa3Jio>KeHHe a — je. HacciiBHoe npeo6pa30BaHHe 6a3Hca HMeeT bh^ 

l-4)opMa HMeeT bh/i, b ~ d^ jb, r^e d - 6a3HC, flyajiBKBiii 6a3Hcy e. IIpH 

3TOM 

<a,b>=a" < ie,W > jb 

Mbi He MOJKeM yTBepjKflaTB, hto d^ G 13. B hpothbhom cjiynae Mbi flOJiJK- 
Hbl HOTpe6oBaTi> 

< ie, d^ >= icd^ = iS^ 

OTKy^a cjieflOBajio 6i>i cymecTBOBanHe flejiHTejieii nyjia b Tejie D. 

JiHHeHHoe OTo6paiKeHHe A : D ^ D na/i, nojieM F cooTBeTCTByeT D- 
3HaHHOH l-4)opMe b. CjieflOBaTejibHO 



TaK KaK a* npoH3BOjiijHiji, to 



= Bi,b' 

2.3. IlapHbie npe/i;cTaBJieHHa xejia 

TeopeMa 2.3.1. B awBom D* ^-eeKmopnoM npocmpaHcmee momcho onpedeAumb 
cmpyKmypy -kD-eeKmopnozo npocmpaHcmea, onpedeAue -kD-npouaeedenue eeKmo- 
pa Ha cKaAsip paeencmeoM 

vm = V* ^6m 

/^OKASATEJibCTBO. HenocpeflCTBeHHaH npoBepxa flOKa3biBaeT, hto OTo6pa- 
>KeHHe 

f : D ^V* 

onpeflejieHHoe paBencTBOM 

/(m) = 6m 

onpeflejiaeT *r-npeflCTaBjieHHe KOjibi^a D. □ 

Mb: MOsceM Huane ceJjopMyjiHpoBaTb TeopeMy 2.3.1. 

TeopeMa 2.3.2. Ecau mu onpedcAUAU jcfjcfjeKmueHoe T-k-npedcmaeAeHue f meAa 
D Ha a6eAeeou zpynne V , mo mu moohzcm odHoanaHHo onpedeAumb s^^eKmuenoe 
-kT -npedcmaeAeHue h meAa D na a6eAeeou zpynne V maKoe, umo duazpaMMa 




h(a) 

KOMMymamuena Oam aki6ux a, b Cz D. □ 



2.3. riapHbic npcflCTaBjicHHH Tcjia 
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Mbi 6yfleM nasbiBaTb npeflCTEBjieHHa f vl h napHbiMH npe^cTaBjieHHaMH 
Tejia D. 

TeopeMa 2.3.3. B eeKmopnoM npocmpaHcmee V Had mcAOM D mu modkcm onpe- 
dcAumb D-k-npou36edeHue u -kD -npouaeedenue eenmopa na cnaAfip. CosAacHO meo- 
pcMe 2.3.2 amu onepav,uu ydoeAemeopmom paeeHcmey 

(2.3.1) {am)b ^ a{mb) 

PaseHCTBO (2.3.1) npeflCTaBjiaeT aaKOH accoi^HaTHBHOCTH ji^Jisi napHMX 

npe/i;cTaBJieHHH. 3to nosBOjiaeT hem niicaTb noflo6Hijie BtipajKCHHa ne nojibsyHCb 

CK06KaMH. 

^OKASATEJTbCTBO. B pasflejie 2.1 ;i,aHO onpeflejienHe ★D-npoH3BefleHHH D*^,- 
jiHHeiiHoro OTo6pa}KeHHH A na CKajiap. CorjiacHO xeopeMe 2.3.1 Tk-T-npeflCTaBjieHHe 
Tejia D B ★D-BeKTopHOM npocTpancTBe C{D* ^,;V;W) MOJKeT Sbitb nepeneceHO b 
£'**-BeKTopHOM npocTpancTBO W corjiacHO npaBHjiy 

V%[Am] = {V\A)*4Sm] = {V\A)m 

□ 

Mbi MOJKeM TaK>Ke onpeflejiiiTb £)*-npoii3BefleHHe Z)*,-jiiiHeHPioro OTo6pa}Ke- 
HHH A Ha CKajiap. OflnaKO, BOo6iLi,e roBopH, sto T^-npeflCTaBjieHne xejia D b 
BCKTopHOM npocTpancTBe C{D* i,] V] W) ne MOJKeT 6BiTb nepeneceHO b Z)**-BeKTop- 
HOM npocTpancTBO W. fleftcTBHTejiBHO, b cjiy^ae D^-npoHSBefleniiH mbi hmcbm 

V%{mA) = v*J%{mA) = v%{mA)%e 

HocKOjiBKy HpoH3BefleHne B Tejie ne KOMMyTaTHBno, mbi ne MOJKeM BbipasHTb no- 
jiyHCHHoe BbipajKeHHC KaK npoH3Be;i,eHHe v* acA na CKajiap m. 

AnajiorHH c BeKTopHbiMH npocTpancTBaMH nafl hojibm saxoflHT ctojib ^ajie- 
KO, HTO Mbi MOJKeM HpeflnojiojKHTB cymecTBOBaHHe KOHn,enLi,HH SasHca, KOTopBiii 
roflHTCH fljia _D*-npoH3BefleHHa h *D-npoH3BefleHHH BeKTopa na CKajisp. 

TeopeMa 2.3.4. B eeKmopnoM npocmpaHcmee cmpoK D* a:-MHOzoo6pa3ue 6a3ucoe 
u a,* D-MH080o6pa3ue 6a3ucoe omAUHHU 

B{V,D*,)^B{V,,*D) 

^OKASATEJTbCTBO. IIpH flOKa3aTejibCTBe STOii TeopeMBi mbi 6yfleM nojib30- 
BaTbCH CTaH;i,apTHbiM npe/i,CTaBjieHHeM MaTpHii;Bi. He Hapymaa o6ili,hoctii, mbi npo- 
BepfiM flOKa3aTejiBCTBO b KOopfliiHaTHOM BeKTopHOM npocTpancTBe D". 

IlycTB e ~ {e.i ~ {dj),i,j G i, \i\ = n) - MHOJKecTBO BexTopoB BeKTOpnoro npo- 
CTpancTBa D". OneBHflHO, e aBjiaeTca oflHOBpeMenHO £'**-6a3ncoM h **Z3-6a3HCOM. 

^JIH npOH3BOJIBHOrO MHOJKeCTBa BeKTOpOB {fi,i £ i,\i\ ~ n) D**-KOOpflHHaTHaH 

MaTpHLi,a 

/ n - fi 

(2.3.2) / = 

V - /„" 

OTHOCHTejiBHO 6a3Hca e coBnaflaei c * * ZJ-KOop^HHaTHOii MaTpHii,eH OTHOCHTejiBHO 
6a3Hca e. 

EcjiH MHOJKecTBO BCKTopoB (fi, 1 G i, \i\ = n) - £'**-6a3HC, to corjiacno [3]-4.9.3 
MaTpima (2.3.2) - **-HeBbipo>KfleHHaa MaTpima. 
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2. _D* ^-JIHHCHHOC OToSpajKCHHe 



EcjiH MHOJKecTBO BeKTopoB (/i, i £ i, \i\ = 77,) - ,*D-6a3HC, TO corjiacHO TeopeMe 
[3]-4.9.3 MaTpHi];a (2.3.2) - **-HeBbipo>KfleHHaa MaTpHi^a. 

CjieflOBaTejiBHO, ecjiH MHOJKecTBO BCKTopoB {fi,i € i, |«| = n) nopojKflaiOT 
£'**-6a3HC H **D-6a3HC, hx KOop/^HHaTHaa MaTpHii,a (2.3.2) HBjiaeTCH *,-HeBBipojK- 
fleHHOii H **-HeBbipo}KfleHHOH MaTpimeii. yTBepjKfleHiie cjie^iiyeT h3 TeopeMbi [3]- 
4.8.9. □ 

H3 TeopeMbi 2.3.4 cjie^yeT, hto b BeKTopnoM npocTpancTBe V cymecTByeT D*,- 
6a3HC e, KOTopbiii ne HBjiaeTCH **£'-6a3iicoM. 

2.4. D-BGKTOpHOe npOCTpaHCTBO 

IlpH H3yHeHHH MHOPHx 3a/i,aH Mbi BnojiHe MOJKeM orpaHHHHTbCH paccMOTpe- 
HHeM D*-BeKTopHoro npocTpancTBa jih6o *D-BeKTopHoro npocTpancTBa. OflnaKO 
ecTb aa^a^H, b KOTopbix mm BbinyiKfleHbi OTKaaaTbCH ot npocToii MO^ejiH h oflHO- 
BpsMeHHO paccMaTpHBaTb o6e CTpyKTypbi BeKTopnoro npocTpancTBa. IIo^oSHoro 
pofla npocTpaHCTBO mm 6yfleM nasbiBaTb Z3-BeKTopHoe npocTpancTBO. 

/^onycTHM, HTO B Z3-BeKTopHOM npocTpancTBe V onpeflejienbi Z)*,-6a3HC *p h 
**Z)-6a3HC p^. BcKTop ip D*»-6a3Hca *p HMeeT paajiojKeHHe 

(2.4.1) iP = PjiPl2 iP=P***iPl2 

OTHOCHTejibHO **D-6a3Hca . BeKTop **-D-6a3Hca HMeeT pa3jio>KeHHe 

(2.4.2) pj =P2ij iP Pj ^P2i]** *P 

OTHOCHTejibHO Z3*,t-6a3Hca ^p. 

HeTpy;i,HO BHfleTb h3 nocTpoeHHH, hto pi2 - KOopflHHaTHaa MaTpHu,a D**-6a- 

3HCa ,p OTHOCHTejibHO **£)-6a3HCa p*. *-CTpOKH MaTpHII,bI Pl2 D**-JIHHeHHO He3a- 
BHCHMM. 

AnajiornHHO, P2i - KOopflHHaTHaa MaTpHii,a **D-6a3Hcap* OTHOCiiTejibHO _D**- 

6a3HCa *p. *-CTpOKH MaTpHII,bI P21 **-D-JIHHeHHO He3aBHCHMbI. 

Hs paBencTB (2.4.1) h (2.4.2) cjie^yeT 

(2.4.3) iP = Pj Ipi2 = P21j kP Ip12 iP = P* **iPl2 = {P21** *p)**tPl2 

H3 paBCHCTBa (2.4.3) BH^HO, HTO HOpHflOK CK060K CymeCTBCHCH. 

XOTH MaTpHII,bI P2I H ^12 HC HBJIHIOTCH B3aHMH0 oSpaTHblMH, MM MOJKBM CKa- 

3aTb, ^TO paBCHCTBO (2.4.3) OHHCbmaeT TOJKflecTBenHoe Hpeo6pa30BaHHe ZJ-BCKTop- 
Horo npocTpancTBa. 3to npeoGpaaoBaHHe mojkho sanncaTb TaKJKe b Biifle 

(2 4 4) K = P2l] tP = [Pk iPl2) 

Pj =P21j** *P ^ P21j**{p* **Pl2) 

Hs cpaBHCHHa paBCHCTB (2.4.3) h (2.4.4) cjie^yeT, hto H3MeHeHHe HopaflKa cko- 

6OK HpHBOflHT K HSMCHeHHIO HOpHflKa CyMMHpOBaHHH. 3tH paBCHCTBa BbipajKaiOT 

CHMMBTpHio B Bbi6ope £'**-6a3Hca ^p H **Z3-6a3Hca p*- 
BcKTop r £ V iiMCCT pa3jiojKeHHe 

(2.4.5) r — r^ip~pj^r2 r — r* ^,p = p^,*r 
IIoflCTaBHM (2.4.1) B (2.4.5) 

(2.4.6) Pj ipi2 ^Pj ^r2 r* ^{p^*pi2) =p**r 



2.4. iI>-BCKTOpHOC npocTpaHCTBO 
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r' P2ij kP Ipi2 

r%((p21%p)*>12) 



r" ) 



BCKTopa r OTHOCHTejibHO **Z)-6a3Hca nasbiBaiOTca ZJ^-KOMnoHeHToft Koop/i;H- 
HaT BeKTopa r. Koop;i,HHaTbi 



BCKTopa r OTHOCHTejibHO I?*H.-6a3Hca *p HaabieaiOTca ★L'-KOMnoHeHToii Koop/i,H- 



SaMenaHHe 2.4.2. HTo6bi He neperpyjKaTb tckct chmbojihkoh, mm 6ypfiM cjiepp- 
BaTb corjiameHHio. Ecjih D*-KOMnoHeHTa Koopfiwaai BCKTopa pijih ★D-KOMHoneHTa 
KOopflHHaT BCKTopa yHacTByeT b onepan;HH yMHOJKeHHs hjih mm sanHCbiBaeM coot- 
BeTCTByiOHi,He HHfleKCbi, TO MM 6yfleM OHycKaTb chmboji *, tbk KaK h3 saHHCii 6yfleT 
HCHO, KaKHC KOMHoneHTM BeKTopa MM HCHOjibsycM. AnajiornHHoe corjiameHHe pac- 
HpocTpaHHeTCH Ha ,*D-6a3HC p» h Z?*»-6a3HC Mm ne 6yfleM corjiameHHeM b Tex 
cjiynaax, Kor^a coKpameHHaH 3anHCb mojkct 6biTb npoHTcna HeoflH03HaHHO. □ 

B OToSpajKemiH (2.4.7) mm bh;i,hm, hto Z3*,t-6a3HC noflBepraeTCH OHpeflejien- 
HOMy npeo6pa30BaHHio. Pa3jiojKeHHe seKTopa OTHOCHTejibHO Z)**-6a3Hca ocTaeT- 
CH HeH3MeHHbiM flo H Hocjie npeo6pa30BaHHa. B pa3flejie [3]-5.2 mm onpeflejiHjiH 
aKTHBHoe H naccHBHoe npeo6pa30BaHHH na MHoroo6pa3HH 6a3HCOB £'*,-BeKTopHO- 
ro HpocTpancTBa. Ho anajiorHH mm MOJKeM HpeflnojiojKHTb, hto npeo6pa30BaHHe 
(2.4.3) HBjiaeTCH naccHBHbiM Hpeo6pa30BaHHeM. 




HaT BGKTopa r. 



□ 



FjiaBE 3 



JlHHGHHOe OToSpa^KGHHe TGJia 

3.1. AflflHTHBHOe OTo6p£L»CeHHe KOJIBLI,a 

Onpe/i,ejieHHe 3.1.1. roMOMop4)ii3M 

/ : i?i ^ i?2 

a/mHTHBHOii rpynnti KOjibi^a i?i b a^iiTiiBHyK) rpynny KOjii>ii,a i?2 nasbiBaeTCH 
a/i,flHTHBHtiM OTo6pa>KeHHeM KOJiBU,a i?i B KOJibii;o i?2- n 

CorjiacHO onpeflCjienHK) roMOMop4)H3Ma apjiwivLBTiovL rpynnbi, a/mHTiiBHoe oto6- 
paaceHHe / KOjii>n,a Ri b KOjibLi;o i?2 yflOBjieTBopaeT CBOiiCTBy 

(3.1.1) fia + b) = fia) + fib) 

Mbi He Tpe6yeM, t^to6i>i afl^HTHBHoe OTo6pa>KeHne KOjii>ii,a coxpaHHjio npoHSBCfle- 
Hiie. 

TeopeMa 3.1.2. PaccMompuM KOAbv,o Ri u KOAt>v,o R2- Uycmb omoGpaMcenusi 

f-.Ri^Ra 
g : Ri^ i?2 

siejiRwrncfi addumuenuMU omo6pajtceHUJiMU. Tozda omo6pacHceHue f + g maKJtce 
siBAfiemcsi addumuBHUM. 

^OKASATEJibCTBO. yTBepjKflCHHe TCopeMBi cjieflyeT h3 Li,enoHKH paBencTB 

(/ + 9)ix + y) =f{x + y)+ g{x + y) = f{x) + f{y) + g{x) + g{y) 

= U + 9){x) + {f + g){y) 

□ 

TeopeMa 3.1.3. PaccMompuM KOAbv,o Ri u KOAbv,o i?2. Uycmb omo6paoKeHue 

f:Ri^R2 

MBMJiemcM addumuBHUM omo6pajtceHueM. Tozda omo6pacHceHUJi af, fb, a, b £ R2, 
maKCHce sieAfiwmcfi addumuenuMU. 

^OKASATEJTbCTBO. YTBepiKfleHHe TeopcMbi cjieflyeT h3 Li,enoHKH paBencTB 
iaf)ix + y) ^a{f{x + y)) = a{f{x) + f{y)) = af{x) + af{y) 

=(a/)(x) + {a,f){y) 
{fb)ix + y) ^{f{x + y))b = {f{x) + f{y))b = f{x)b + f{y)b 
={fb){x) + imy) 

□ 
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3. JIhhchhoc OTo6pa;KCHHC Tcjia 



TeopeMa 3.1.4. Mu MocuceM npedcmaeurm> addumuenoe omo6pacw:eHue KOAt>v,a 
Ri 6 accov,uamu6Hoe KOAb-no R2 e eude 

(3.1.2) /(x) = (,)o/G(3)(x) 

zde G(s) - MHOofcecmeo addumuenux omo6paMceHuu KOJibt^a Ri e KOAbt^o i?2.^'^ 

^OKASATEJibCTBO. YTBepiKfleHHe TeopeMbi cjieflyeT h3 TeopeM 3.1.2 h 3.1.3. 

□ 

Onpe/i,ejieHHe 3.1.5. IlycTb KOMMyTRTHBHoe kojii>li,o P HEjiaeTCH no^KOjibii,OM 
D,eHTpa Z(R) KOJibii,a R. OTo6pa»ceHHe 

f:R^R 

KOJIbl^a R HaSBISaeTCS MyjIbTHnjIHKaTHBHbIM na^ KOMMyTaTHBHBIM KOJIBLI,OM 

P, ecjiH 

f{px) =pf{x) 

/IJisi jiio6oro p E p. □ 

Onpe/i,ejieHHe 3.1.6. IlycTb KOMMyTaTHBHoe kojibiio F HBjiaeTCH noflKOJibii,OM 
u,eHTpa Z{D) KOjibi^a R. A;mHTHBHoe, MyjibTiinjiHKaTiiBHoe na^ KOMMyTaTHBHbiM 
KOJibufiM F OTo6pajKeHiie 

f:R^R 

HasbiBacTCH jiHHeHHBiM OTo6pa:»ceHHeM na/i; KOMMyTaTHBHBiM kojibli,om F. 

□ 

Onpe/i;ejieHHe 3.1.7. IlycTb KOMMyTaTHBHoe KOJibii,o P HBjiaeTCH no/i,KOJibn,OM 
Li,eHTpa Z{R) KOjibD;a R. 0To6pa>KeHHe 

f -.R^ R 

KOJIbLi;a R HaSblBaCTCH npOeKTHBHBIM HEl^ KOMMyTaTHBHBIM KOJIBH,OM P, ecjiH 

f{px) = f{x) 

fljisi jiio6oro p E p. MHOJKecTBO 

Px = {px : p E P,x E R} 

HasbiBaeTca HanpaBJieHHeM x na^ KOMMyTaTHBHbiM KOJibu,OM P.'^'^ □ 

IIpHMep 3.1.8. EcjiH OTo6pa}KeHHe / KOjibn,a R MyjibTHnjiiiKaTiiBHO nafl KOMMy- 
TaTHBHbiM KOjibD;oM P, TO OTo6pa>KeHHe 

g{x) = x-'^f{x) 

npoeKTHBHO Hafl KOMMyTaTHBHbiM KOjibn,OM p. □ 
OHpe/i;ejieHHe 3.1.9. OSosHa^HM ^(Pi; P2) MHO>KecTBO aflflHTHBHbix OTo6pa}Ke- 

HHH 

/ : Pi ^ P2 

KOjibLi;a Ri B KOjibi],o i?2- n 



"^■^S^ecb H B flajibHeiimeM mbi 6yfleM npeflnojiaraxt cyMMy no HH/i,eKcy, KOTopBifi sanHcan b 
CKo6Kax H BCTpeMBeTCH B npOH3BefleHHH necKOJiBKO pas. PaBCHCTBO (3.1.2) HEJiaeTCH peKypcuBHbiM 
onpe^ejieHHeM n ecTb Ha^e:M<:fla, hto mbi Mo:»ceM ero ynpocTHTb. 

■^■^HanpaBJieHHe Ha;^ KOMMyTaTHBHbiM kojibi^om P HBJiaeTCJi no/i,MO?KecTBOM KOJibri;a R. O^naKO 
Mbi 6yfleM o6o3HaMaTb HanpanjieHHe Px sjieMenTOM x G R, Kor^a sto ne npiiBO^HT k HeoAHoanaM- 
HOCTH. Mbi 6yfleM roBOpHTb o nanpaBJieHHH nafl KOMMyTaTHBHbiM KOJibLi;oM Z(R), ecjiH mm hbho 
He yKasbiBaeM KOMMyTaTHBHoe KOJibH,o P. 
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TeopeMa 3.1.10. IJycm'b omo6pacHceHue 

sieAfiemcsi addumuenuM omo6paatceHueM KOAbu^a R. Tozda 

f{nx) = nf{x) 

Basi ak)6ozo ii,eA080 n. 

^OKASATEJTbCTBO. Mbi flOKajKeM TeopeMy nHflyKi^Heft no n. IIpH n = 1 
yTBepjKfleHHC OHesHflHO, trk krk 

= f{x) = lf{x) 
/lonycTHM ypaBHeHHe cnpaBefljiiiBO npii n ~ k. Tor^a 

/((fc + l)x) = f{kx + x)^ f{kx) + fix) = kfix) + fix) = (fc + l)/(x) 



3.2. AflflHTHBHoe OTo6pa}KeHHe Tejia 
TeopeMa 3.2.1. Uycmb omoBpaMcenue 

f -.01^02 

sieAfiemcsi addumuenuM omo6paatceHueM mcAa Di e mcAO D2. Tozda 

fiax) = afix) 

dAM Am6ozo pa'nuoHaAbHogo a. 

/],OKA3ATEJibCTBO. SanHineM a b Biiflfi o- = ^- IIojiojkhm y = ^x. Tor^a 

(3.2.1) fix) = fiqy) = qfiy)^qf(lx 



q 



Ha paBCHCTBa (3.2.1) cjie^yeT 
(3.2.2) -fix) = f (-X 

Ha paBCHCTBa (3.2.2) cjie^yeT 

f('-x]^pf('-x)^lfix) 



1 / KQ / Q 



□ 



□ 



TeopeMa 3.2.2. Addumuenoe omo6paotceHue 

f:Di^D2 

mcAa Di e mcAO D2 MyAbmunAUKamueHO Had noACM pav,uoHaAt>Hux hucca. 

^OKASATEJibCTBO. CjieflCTBiie TeopcMBi 3.2.1. □ 

Mbi He MOJKeM pacnpocTpaHHTb yTBepjKfleHHC TeopeMbi 3.2.2 na npoHSBOJiBHoe 
noflnojie ii,eHTpa ZiD) Tejia D. 
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3. JIhhchhoc OTo6pa;KCHHC Tcjia 



TeopeMa 3.2.3. Uycmb none KOMUAeKCHux hucca C JieA^emcH nodnoACM i^eumpa 
mejia D . Cymecmeyem addumuenoe omoBpaMcenue 

mcAa Di 6 mcAO D2, Komopoe He MyAbmunAUKamueHO Had noACM komuackchux 
HuceA. 

^OKASATEJibCTBO. fl^Jisi flOKasaTCjibCTBa TeopeMbi floCTaTOHHO paccMOTpeTb 
nojie KOMnjieKCHbix hhcbji C Tax Kax C = Z{C). OyHKi],HH 

z — >■ z 

a;miiTiiBHa. OflnaKO paBencTBO 

02 = 02 

HesepHO. □ 

Teopiia KOMnjieKCHbix bcktophbix npocTpaiiCTB nacTOjibKO xopomo HsyHena, 
HTO 113 flOKasaTejibCTBa TeopeMbi 3.2.3 jierKO BbiieKaeT cjieflyiomaa KOHCTpyKLi,iiH. 
IlycTb fljiH HeKOToporo lejia D cymecTByiOT nojiH Fi, F2 TaKHe, hto Fi ^ F2, 
Fi C F2 G Z{D). B 3TOM cjiynae cymecTByeT OTo6pajKeHiie / Tejia D, jiiiHeii- 
Hoe Hafl nojieM Fi, ho ne jinneiiHoe na/i, nojiCM -Pj.'' '^ HeTpy^HO Bii/i,eTb, hto sto 
OTo6pa>KeHiie aflflHTHBHO. 

IlycTb Di, D2 - Tejia xapaKTepncTHKH 0. CorjiacHO TeopeMe 3.1.4 a^mHTHBHoe 
OTo6pa>KeHHe 

(3.2.3) f -Di^ D2 

HMeeT BH/i, (3.1.2). Bbi6epeM OToSpajKeHHe G(^s){x) = Gix). A;mHTHBHoe OTo6pa- 

JKCHHe 

(3.2.4) J{x) = (,)o./ G[x) 

HaSblBaCTCH clfl/IIHTHBHMM OTo6pajKeHHeM, nopojKfleHHBiM OTo6pa>KeHHeM 
G. OToSpajKenne G mm 6y;i,eM nasbiBaTb o6pa3yioii];eii a/mHTHBHoro OTo6pa- 
:»ceHHH. 

TeopeMa 3.2.4. Uycmti F, F C Z{Di), F C Z[D2), - noAe. Addumuenoe omo6- 
paofcenue (3.2.4), nopoMcdeHHoe F-auhcuhum omodpaoKeHueM G, MyAt>munAUKa- 
mueHO Had noACM F . 

^OKASATEJibCTBO. HenocpeflCTBeHHoe cjieflCTBiie npe^CTaBjieHiia (3.2.4) a^- 
;i,iiTiiBHoro OTo6pa}KeHiia. fljia jiio6oro o Cz F 

f{ax) = (^)o/ G{ox) (^)i/ = (s)o/ aG{x) (^s)if = a (^)o/ G{x) (^)i/ = af{x) 

□ 

TeopeMa 3.2.5. nycmt Di, D2 - mcAa xapoKmepucmuKU 0. Uycmb F, F C 
Z{Di), F C Z{D2), - noAe. Uycmb G - F-auhcuhoc omo6pacnceHue. Uycmb q - 

■^■"^HanpHMep, b cjiy^ae KOMnjieKCHtix hhccji onepaxop I hejihctch onepaxopoM KOMnjieKCHoro 
conpH^KeHHH. Mho^kcctbo onepaTopoB I saBiiCHT ot paccMaTpHBaeMoro Tejia. 9th onepaTopt.1 
npeflCTaBji5iiOT fljia nac HHTepec, Korfla mbi paccMaxpiiBaeM OTo6pa>KeHii5i Tejia, npH KOToptix 
MeHHeTCH CTpyKTypa onepai^Hii. Hanpiiivrep, OTo5pa>KeHHe KOMnjieKCHMx hhccji 2 — > 2. 



3.2. A;];flHTHBHOC OTo5pa5KCHHC TCJia 
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6a3uc mejia D2 Had noACM F. CxaHflapTHoe F-npe/i;cTaBjieHHe aflflHTHBHoro 
OTo6pa»ceHHH (3.2.4) uMeem eu# * 

(3.2.5) f{x) = ,,q G{x) jq 

BupacHcenue Jq e paeencmee (3.2.5) Haaueaemcsi CTaHflapTHoii F-KOMnoHeH- 
Toii £i,na;HTHBHoro OTo6pa»ceHHH /. 

^OKASATEJTbCTBO. KoMnoHeHTbi aftzi,HTHBHoro OTo6pa>KeHHH / HMeiOT pas- 

JIOSKCHHe 

(3.2.6) = (s)pP il 

OTHOCHTejibHO 6a3Hca q. Ecjiii mbi noflCTaBiiM (3.2.6) b (3.2.4), mbi nojiy^HM 

(3.2.7) f{x) = (,)or ,9 G{x) jq 

IIOflCTaBHB B paBCHCTBO (3.2.7) BbipajKCHHe 

/g = (s)o/' (s)lP 

Mbi nojiyniiM paBCHCTBO (3.2.5). □ 

TeopeMa 3.2.6. Uycrnb Di, D2 - mcAa xapaKmepucmuKU 0. Ilycmt) F, F C 
Z{Di), F C Z{D2), - noAe. Ilycmb G - F-AuneuHoe omoBpaoKeHue. Uycmb p - 
6a3uc mcAa Di Had uoacm F. Ilycmt) q - 6a3uc meAa D2 nad noAeM F . Uycmt) kiB^ 
- cmpyKmypHue KOHcmaHmu meAa D2. Tozda addumuenoe omo6pacnceHue (3.2.4), 
nopooKdeuHoe F-AuneuHUM omo6pacHceHueM G, mookho sanucamb e eude 

(3.2.8) /(a) =a' if jq uf e F 

a =a* ip € F a ^ Di 

(3.2.9) if =iG' mW prB^ 

^OKASATEJTbCTBO. CorjiacHO TeopeMC 3.2.4 a/mnTHBHoe OToGpasKeHHe Tejia 
D jiiiHeiiHO Hafl nojiCM F. BbiSepeM OToSpajKeniie 

, , G : Di ^ D2 a ^ a' pi G{a) = iG^ qj 

^ ■ ■ ' x' € F i& e F 

CorjiacHO TCopeMe [3]-4.4.3 a^HTHBHoe OTo6pa}KeHHe /(a) othochtcjibho GasncoB 
p II g npHHHMaeT Biifl (3.2.8). Hs paBencTB (3.2.5) h (3.2.10) cjie/i,yeT 

(3.2.11) fia)=a' iG' f^^ kqiqjq 
Ha paBencTB (3.2.8) 11 (3.2.11) cjie^yeT 

(3.2.12) a' if jq = a' /^^ kq iq rl = a' iG' f^^ mB^ p^B^ jq 

T'AK KaK BeKTOpbl r-q JIHHeHHO HeSaBIICHMbI Hafl nOJieM F H BejIHIHHbl a'* npoHS- 

BOjiBHBi, TO H3 paBCHCTBa (3.2.12) cjicflyeT paBeHCTBO (3.2.9). □ 

TeopeMa 3.2.7. Uycmb noAC F sieAfiemcsi nodKOAbv,0M VjCHmpa Z(D) mcAa D xa- 
paKmepucmuKU 0. F-auhcuhoc omo6pacHceHue, nopooK-damuifie addumuenoe omo6- 
paotccHue, jieAMcmcji HeeupodtcdcHHUM omoSpaotccHUCM. 



''■^npeflCTaBjieHHe aflflHTHBHoro OTo6pa}KeHHfl c noMomBK) KOMnoneHT aflflHTHBHoro OTo5pa}Ke- 
HiiH Heo^H03HaMHO. Hhcto ajire6paHMecKHMH MeTO^aMH mbi MO>KeM ysejiMMHTb jih6o yMeHbniHTb 
HHCjio cjiaraeMbix. Ecjih pasMepnocTb xejia D nafl nojieM F KOHeiHa, to CTanflapTHoe npeflCTas- 
jieHHe aftHHTHBHoro OTo6pa>KeHH5i rapaHTHpyex Kone'^HOCTb MHO>KecTBa cjiaraeMbix b npe.z],CTaB- 

JieHHH OTo6pa>KeHH5I. 
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3. JIhhchhoc OTo6pa;KCHHC Tcjia 



^OKASATEJTbCTBO. CorjiacHO TeopeMe 06 H30Mop(|)H3Max a^iiHTHBHoe oto6- 
pasceHHe (3.2.13) mojkho npe/iCTasHTb b BH^e KOMnosHiinH 

fix) = hix + H) 

KaHOHHHecKoro OTo6pa}KeHHH X X + H II H30Mop4)H3Ma fi. H - Hfleaji ajiffa- 
THBHOii rpynnbi lejia D. ^onycTHM H;i,eaji H HCTpHBHajien. Tor^a cymecTByiOT 
xi ^ X2, f{xi) — f{x2)- CjieflOBaTejibHO, o6pa3 npn OTo6pa>KeHHH / coflepjKHT 
Li,HKjiHHecKyK) noflrpynny. 3to npoTHBopeHHT yTBep}K;i,eHHio, hto xapaKTepHCTHKa 
Tejia D paBHa 0. Cjie^OBaTejiBHO, = {0} h KaHOHH^ecKoe OTo6pa>KeHHe hbjih- 

CTCH HeBbipOJKfleHHblM i^-JIHHeHHblM OTo6pa}KeHHeM JIh60 H = D VL KaHOHHHeCKOe 

OTo6pa>KeHHe HBjiaeTCH BbipojKfleHHbiM OTo6pa}KeHHeM. □ 

Onpe/i,ejieHHe 3.2.8. A;mHTHBHOC OTo6pajKeHHe, jiHHeiiHoe na^ ii;eHTpoM Tejia, 
Ha3biBaeTca jiHHeHHtiM OTo6pa>KeHHeM Tejia. □ 

TeopeMa 3.2.9. Uycmb D sienfiemcsi meAOM xapaKmepucmuKU 0. JIuneuHoe omo6- 
pajfccHue 

(3.2.13) f:D^D 
UMeem eud 

(3.2.14) fix) = (,)o/ X 

BupaotceHue {s)pf, P = 0, 1, e paeencmee (3.2.14) HaameaemcR KOMnoHeHToS 
jiHHeiiHoro OTo6pa:>KeHHH /. 

TeopeMa 3.2.10. Uycmb D - mcAO xapaKmepucmuKU 0. Uycmb e - 6a3uc mcAa 
D Had v^enmpoM Z{D). CTaHflapTHoe npe/i;cTaBJieHHe jiHHeHHoro OTo6pa- 
jKeHHH (3.2.14) Tejia uMcem eu(f^^^^ 

(3.2.15) fix) = f'i ie X je 

BupacfKCHue f^^ e paeencmee (3.2.15) Hoaweaemcji CTaHflapTHoii KOMnoHeHTofi 
jiHHeHHoro OTo6pa:>KeHHH /. 

TeopeMa 3.2.11. Uycmb D sienfiemcsi menoM xapaKmepucmuKU 0. Uycmb e - 
6a3uc mcAa D Had uoacm ZiD). Tozda auhcuhoc omo6pajfceHue (3.2.13) MomcHO 
aanucamb e eude 

(3.2.16) /(a) =a' if^ fe kf' e ZiD) 

a =a* iC a* £ ZiD) a e D 

(3.2.17) if^ =/'^'- kiBP prB^ 
TeopeMa 3.2.12. PaccMompuM Mampuv,y 

(3.2.18) B = (^B.-'.''''-^ 

■^■^npeflCTaBJieHHe jiHHeiiHoro OTo5pa:HceHH5i Tejia c noMomtio KOMnoneHT jiHHeiiHoro OTo5paiKe- 
HHH HeoflH03HaHHO. Hhcto ajire6paHM:ecKHMH MeTO^aMH mm MO?KeM ysejiMMHTb jih6o yMeHbniHTb 
HHCjio cjiaraeMbix. Ecjih paBMepnocTb Tejia D naji nojieM Z{D) KoneMHa, to CTaH^apTHoe npe/i,- 
CTaBJieHHe jiHHeiiHoro OTo5pa:H^eHH5i rapaHTHpyeT KoneMHOCTb MHO^KecTBa cjiaraeivibix b npe^CTaB- 
jieHHH OTo6pa:H^eHH5i. 
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cmpoKU Komopou npoHyMepoeanu undeKCOM u cmoA6ii,u npoHyMepoeanu uh- 
dcKCOM -kr EcAU detB ^ 0, mo Saji aadannux Koopdunam auhcuhozo npeo6pa- 
3oeaHUH if-' cucmeMa AuneuHux ypaeneHuu (3.2.17) omHocumeAbHO cmaHdapm- 
Hux KOMnoHCHm amozo npeo6pa3oeaHusi /'^'' UMeem eduHcmeeHHoe pemenue. Ecau 
dct B ^ 0, mo ycAoeucM cym,ecmeoeaHusi pemenuM cucmeMU auhcuhux ypaeHCHUu 
(3.2.17) fienfiemcsi paecHcmeo 

(3.2.19) T(mk{B:{'^'' i/-')= ranks 

B 3moM CAyuae cucmeMa auhcuhux ypaeHCHUu (3.2.17) UMeem Bcckohchho mhozo 
pemeHuu u cymecmeyem AUHeunasi 3aeucuMocmt> MecHcdy eeAUHunaMU if^ . 

^OKASATEJIbCTBO. PaBCHCTBO (3.2.14) HBJIHeTCH HRCTHblM CJiyHRCM paBCH- 

CTBa (3.2.4) npH ycjiOBHH G(x) — x. TeopcMa 3.2.10 HBjiHeTCH nacTHbiM cjiynaeM 
TeopcMti 3.2.5 npH ycjiOBHH G{x) = x. TeopeMa 3.2.11 HBjiHeTCH nacTHbiM cjiynacM 
TeopeMbi 3.2.6 npH ycjiOBHH G{x) = x. YTBepiKfleHHe TeopcMbi 3.2.12 sBjiHeTca 
cjieflCTBiieM TeopHH jiHHeiiHBix ypaBneHHii na^ nojieM. □ 

TeopeMa 3.2.13. CmandapmHue KOMnoHenmu mootcdecmeeHHOBO omo6paMceHusi 
UMcmm eud 

(3.2.20) = 5^51 

^OKASATEJTbCTBO. PaBeHCTBO (3.2.20) SBJIHeTCH CJieflCTBHCM paBCHCTBa 

x = oe X oe 

y6e;i,HMca, hto CTaH/i,apTHi>ie KOMnoHCHTbi (3.2.20) jiHHeiiHoro npeoGpaaoBannH 

yflOBJICTBOpHIOT ypaBHeHHKD 

(3.2.21) = f"^ kiB^ prB^ 

KOTopoe cjie^yeT h3 ypasHeHHa (3.2.17) ecjiii / = 6. Hs paBencTB (3.2.20), (3.2.21) 

cjieflyeT 

(3.2.22) iS^ = oiBP poB^ 
PaBCHCTBO (3.2.22) Bcpno, laK KaK h3 paBCHCTB 

j-e oe = oe je = je 

cjicflycT 

OrB^ = rS^ roB^ = r6^ 

EcjiH dct;B 7^ 0, TO pcmcHHC (3.2.20) cahhctbchho. Ecjih detS = 0, to chctc- 

Ma JIHHCHHblX ypaBHCHHH (3.2.21) IIMCCT 6CCK0HCT^H0 MHOrO pemCHHii. OflHaKO Hac 

HHTcpecycT no KpaftHeii Mcpc o^no. □ 

TeopeMa 3.2.14. Ecau dctZ? ^ 0, mo cmaudaprnmie KOMnoHcnmu uyAeeogo 
omo6paoKeHUH 

z : A z{x) = 
onpedcACHU odH03HaHHO u UMCwm eud z*-' = 0. Ecau detB = 0, mo MHOMce- 
cmeo cmaudapmnux KOMnoHenm uyAceozo omoSpaMcenufi nopocucdaem eeKmopnoe 
npocmpancmeo. 
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^OKASATEJTbCTBO. TeopeME BepHE, nocKOjibKy CTanflapTHbie KOMnoneHTbi z^-' 

HBJIHKJTCH penieHHCM OflHOpOflHOH CIICTeMbl JIHHeHHblX ypaBHeHHH 

= z'^'- kiBP prB^ 

□ 

SaMenaHHe 3.2.15. PaccMOTpHM paBCHCTBO 
(3.2.23) a'''' fee x = b'^'' fee x re 

Ha TeopeMbi 3.2.14 cjie^yeT, hto tojibko npn ycjiOBHH dctB 7^ h3 paseHCTBa 

(3.2.23) cjieflycT 

(3.2.24) a'"' = b^'' 

B npoTHBHOM cjiynae mbi flOJiJKHbi npeflnojiaraTb paBencTBO 

(3.2.25) a'"' = b'"' + z'"' 

HecMOTpH Ha sto, mbi h b cjiynae det B = 6yfleM nojitaoBaTbca CTaH;],apTHbiM 
npeflCTaBjiCHHeM Tax KaK b o6iii;eM cnynae yKaaaib MHOxecTBO jiHHeftHO nesaBHCH- 
Mbix BCKTopoB - saflaHa floCTaTO^^HO cjiojKHaji. EcjiH Mbi xoTHM onpe;i,ejiHTb onepa- 
u,Hio Hafl jiHHeiiHbiMH OTo6pa>KeHHHMH, sanHcaHHbiMH B CTaH;i,apTHOM npeflCTasjie- 
HHH, TO TaKJKe KaK B cjiyHac TeopeMbi 3.2.13 mh 6y;i,eM Bbi6HpaTb npe^CTaBHTejib 

H3 MHOJKeCTBa BOSMOiKHblX npeflCTaBJieHHH. □ 

TeopeMa 3.2.16. Ilycmb noAe F sienfiemcsi nodKOAbi^oM v,eHmpa Z(D) mcAa D 
xapaKmepucmuKU 0. JIuneuHoe omo6pajtceHue mena MyAt>munAUKamu6H0 Had no- 

ACM F. 

^OKASATEJTbCTBO. HenocpeflCTBeHHoe cjieflCTBHe onpe;i,ejieHHH 3.2.8. □ 
TeopeMa 3.2.17. BupacfKenue 

k.r = r ikBP p,B- 

MBAJiemcM mcHsopoM Had noACM F 

(3.2.26) = iA^ kf lA-'' 

/],OKA3ATEJTbCTBO. ZJ-jiHHeiiHoe OTo6pa}KeHHe OTHOCHTejibHO 6a3Hca e HMeeT 
BHfl (3.2.16). IlycTb e' - flpyroii 6a3HC. IlycTb 

(3.2.27) ie = iA^ je 

npeo6pa30BaHHe, OToGpajKaiomee 6a3HC e b 6a3HC e'. TaK KaK afl/i,HTHBHoe OTo6pa- 
jKeHHe / He MenaeTca, to 

(3.2.28) fix) = x"' kf le' 
noflCTaBHM [3]-(8.2.8), (3.2.27) b paBencTBO (3.2.28) 

(3.2.29) fix) = x' iA-'" kf lA^ je 

TaK KaK BeKTopbi je jinneHHO He3aBHCHMbi h KOMnoneHTbi BeKTopa npoH3BOjib- 
Hbi, TO paBeHCTBO (3.2.26) cjie^yeT h3 paBencTBa (3.2.29). CjieflOBaTejibHO, Bbipa- 
jKeHHe kf^ sBjiHeTca TeH3opoM na^ nojieM F. □ 
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Onpe/i,ejieHHe 3.2.18. MnosKecTBO 

kei-f ^{xeDi: fix) = 0} 

HaSBIBaeTCH HflpOM aflflHTHBHOrO OToGpajKeHHH 

f -.01^02 

Tejia Di B Tejio Z?2- D 
TeopeMa 3.2.19. Hdpo addumueHoso omo6pamceHUH 

sieAfiemcsi nodapynnou addumueHou gpynnu mcAa Di . 
^OKASATEJlbCTBO. IlycTb a, G ker/. Tor;i,a 

/(a) = 
f{h) = 

/(a + 6) = /(a) + /(fe)=0 
CjieflOBaTCjiBHO, a + 6 G ker/. □ 
Onpe/i;ejieHHe 3.2.20. A^hthbhoc OToGpajKeHne 

f -.01^02 

Tejia Di B TCJio Z?2 naabiBaeTCH BBipojKfleHHBiM, ecjiH 

ker/ ^ {0} 

□ 

TeopeMa 3.2.21. Ilycmb D - mcAO xapaKuiepucmuKU 0. Ilycmb e - 6a3uc mcAa 
D Had u^ei-impoM Z{D) mcAa D. Uycmb 

(3.2.30) f-.D^D fix) - (,)o/ X (,)i/ 

(3.2.31) = /'J ie X je 

(3.2.32) g : D ^ D gix) = ^t}o9 x (t)i9 

(3.2.33) = g^^ ie x jC 
AUHeiiHue omo6pajfceHUM meAa D. Omo6paatceHue 

(3.2.34) hix)=gf{x)^gifix)) 
MBAJiemcM AUHeuHUM omo6paciHzeHueM 

(3.2.35) hix) = i^ts)oh x (ts)ih 

(3.2.36) = hP'' pe x r-e 
zde 

(3.2.37) (ts)oh = (f)o.g (s)o/ 

(3.2.38) {ts)ih = (s)i/ (t)ifl' 

(3.2.39) hP"- =g'^ f'^' ikB^ ijB"- 
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^OKASATEJTbCTBO. OTo6pa}KeHHe (3.2.34) aftii,HTPiBHO trk krk 
Hx + y)= g{f{x + y)) = g{f{x) + J{y)) - g{J{x)) + g{J{y)) = h{x) + h{y) 
OToSpajKCHHe (3.2.34) MyjibTHnjiHKaTiiBHO na/i, Z{D) trk Kax 

h{ax) = g{f{ax)) = g{af{x)) = ag{f{x)) = ah{x) 
EcjiH Mbi noflCTasHM (3.2.30) h (3.2.32) b (3.2.34), to mm nojiyHHM 

(3.2.40) h{x) = (t)o5 f{x) = (t)off [s)of x (^)i/ ^t)ig 

CpaBHHBaH (3.2.40) h (3.2.35), mbi nojiynHM (3.2.37), (3.2.38). 

EcjiH Mbi noflCTaBHM (3.2.31) h (3.2.33) b (3.2.34), to mbi nojiy^HM 

h{x) =g'-' iC f{x) jC 

(3.2.41) =g'^ ie fee x {e ,e 

f'^' ikB^ ijB'- pe X re 
CpaBHHBaH (3.2.41) h (3.2.36), mbi nojiynnM (3.2.39). □ 

3.3. nojiHJiHHeiiHoe OToGpajaceHHe Tejia 

Onpe/i;ejieHHe 3.3.1. IlycTB Ri, Rn - KOJiBi^a h 5* - MOflyjiB. Mbi 6y/i,eM nasBi- 
BaTB OTo6pa}KeHHe 

(3.3.1) f : Ri X ... X R^ ^ S 

nojiH£i,ii;/i;HTHBHbiM OToGpEDKeHHeM KOJien; i?„ b Mo;i,yjiB S, ecjiH 

f{Pl, ■■■,Pt + qt, ■■■,Pn) = f{Pl, ■■■,Pt, ■■■,Pn) + f{Pl, Qt, ■■■,Pn) 

flJIH JIIo6orO 1 < i < n H JIJIK JII06bIX p,;, qi € Ri. 0603HaHHM A{Rl, Rn', S) 
MHOJKeCTBO nOJIHaAZI,HTHBHbIX OTo6pajKeHHII KOJieil, Rn B MO;i,yjIB 5". □ 

TeopeMa 3.3.2. Uycmt Ri, Rn, P - KOAttv^a xapaKmepucmuKu 0. Uycmt) S - 
ModyAb Had KOAti^oM P. Uycmt) 

f : Ri X ... X Rn S 

noAuaddumuBHoe omo6pacnceHue. Cymecmeyem KOMMymamueHoe KOAti^o F , ko- 
mopoe dAM ak)6ozo i HBAsiemcfi nodKOAb'noM u,eHmpa KOAbi^a Ri, u maKoe, Hvno dAsi 
Aw6ozo i u b E F 

/(ai, bat, an) = bf{ai, a;, a„) 

/l^OKASATEJlbCTBO. fljiH 3a;;aHHBix oi, a^-i, a^+i, a„ OTo6pa»ceHHe 
/(ai, a„) a^HTHBHO no at. CorjiacHO TeopeMe 3.1.10, mbi mojkgm BBi6paTB kojibli,o 
D,ejibix HHceji B Ka^^ecTBC K0jiBii;a F. □ 

Onpe/i;ejieHHe 3.3.3. IlycTB Ri, Rn, P - KOjiBri,a xapaKTcpiiCTHKii 0. IlycTB S 

- MO^jib Ha;; kojibii,om P. IlycTB F - KOMMyTaTHBHoe KOJibii,o, KOTopoe fijisi jiio6oro 
i HBjiHeTCH noflKOjibii,OM D;eHTpa K0jiBii;a Ri . 0To6pajKeHHe 

f : Ri X ... X Rn S 

HasbiBaeTCH nojiHJiHHeiiHbiM na/i; KOMMyTaTHBHbiM KOJibLi;oM F, ecjiH oto6- 
pajKCHiie / nojiiia/iiiTiiBHO, h fljiH jiio6oro i, 1 < i < ^^, A-^h 3a/i,aHHbix ai, a^^i, 
Oi+i, a„ OTo6pa>KeHHe /(ai,...,a„) MyjibTiinjiiiKaTHBHO no a^. Ecjin kojibii;o F 

- MaKCHMajibnoe KOjibii,o TaKoe, hto fljia jiio6oro i, 1 < i < n, j^jisi saflannbix ai, 

tti-i, ai-(-i, a„ OTo6pa>KeHHe /(ai, ...,a„) jinneiino no na^ KOjibii,OM F, to 
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OTo6pa>KeHHe / HasbisaeTCH nojiHJiHHeiiHBiM OTo6pa:»ceHHeM KOJieu, i?„ 

B Mo;i,yjib S. 06o3HaHHM C{Ri, S) MHO»cecTBO nojiHjiHHeiiHbix OTo6pajKeHHH 
KOJieu, .... Rn B MOflyjib S. □ 

TeopeMa 3.3.4. Ilycmb D - meAO xapaKmepucmuKu 0. UoAUAUHeuHoe omo6pa- 
CHceHue 

(3.3.2) f:D''^D,d^f{di,...,dn) 
UMeem eud 

(3.3.3) d= (s)o./" Os{dl) (s)lP ■■■ (Js{dn) (s)nP 

(7s - nepecmaHOBKa MHODKCcmea nepeMennux {di, ...,(i„} 

di ... d„ 



^as{di) ... asidn)y 

flOKASATEJTbCTBO. Mbi flOKajKeM yTBepjKfleHHe HHflyKii,HeH no n. 

Hpii 71 = 1 ^OKasbiBaeMoe yTBepjKfleHHC HBjiHeTCH cjieflCTBiieM xeopeMbi 3.2.9. 

IIpiI 3TOM MBI MOJKeM 0T0}K;i,eCTBHTB'' *' {p = 0, 1) 

(s)pf ~ (s)p/ 

^onycTHM. HTO yTBep}K;i,eHHe TeopeMBi cnpaBCfljiiiBO npH n = fc — 1. Tor;i,a 
OToGpajKenne (3.3.2) mojkho npe^CTaBHTB b bh^c 

/ 




d ^ f{di, ...,dk) = g{dk){di, ...,dk^i) 
CorjiacHO npe^nojioiKeHHio wapyYiayai nojiHa/mHTHBHoe OTo6pajKeHHe h HMeeT bh/i, 



CorjiacHO nocTpoenHio h = g{dk). CjieflOBaTejibHO, BbipajKeHHH (t)ph hbjihhdtch 
4)yHKLi,Ha;Mn dk. IlocKOjibKy g{dk) - a^nHTHBHaa 4)yHKLi,HH dk, to tojibko o;i,ho bbi- 
paaceHHe (t)ph aBjiaeTCH a/mHTHBHott dpymajfievL nepeMeHHoii dk, h ocTajiBHBie bbi- 

pajKeHHH (t)qh He SaBHCHT OT dk. 

He HapyinaH oGiuhocth, hojio^khm p = 0. Corjiacno paBencTBy (3.2.14) p,jisL 
saflaHHoro t 

(t)on = (tr)03 dk (tr)l5 

nojiojKHM s ~ tr VL onpe^ejiiiM nepecTanoBKy cts corjiacHO npaBHjiy 

^ _ ^ _ . dk di ... dk-i 
dk (Tt{di) ... at{dk-i) 



■^■^^B npe^cTaBJieHHH (3.3.3) mm 6yfleM nojibSOBaxbCH cjie^yiomHMH npaBHjiaMH. 

• EcjiH o6jiacTb SHaieHHii KaKoro-jiH5o HHfleKca - 3to MHOjKecTBO, cocToamee h3 OflHoro 
sjieMBHTa, Mbi 6yfleM onycKaxb cooTBeTCTByiomHH HH^eKC. 

• EcjiH n = 1, TO cTs - TOjKflecTBeHHoe npeoSpasoBaHHe. 3to npeo6pa30BaHHe mojkho ne 

yKaSblBaTb B Bbipa>KeHHH. 
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IIOJIOJKIIM 

{tr)q+lf = {t)qh 

flJIH (7=1, fc — 1. 

(tr)qj — (tr)q9 

pjLR (7 = 0, 1. Mbi flOKaaajiH mar HHflyKn,HH. □ 

Onpe/i;ejieHHe 3.3.5. BbipajKeHHC (s)p/" b paBCHCTBe (3.3.3) HasbiBaeTca: kom- 
noHeHToii nojiHJiHHeiiHoro OTo6pa:»ceHHH /. □ 

TeopeMa 3.3.6. Ilycmb D - mcAo xapaKmepucmuKu 0. /JonycmuMe - 6a3uc mejia 
D Had noACM Z{D). CTaH^apTHoe npe^cTaBJieHHe nojiHJiHHeiiHoro OTo6pa- 
>KeHHH TBJia UMeem eud 

(3.3.4) f{di, dn) = {t)f°-^" ioG crt(di) i,e ... crt(d„) i„e 

HndcKC t HyMepyem eceeosMOOHZHue nepecmanoeKU at MHOotcecmea nepeMCHHUx 
{di,...,dn}. BupacHceHue (t)f e paeencmee (3.3.4) Haaueaemcji CTaH/];apT- 
Hoii KOMnoHeHToii nojiHJiHHeftHoro OTo6pa:>KeHHH /. 

^OKASATEJibCTBO. KoMnoHeHTbi nojiHjiHHeiiHoro OTo6pa>KeHHa / HMeiOT paa- 
jiojKeHHe 

(3.3.5) (s)p/" = (s)p/"* 

OTHOCHTejibHO 6a3Hca e. Ecjiii mbi noflCTaBHM (3.3.5) b (3.3.3), mbi nojiy^HM 

(3.3.6) d = (,)o/"^'^ j,e a,(di) ^,)^r^- ... a,(d„) j„e 
PaccMOTppiM BbipajKeHiie 

(3.3.7) = (.)or^'^ ■■■is)n.r" 

B npaBOH nacTH no/ipasyMeBaeTCH cyMMa Tex cjiaraeMbix c HH/i,eKCOM s. fljia koto- 
pbix nepecTanoBKa as coBnaflaeT. KajK/iaa Taxaa cyMMa 6yfleT HMeTb yHiiKajibHbiii 
HHfleKC t. IIoflCTaBHB B paBeHCTBO (3.3.6) BMpajKCHHe (3.3.7) mh nojiyniiM paBCH- 
CTBO (3.3.4). □ 

TeopeMa 3.3.7. Uycmb e - 6a3uc meAa D Had hoabm Z(D). UoAuaddumueHoe 
omo6pacHceHue (3.3.2) mookho npedcmaeum'b e eude D-sHaHHoii ^opMU cmenenu 
n Had nojieM Z{D)^ '^ 

(3.3.8) /(ai,...,a„) = a^...a;" i,...i„/ 

gde 

aj = a] (e 

(3-3.9) ii...i„/ = /(iiB, ...,i„e) 

u ecAUHUHu i^...i^^f fiBAsimmcsi KoopdunamaMU D-sHauHozo KoeapuanrnHzo men- 
3opa Had noACM F. 



■^•^TeopeMa flOKasana no anajiorHH c TeopeMoii b [2], c. 107, 108 
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flOKASATEJTbCTBO. CorjiacHO TeopeMe 3.3.2 paseHCTBO (3.3.8) cjie^yeT h3 ufi- 
no^iKH paseHCTB 

/(oi, ...,a„) = /(a*i i,e,...,a^" i„e) = a}\..a^"/(ije, i„e) 

IlycTb e' - flpyroH 6a3HC. XlycTb 

(3.3.10) ■e' = iA^je 

npeo6pa30BaHHe, OTo6pa>Kaioin;ee GasHC e b 6a3HC e'. H3 paBencTB (3.3.10) h (3.3.9) 
cjie^yeT 

(3.3.11) =/(h^^'^ ,-,e,...,i„A^" ,„e') 

H3 paBCHCTBa (3.3.11) cjie^yeT TeH3opHbiH 3aK0H npeo6pa30BaHHH KOop^HHaT no- 
jiHjiHHeiiHoro OTo6pajKeHna:. H3 paBencTBa (3.3.11) h TeopeMbi [3]-8.2.1 cjieflyeT, 
HTO 3HaHeHHe OToGpajKemiH /(ai, ...,a„) ne 3aBHCHT ot Bbi6opa 6a3Hca. □ 

IIojiHjiHHeHHoe OToGpajKeHHC (3.3.2) cHMMeTpHHHo, ecjiH 

f{di,...,dn) = f{(j{di),...,a{dn)) 

fljia J11060H nepecTanoBKH a MHOJKecTBa {di, 

TeopeMa 3.3.8. Ecau noAUAuneuHoe omoBpamccHue f cuMMempuuHO, mo 

(3-3.12) ii,...,i„f = cr{ii),...,a{i,,)f 

/],OKA3ATEJTbCTBO. PaBCHCTBO (3.3.12) cjieflycT 113 paBencTBa 
aT ■•■ =/(ai,---,a„) 

=/(f^(ai), •■.,cr(a„)) 

... a„" a(i'i^)...ij{in)f 

□ 

ITojiHjiHHeHHoe OTo6pajKeHHe (3.3.2) koco CHMMeTpHHHO, ecjiH 

f{di,...,dn)^W{a{di),...,a{dn)) 

pjLR J11060H nepecTanoBKii a MHOJKecTBa {di, ...,dn\. S^eci. 

1 nepecTanoBKa a neTHaa 
— 1 nepecTanoBKa a He^^eTHaH 

TeopeMa 3.3.9. Ecau noAUAuneuHoe omo6pajtceHue f koco cuMMcmpuuHO, mo 

(3-3.13) = W\ o-(ii),...,<T(i„)/ 

^OKASATEJIbCTBO. PaBCHCTBO (3.3.13) CJICflyCT H3 paBCHCTBa 

aY ■•- ajj" =/(ai, a„) 

= |cr|/(cr(ai), ...,cr(a„)) 

=a\^ ... all' kl (T(ii)...o-(i„)/ 

□ 
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TeopeMa 3.3.10. OmoSpaDKCHue (3.3.2) noAUJiuneuHoe Had nojieM F nojiujiuneu- 
Ho mozda u moAtKO mozda, Kozda 

(3.3.14) =(t)r°-^" ioa,U.)B''' k,i,B'- ... („_,..(i„)^'^" k^i^B'- i-e 

(3.3.15) =(*)r°-'" ioa.(i.)^'^ k^i^B'^ - kr^i^B^ 
^OKASATEJibCTBO. B paBeHCTBC (3.3.4) nojioaiHM 

Tor^a paBCHCTBO (3.3.4) npHMeT Biifl 

f{di,...,d„) o-t(df j,e) i,e ... at{di" j^e) i„e 

(3.3.16) =df ...dt it)!'"-'- ioe at{j,e) i,e ... at(,„e) i„e 
=< ...4" ^t)r-'- k.i.B'^ 

Ha paBCHCTBa (3.3.8) cjie/i,yeT 

(3.3.17) /(ai,...,a„) =ai\..<" ix...^./^ 

PaBeHCTBO (3.3.14) cjieflyeT h3 cpaBnenHH paseHCTB (3.3.16) h (3.3.8). PaBencTBO 
(3.3.15) cjieflyeT h3 cpaBnenHH paBencTB (3.3.16) h (3.3.17). □ 



FjiaBa 4 



JlHHGHHOe OTo6pa>KeHHe D-BGKTOpHblX npocTpaHCTB 

4.1. JlHHeHHOe OTo6p£L»CeHHe D-BeKTOpHBIX npocTpaHCTB 

Onpe/i,ejieHHe 4.1.1. IlycTb V vl W - Z?-BeKTopHBie npocTpancTBa. Mbi 6yfleM 
HasbiBaTb OToGpajKCHHe 

A:V 

a/i;flHTHBHBiM OTo6pa»ceHHeM D-BeKTopHBix npocTpaHCTB, eCJIH 

A{p + q) = A{p)+Aiq) 

fljiH jiio6bix p,q(lzV. 06o3HaHHM A{D] V; W) MHOJKecTBO a/mHTHBHbix OTo6pa>Ke- 
HHii 

A:V 

D-BCKTopHoro npocTpancTBa V b D-BeKTopnoe npocTpancTBO W . □ 
Ohcbhaho, hto D**-jiHHeHHoe OTo6pa>KeHHe, Tax me xax H.*-D-JiHHeHHoe oto6- 

pajKCHHe HBJIJHOTCH aflflHTHBHblMH 0T06pa}KeHHHMH. MHOJKeCTBO MOp4)H3MOB D- 

BCKTopi-ioro npocTpancTBa niHpe, ^^eM MHOJKecTBO mop4)H3mob D* ^-BeKTopnoro npo- 
CTpaHCTBa. MTo6bi paccMOTpcTb aflfliiTHBHoe OToGpajKeniie BeKTopntix npocTpancTB, 
Mbi 6y;i,eM cjieflOBaTb MeTo;i,HKe, npefljiojKeHHOii b pasflejie [3]-4.4. 

TeopeMa 4.1.2. Ilycmb D - meAo xapaKmepucmuKu 0. flonycmuM *p - D* t:-6a3uc 
6 D-eeKmopHOM npocmpaHcmee V Had meAOM D u v £ V 

V = v*^p 

/(onycmuM *r - D* ^-6a3uc e D-eeKmopnoM npocmpaHcmee W Had mcAOM D. Ad- 
dumuBHoe omo6paafceHue 

A:V 

omHocumcAbHO D* ^-6a3uca *p u D* ^-6a3uca *r UMcem eud 

(4.1.1) A{v) = ,A^ {v') jT 

zde iA^ (u*) addumueno 3aeucum om odnou nepcMCHHOu u ne 3aeucum om ocmaA-b- 
Hux KoopduHam eenmopa v. 

flOKASATEJibCTBO. CorjiacHO onpeflejiCHHio 4.1.1 

(4.1.2) A{v) = A{v\p) = a{^v' = 

Jljiii jiioGoro sa^aHHoro i bcktop A{v'^ ip) g W HMeeT eflHHCTBeHHoe pasjioJKeHHC 

(4.1.3) A{v' ,p) = .,A3{v') jT A{v' ip) = ^A{v')%r 
OTHOCHTCjiBHO Z?*»-6a3Hca no;;cTaBHB (4.1.3) b (4.1.2), mm nojiyHHM (4.1.1). □ 
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4. JlHHeflHOC OTo5paM<:CHHC i)-BeKTOpHt>IX npocTpaHCTB 









4' 

















[rnri 



Onpe/i,ejieHHe 4.1.3. A/mHTHBHoe OTo6pa}KeHHe 

iAJ : D ^ D 

HESbiBaeTca nacTHtiM aflflHTHBHMM OToSpaxceHHeM nepeMeHHOH w*. □ 

Mbi mojkcm sanHcaTb a/mHTHBHoe OTo6pa>KeHHe b bh^c npoH3Be;i,eHiiH MaTpnii, 

(4.1.4) A{v) = {,A\v') ... ,A"(w')) 

OnpeflejiHM npoHSBeflCHHe MaTpHu, 

/i^i ... 

(4.1.5) {v^ ... =(,Ai(«') ... ,.4™(«')) 

\„A^ ... „A"'J 

rfle A = (M"') - MaTpHLi;a nacTHBix a/miiTiiBHbix OTo6pa}KeHHH. HcnojiBsya paBen- 
CTBO (4.1.5), Mbi MOJKeM sanHcaTb paBencTBO (4.1.4) b BH;i,e 

(4.1.6) A{v) = {v^ 

Onpe/i;ejieHHe 4.1.4. IlycTb nojie F HBjiaeTCH no/i,KOJibn,OM n,eHTpa Z{D) lejia 
D. 0To6pa>KeHHe 

A:V 

D-BeKTopHoro npocTpancTBa V b D-BeKTopnoe npocTpancTBO W nasbiBaeTCH Myjib- 
THnjiHKaTHBHbiM Ha/i; nojieM P, ecjiH 

A{px) = pA{x) 

fljisi jiio6oro p E P. □ 

Onpe/i;ejieHHe 4.1.5. IlycTb nojie P HBjiaeTCH no;i,KOjiijLi;oM n,eHTpa Z{D) Tejia 
D. 0To6pa>KeHHe 

'A-.V ->W 

iI)-BeKTopHoro npocTpancTBa V b ZJ-BCKTopHoe npocTpancTBO W HasbmaeTca: npo- 

eKTHBHBIM HElfl HOJieM P, eCJIH 

'A{px) = 'A{x) 

fljiH jiio6oro p P. MHOJKecTBO 

Px = {px : p e P,x eV} 
HasbiBacTca HanpaBJieHHeM x nafl nojieM P. □ 

Onpe/i;ejieHHe 4.1.6. IlycTb nojie F HBjiaeTCH no/i,KOjibu,OM u,eHTpa Z(D) Tejia 
D. A^HTHBHoe OTo6pa}KeHHe 

A:V 

D-BeKTopHoro npocTpancTBa V b D-BeKTopnoe npocTpancTBO W, MyjibTHnjiHKa- 
THBHoe Hafl nojieM F, nasbiBaeTCH jiHHeHHbiM OTo6pa:»ceHHeM na^ nojieM F. 

□ 
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Onpe/i,ejieHHe 4.1.7. A/mHTHBHoe OTo6pa}KeHHe 

A:V -^W 

D-BeKTopHoro npocTpancTBa V b D-BCKTopHoe npocTpancTBO W, jiiineiiHoe nafl 
u,eHTpoM TCjia, HasbiBaeTCH jiHHeftHbiM OTo6pa>KeHHeM D-BeKTopHBix npo- 

CTpaHCTB. 0603HaHHM C{D; V; W) MHOJKeCTBO JIHUCHUBIX 0T06pa}KeHHH 

A:V 

D-BeKTopHoro npocTpancTBa V b D-BCKTopHoe npocTpancTBO W. □ 
Mbi MOJKeM saniicaTb jiiiHeiiHoe OTo6pajKeHHe b BH^e npoHSBe^eHHs MaTpnn, 

_ /iA\v^) ... iA"'{v^)\ fir" 
A{v) - 

rfle A = - MaTpHLi;a nacTHbix jihrchhijIx OTo6pajKeHHH. 

TeopeMa 4.1.8. Uycmb noAC F MSAJiemcji nodKOAhtijOM i^eHmpa Z{D) mcAa D xa- 
paKmepucmuKU 0. JIuneuHoe omo6pacHceHue D-eeKmopuozo npocmpaHcmea MyAb- 
munAUKamueHO Had uoacm F. 

flOKASATEJibCTBO. YTBepiKfleHHe TeopeMbi HBjiHeTCH cjieflCTBHeM onpeflejie- 
HHH 4.1.6, 4.1.7, TaK KaK a G F a G Z{D). □ 

TeopeMa 4.1.9. Ilycmb D - meAO xapaKmepucmuKU 0. /l^onycmuM ^p - D* ^-6a3uc 
6 D-ecKmopHOM npocmpaHcmee V Had meAOM D u v G V 

/l^onycmuM *r - D* ,,-6a3uc e D-eenmopHOM npocmpaHcmee W Had mcAOM D u 
w gW 

(4.1.7) w = w* 
JIuHcuHoe omo6paMceHue 

(4.1.8) A:V^W w = A{v) 
omHocumcAbHO D* ^,-6a3uca ^,p u D* ^,-6a3uca *r^'^ UMcem eud 

(4.1.9) = ^A^{v') = ,(,)oA^' ^snA' 

^OKASATEJibCTBO. CorjiacHO TeopcMC 4.1.2 jiHHeiiHoe OTo6pajKeHHe A{v) mojk- 
HO saniicaTb b BH^e (4.1.1). Tax KaK fljia saflaHHBix imfleKCOB i, j ^^acTHoe ap^- 
flHTHBHoe OTo6pa}KeHHe iA^ (v^) jiHHeiiHO no nepeMenHoii u*, to corjiacno (3.2.14) 
BbipajKeHHe iA^(v^) mojkho npeflCTaBiiTt b Biifle 

(4.1.10) ,A^v') = ,^,joA' ^i,^lA^ 

Tflfi HHfleKC s HyMepyeT cjiaraeMbie. MHOJKecTBO anaHeHHii HH^eKca s saBiiCHT ot 
HHfleKCOB i H j. KoM6HHHpyji paBencTBa (4.1.2) h (4.1.10), mh nojiy^HM 

Aiv) = ,A^iv') jT = ,(,)oAJ' ,(,)iAi jT 

(4.1.11) 

A{v) = ^A{v')\r = {i(s)(iA i(^s)iA)\r 



'^'^Koop;];HHaTHaH 3anncb OTo6payKeHH5i (4.1.8) 3aBHCHT ot Bbi6opa 6a3Hca. PaBencTBa hsmchht 
CBoii BHfl, ecjiH HanpHMep mm Bi>i5epeM **D-6a3HC b D-bcktophom npocTpancTBe W. 
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4. JiHHeflHOC OTo5pa5KCHHC _D-BCKTOpHt>IX npocTpaHCTB 



B paBeHCTBC (4.1.11) mh cyMMHpyeM TaKJKe no HH^eKcy i. PaBencTBO (4.1.9) cjie- 
;i,yeT h3 cpaBnenHH paBencTB (4.1.7) h (4.1.11). □ 

Onpe/i;ejieHHe 4.1.10. BbipajKenHe i(s)p^"' b paBencTBe (4.1.11) nasbiBaeTCH 
KOMnoHeHToii jiHHeiiHoro OToGpajaceHHH A. □ 

TeopeMa 4.1.11. Ilycmb D - mejio xapaKmepucmuKu 0. nycmti H.p - D* jf-6a3uc e 
D-ecKmopHOM npocmpaHcmee V, *^ - D* ^-6a3uc e D-eeKmopnoM npocmpaHcmee 
U , u - D* ^-6a3uc e D-eeKmopnOM npocmpaHcmee W . UpednoAootcuM, nmo mu 
UMCCM KOMMymamuenym duazpaMMy omo6pajtceHuu 

V 





U 

zde AUHCUHoe omo6paMceHue A UMcem npedcmaeACHue 

(4.1.12) u = A{v) ^ iA^{v') j-q = ,(,)o^^' v' jq 

omnocumcAbHO sadauHux 6a3ucoe u AuneuHoe omo6pajtceHue B UMcem npedcmae- 
ACHue 

(4.1.13) w - B{u) = jE'^iu') kf - ,(t)oS'^ j(t)iB'' kT 

omHocumcAtHo dadauHux 6a3ucoe. Tozda omo6paoKeHuc C auhcuho u UMcem nped- 
cmaeAcnue 

(4.1.14) w = C{v) = ,C'=(«0 kT = ^i^u)oC^ v' fcr 
omHocumcAbHO 3adaHHUx 6a3ucoe, zde^'^ 

^C'iv') = jB'^UA^iv')) 

(4-1-15) i(u)oC'^ = i{ts)oC^ ^ 3{t)aB^ i{s)l3-^^ 

i{u)lC' = i{ts)lC^ =i(s)l^^ ]{t)lB^ 

^OKASATEJTbCTBO. OTo6pa}KeHHe C a/mHTHBHO, Tax xaK 
C{a + h) = B{A{a + h)) 

= B{A{a) + A(b)) 
= B(A{a)) + B(A{b)) 
= Cia) + C(b) 

OToSpajKCHHe C MyjibTHnjiHKaTiiBHO Hafl nojieM Z[D), laK KaK fljiH a G Z{D) 

C{ab) = B(A{ah)) = B(aA(6)) = aB(A(b)) = aC(h) 
PaBencTBO (4.1.14) cjie^yeT ii3 noflCTanoBKH (4.1.12) b (4.1.13). □ 



'^■^HnfleKC u OKasajicH cocTaBHbiM HH/],eKCOM, u = st. 0.a,HaKO He HCKjiiO'^eHO, mto HeKOToptie 
cjiaraeMMe b (4.1.15) MoryT 6biTb oG-be^HHeHM BMecTe. 
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TeopeMa 4.1.12. /(asi AuneuHozo omo6paoKeHusi A cyuj,ecmeyem AuneuHoe omo6- 
pacHceHue B maKoe, nmo 

A{axb) = B{x) 

^OKASATEJlbCTBO. A/mHTHBHOCTb OTo6pajKeHHa B HenocpeflCTBeHHO cjiefly- 

eT H3 Il,enOHKH paBCHCTB 

B{x + y) = 'A{a{x + y)b) = 'A{axb + ayb) = A{axb) + 'A{ayb) = B{x) + 'B{y) 
OToGpaaceHHe B MyjibTHnjiHKaTHBHO na/i, nojiCM Z{D), telk Kax pjisi c G Z(D) 
B{cx) = A{acxb) = A(caxb) = cA{axb) = cB{x) 
CorjiacHO paBCHCTBy (4.1.9) 

j{s)oB^ 3{s)iB^ = z{s)oA^ {a U[s)oA^ a)v' {b ^ls)lA^) 

□ 

TeopeMa 4.1.13. Uycmb D - meAO xapaKmepucmuKU 0. Uycmb 

A:V 

addumuBHOe omo6paatceHue D-eenmopHozo npocmpaHcmea V e D-eenmopHoe npo- 
cmpaHcmeo W . Tozda A{Q) = 0. 

^OKASATEJibCTBO. CjieflCTBHe paBeHCTBa 

A(a + 0) = A(a) + A(0) 

□ 

Onpe/i;ejieHHe 4.1.14. MnosKecTBO 

kerA ={xeV : 'A{x) = 0} 
HasbmaeTca HflpoM afl^HTHBHoro OToGpzDKeHHH 

'A-.V 

D-BCKTopHoro npocTpancTBa V b ZJ-BCKTopHoe npocTpancTBO W . □ 
Onpe/i;ejieHHe 4.1.15. A;mHTHBHoe OTo6pa}KeHHe 

'A-.V -^W 

D-BCKTopHoro npocTpancTBa V b D-BeKTopnoe npocTpancTBO W nasbiBaeTCH bbi- 

pO>K/l,eHHBIM, eCJIH 

ker A = V 

□ 
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4. JiHHeflHOC OTo5pa5KCHHC _D-BeKTopHt>ix npocTpaHCTB 



4.2. HojiHa^HTHBHoe OTo6pa»ceHHe D-seKTopHoro npocTpancTBa 

Onpe/i;ejieHHe 4.2.1. IlycTb D - lejio xapaKTepucTiiKii 0. IlycTb Vi, Vn, Wi, 
Wm - i^-BeKTopHbie npocTpancTBa. Mbi 6yfleM HasbiBaTb OTo6pa»:eHHe 

(4.2.1) 'A-.ViX ...xVn-^WiX ...xWm 

nojiHa^HTHBHbiM OTo6pa>KeHHeM x-D-BCKTopHoro npocTpancTBa Vi x ... xl/„ 
B x-D-BeKTopHoe npocTpancTBO Wi x ... x Wmi ecjiH 

A{pi, ...,p,+qi, ...,Pn) = A{pi, ...,p„ ...,Pn) + A{pi, ...,q„ ...,Pn) 

fljisi jiio6oro I < i < n VL pjia jiio6bix pi , qi G Vi. □ 

Onpe/i;ejieHHe 4.2.2. OSoana^HM A{D;Vi, ...,Vn',Wi, ...,W„i) MHOscecTBO no- 
jiiiaflflHTHBHBix OTo6pa}KeHHH x-D-BeKTopHOTO npocTpancTBa Vl X ... X Vn B X-D 
-BCKTopHoe npocTpancTBO Wi x ... x Wm- n 

TeopeMa 4.2.3. Ilycmb D - meAO xapaKmepucmuKU 0. ^yij* KaoHzdoao k ^ K = 
[l,7i] donycmuM ^.pk - D* ^-daauc e D-eeKmopnoM npocmpaHcmee Vk uvk G Vk 

Vk = Vk**Pk 

JJmji KacHcdogo I, 1 < I < m, donycmuM ^ri - D* ,,-6a3uc e D-eeKmopnoM npocmpaH- 
cmee Wi li W; G Wi 

(4.2.2) wi=wi\ri 
UoAuaddumueHoe omo6paMceHue (4.2.1) 

(4.2.3) Wi X ... X A(TJi, ...,TJ„) 
omHocumcAbHO 6a3uca ^.pi x ... x u 6a3uca ,fi x ... x uMcem eud 

(4.2.4) wl=,,_,^A>{v^,...,v^) 

= ^l...^r.{s}oA'^i CTsivl') «i . . (s) 1 ... Cr, «" ) (,)„ A"^' 

06Aacmb SHaueHuu S undcKca s saeucum om aHaueHuu undcKcoe ii, i„. as - 
nepecmaHOBKa MHOofcecmea nepcMCHHUx {v^ , 

^OKASATEJlbCTBO. TaK KaK OTo6pajKeHiie ^ B x-D-BeKTopnoe npocTpancTBO 

W^l X ... X Wm MOJKHO paCCMaTpHBaTB nOKOMnOHeHTHO, TO Mbl MOJKCM OrpaHHHHTbCH 

paccMOTpeHHeM OToGpajKemia 

(4.2.5) Ai -.Vl X ... xVn ~^Wl Wi ^Ai{vi,...,Vn) 

Mbi flOKajKCM yTBepjKfleHHC HH/i,yKii,HeH no n. 

Hpii n = 1 flOKasbiBacMoe yTBepjKflenHe HBjiHeTca yTBepjKflenHeM TeopeMbi 

4.1.9. IIpH 3T0M MBI MOJKeM OTOJK/^eCTBHTb'* '^ {p = 0, 1) 

■r > A^^ = V \ A^ 

"^'^B npeflCTaBjieHHH (4.2.4) mi>i 6y;i,eM nojibSOBaTbCs cjie^yiomHMH npaBHjiaMH. 

• EcjiH o6jiacTb SHaieHHii KaKoro-jiH6o HHfleKca - 3to MHO>KecTBO, cocToamee h3 OflHoro 
sjieMCHTa, Mbi 6yfleM onycKaTb cooTBeTCTByiOLu,HH HHfl,eKC. 

• EcjiH n = 1, TO (Ts - TOjK^ecTBeHHoe npeo6pa30BaHne. 3to npeo6pa30BaHHe mojkho He 

yKaSblBaTb B Bbipa>KeHIIH. 
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^onycTHM, HTO yTBep}K;i,eHHe TeopeMbi cnpaBefljiHBO npn n 
OTo6pa>KeHHe (4.2.5) mo>kho npeflCTaBHTb b bii^c 



Vi X ... X Vk 



k — 1. Tor^a 




Vi X ... X Vk~i 

wi = Ai{vi, ...,TJfc) = Ci{vk)ivi, ...,Vk-i) 
CorjiacHO npeflnojioJKeHiiio HHflyKi^iiH nojina/mHTHBHoe OToGpajKCHHe Bi HMeeT 

Bllfl 

— 



CorjiacHO nocTpocHHio Bi = Ciivk)- CjieflOBaTCjibHO, BbipajKeHiia ii...ik-ispB^'^~^^j 

HBJiaroTCH 4)yHKLI,HHMH tJfc . HoCKOJIBKy C'l{Vk) - aflflHTHBHaH 4)yHKII,Ha Wfc, TO TOJIb- 
KO OflHO BbipajKCHHe i-i^...ik-ispB^^~^'^\ HBJIHeTCa a^HTHBHOii (J)yHKU,He{t Wfe , H OCTajIb- 

Hbie BbipaMceHiiH i-^...ik-isqB'^'^~^^] He saspiCHT ot TJfe. 



He Hapymaa o6ihhocth, hojiojkhm p = 0. CorjiacHO TeopeMe 4.1.9 

; — 4fcJi...ifc_i(tr)0'-' ; ikH---'ik-i[tr)lCl 



4i...4fc_i (t)O^ ; — 4fcJi...ifc_i(tr)0'-^ ; f^fe ifc'ii...'ifc_i(tr)l 



IIojiojKHM s = tr n onpeflejiiiM nepecTanoBKy (t,, corjiacHO npasHjiy 



nOJIOJKHM 
AJIH (7=1, 



(tr)(q+l)^ ; 



. . n(fc-i)J 

ll...2|j_isij-t-' ; 



fc - 1. 



ikil---ik-l{tr)qA i — ikil---ik-l(tr)qC I 



pjLii q = 0, 1. Mbi flOKasajiii mar HHflyKn,HH 

Onpe/i;ejieHHe 4.2.4. BbipasKeHne 
KOMnoHeHToii nojiH£i,nii;HTHBHoro OTo6pcL»ceHHa A. 



□ 



Onpe/i;ejieHHe 4.2.4. BbipasKeHne ii...i„(s)p^"; b paBencTBe (4.2.4) naabiBaeTCH 



FjiaBa 5 



^H4)4)epeHi],HpyeMi>ie OTo6pa>KeHHH 

5.1. TonojiorHHecKoe Tejio 

Onpe/i,ejieHHe 5.1.1. Tejio D nasbiBaeTCH TonojiorHHecKHM TejioM^^. ecjin D 
HBjiaeTCH TonojiorHHecKHM npocTpancTBOM, h ajire6paiiHecKiie onepaii,HH, onpefle- 
jieHHBie B D, HenpepbiBHbi b Tonojiorii^ecKOM npocTpancTBe D. □ 

CorjiacHO onpeflejienHio, fljia npoiiSBOjibHbix sjieMeHTOB a,b £ D n fljiH npoHS- 
BOjiBHbix OKpecTHOCTeii Wa-b sjieMeHTa a — b, Wat sjieMeHTa ah cymecTByiOT TaKiie 

OKpeCTHOCTH Wa SJieMCHTa a H Wb SJICMCHTa 6, ^TO Wa—Wb C Wa-b, WaWb C Wab- 
ECJIH a 7^ 0, TO ^JIH npOHSBOJIBHOH OKpeCTHOCTH W^-l CymeCTByeT OKpeCTHOCTb Wa 

sjiCMCHTa a, y^OBjieTBoparomaH ycjiOBHio W~^ C Wq-i- 
Onpe/];ejieHHe 5.1.2. HopMa Ha Tejie D^'^ - sto OToSpajKeHne 

deD ^\d\eR^ 

TaKOe, HTO 

• |a| > 

• |a| = paBHOCHjiBHO a = 

• |a + 5| < \a\ + \b\ 

Tejio D, Ha;i,ejieHHoe CTpyKTypoii, onpeflejiaeMoii saflaHHCM na D HopMbi, na- 

SblBaeTCH HOpMHpOBaHHMM TejIOM. □ 

HHBapiiaHTHoe paccTOHHHC Ha a/mHTHBHofi rpynne Tejia D 

d{a,b) = \a-~b\ 

onpeflCjiaeT TonojiorHio MeTpii^^ecKoro npocTpancTBa, corjiacyiomyiocH co CTpyK- 
TypoH Tejia b D. 

Onpe/i;ejieHHe 5.1.3. IlycTb D - HopMnpoBanHoe xejio. BjieMem a € D nasbiBa- 
eTCH npe^ejioM nocjie/i,OBaTejibHOCTH {a„} 

a = lim a„ 

ecjiH fljiH jiio6oro e G i?, e > cymecTByeT, aasHCHmee ot e. naTypajibHoe hhcjio 
no TaKoe, hto |a„ — a| < e ^jih jiio6oro n > uq. □ 

TeopeMa 5.1.4. Ilycmb D - HopMupoeauHoe mcAO xapaKmepucmuKU u nycmb 
d E D. Uycmb a Cz D - npedcA nocAedoeameAbHocmu {a„}. Tozda 

lim {and) = ad 

n— foo 

^■"'^OnpeflejieHHe flano corjiacHO onpeflejieHHKi as [6], rjiaBa 4 
'^■^OnpeflejieHHe flano corjiacHO onpeflejieHHKi h3 [4], rji. IX, §3, n°2 
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5. ^HcJ)43cpGHi^HpycMBic OTo6pa>KCHHa 



lim (dan) ~ da 

n— f oo 

flOKASATEJibCTBO. YTBepiKfleHHe TeopeMbi TpHBHajibHO, opfiaKO si npHBO^Ky 
^OKasaTejibCTBO ^jih nojiHOTbi TeKCia. HocKOJibKy a G D - npe^eji nocjieflOBa- 
TejiBHOCTH {an}, TO coFjiacHO onpeflCjieHHio 5.1.3 jiJisi aaflanHoro e G i?, e > 0, 
cymecTByeT naTypajiBHoe hhcjio uq Taxoe, hto |a„ — a| < e/\d\ pjiR jiK)6oro n > uq. 
CorjiacHO onpeflejiCHHio 5.1.2 yTBepjKfleHHC TeopeMbi cjieflyeT h3 HepaBencTB 

a„d — ad\ = |(a„ — a)d\ ~ |a,i — a\\d\ < e/\d\\d\ ~ e 
\dan — da\ = |(i(a„ — a)\ ~ |d||a„ — a| < |o?|e/|(i| = e 
pjisi jiK)6oro n > ng. □ 

Onpe/i,ejieHHe 5.1.5. IlycTb D - HopMiipoBanHoe tcjio. ITocjieflOBaTejibHOCTb {a,i}, 
an G D HasbiBaeTCH 4)yH/i,aMeHTajibHOH hjih nocjieflOBaTejibHOCTbio Kouih, 

ecjiH pjia jiK)6oro e e i?, e > cymecTByeT, saBHCHmee ot e. naTypajibHoe hhcjio 
no TaKoe, hto \ap ~ aq\ < t fljia jiio6i>ix p, q > uq. □ 

Onpe/i;ejieHHe 5.1.6. HopMiipoBanHoe xejio D nasbiBaeTca nojiHBiM ecjiH jnoSaa 
(JpyHflaMeHTajibHaa: nocjieflOBaTejiBHOCTb ajieMCHTOB ^aHHoro TCjia cxoahtch, t. e. 
HMeeT npeflfiji b stom Tejie. □ 

CHx nop Bce 6ijIjio xopomo. Kojii>ri,o D;ejii>ix nuceji coflepjKiiTCH b KOjiBi^e 
xapaKTepiiCTHKH 0. Ilojie pan,iiOHajii>Hbix HHceji coflepjKHTCH b tcjic xapaKTepiiCTii- 
KH 0. O^HaKO 3TO He osHanaeT, hto nojie fleftcTBiiTejiBHijix HHceji co;i,ep}KHTCH b 
nojiHOM Tejie D xapaKTepncTHKH 0. HanpHMep, mm MO>KeM onpe/i,ejiiiTb HopMy na 
Tejie, TOJKflecTBeHHO paBHyio 1. 3Ta HopMa onpeflejiHCT na HopMiipoBanHOM TCjie 
^CKpeTHyio TonojiorHK) n He npeflCTaBjiHCT ^jih nac iiHTepeca, Tax xax juoGasi 
(JjyHflaMeHTajibHaa nocjie/i,OBaTejibHOCTi> HBjiJieTCH hoctohkhijIm OTo6pa:a{eHHeM. 

B flajibHeiimeM, roBops o HopMHpoBanHOM lejie xapaxTeppiCTHKH 0, mbi 6y;i,eM 
npeflnojiaraTb, hto OHpe/i,ejieH roMeoMop4)H3M hojih pan,HOHajibHbix hhccji Q b Tejio 
D. 

TeopeMa 5.1.7. UoAHoe meAO D xapaKmepucmuKU codepotcum e KaHecmee 
nodnoAR uaoMopcfjHuu o6pa3 noAH R deUcmeumeAbHux hucca. 9mo noAe o6uhho 
omojtcdecmeAMmm c R. 

^OKASATEJTbCTBO. PaccMOTpHM 4)yHflaMeHTajibHyio nocjie/i,OBaTejibHOCTb pa- 
H,noHajibHbix HHceji {p„}. IlycTb p' - npe^eji STOii HOCjicflOBaTejibHOCTH b TCjie D. 
IlycTb p - npe^eji stoii nocjieflOBaTejiBHOCTH b nojie R. TaK KaK Bjio^KCHHe hojih Q 

B TejIO D rOMeOMOpcJjHO, to MBI MO>KeM OTOKfleCTBHTb p' € D n p € R. □ 

TeopeMa 5.1.8. Uycmb D - noAHoe meAO xapaKmepucmuKU u nycmt> d G D. 
Toeda Am6oe deilcmeumeAbHoe hucao p £ R KOMMymupyem c d. 

^OKASATEJTbCTBO. Mbi MOJKeM npeflCTaBHTb fleiicTBHTejibHoe hhcjio p E R b 
BHfle 4)yHflaMeHTajibH0H nocjicflOBaTejiBHOCTH pau,HOHajibHbix nnceji {pn}- YiBep- 
jK^eHHe TeopeMbi cjie^yeT h3 ri,enoHKH paBencTB 

pd ~ lim (pnd) ~ lim (dpn) = dp 

n— >oo n— ^oo 

ocHOBaHHOii Ha yTBepjKflCHHH TeopeMbi 5.1.4. □ 

TeopeMa 5.1.9. Uycmb D - noAHoe mcAO xapaKmepucmuKU 0. Tosda noAt deu- 
cmeumcAbHux hucca R sieAfiemcsi nodnoACM u^cumpa Z{D) mcAa D. 



5.1. TonojiorH'^iccKoc tcjio 
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^OKASATEJTbCTBO. CjieflCTBIie TeopCMM 5.1.8. □ 

Onpe/i;ejieHHe 5.1.10. IlycTb D - nojiHoe lejio xapaKTepiiCTHKH 0. MnoiKecTBO 
sjieMeHTOB d E D, \d\ = 1 nasBiBaeTca eflHHHHHoft ccJjepoH b lejie D. □ 

Onpe/i;ejieHHe 5.1.11. IlycTb Di - nojiHoe tcjio xapaxTepHCTHKH c HopMoii |a;|i. 
IlycTb D2 - nojiHoe tcjio xapaKTcpncTHKii c HopMOii \x\2- OyHKii;HH 

/ : Di ^ D2 

HasbiBacTCH HenpepbiBHoii, ccjih fljia jiio6oro ckojib yro^HO Majioro e > cymc- 
CTBycT TaKoe S > 0, ^to 

\x' - x\i < S 

BJICHCT 

\f{x')-fix)U<e 

□ 

TeopeMa 5.1.12. Uycrnb D - noAHoe mcAO xapaKmepucmuKU 0. Ecau e pasAO- 
jHzeHuu (3.2.14) addumueHozo omo6pacnceHusi 

f-D^D 

undeKC s npunuMaem KoneuHoe MHOotcecmeo aHaueHuu, mo addumuenoe omo6pa- 
Ofcenue f Henpepueno. 

^OKASATEJlbCTBO. IIojiojKHM x' = x + a. Tor;i,a 

f{x') - fiyx) = /(a; + a) - /(a;) = ,f{a) = (^s)of a {s)if 
\f{x') ~ fix)\ = |(,)o/ a < (|(,)o/| |(.)i/|)|a| 

nojiojKHM F = |(^)o/| \{s)if\- Tor^a 

\fix')~fix)\<F\a\ 

Bbi6epcM e > H hojio^khm a ~ —e. Tor;i,a S = \a\ = —. CorjiacHO onpcflCjiCHHio 

F F 

5.1.11 aAn,HTHBHOC 0T06pa>KCHIIC / HCnpCpblBHO. □ 

AnajiorHHHO, ccjiii iiHflCKC s npHHHMacT chcthoc mhojkcctbo SHa^CHHii, to ;i,jih 
HcnpcpbiBHOCTH afl/],HTHBHoro OTo6pajKCHHH / Mbi Tpc6yeM, hto 6bi pa^ |(s)o/| l(s)l/| 
cxo;^HJIC^^. Ecjiii iiHflCKC s npHHHMacT HcnpcptiBHoe mhojkcctbo SHaHeHHii, to ;i,ji5i 
HcnpcpbiBHOCTii aflfliiTHBHoro OTo6pa}KCHH5i / MBi Tpc6yeM, TITO 5bi HHTcrpaji J |(s)o/l \{s)if\ds 
cymccTBOBaji. 

Onpe/i;ejieHHe 5.1.13. IlycTb 

OTo6pa>KeHiic nojiHoro TCjia Di xapaKTcpiiCTiiKii c HopMOii |a;|i b nojiHOC tcjio 

D2 XapaKTCpiICTIIKII C HOpMOII \y\2- BcjIHHHHa 

(5.1.1) 11/11 =sup^M^ 

\x\i 

nasbiBacTca HopMoii OTo6pa:>KeHHH /. □ 
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5. ^HcJ)43cpcHi^HpycMBic OTo6pa>KCHHa 



TeopeMa 5.1.14. Uycmb Di - noAHoe mcAO xapaKmepucmuKU c HopMou \x\i. 
IJycmb D2 - noMHoe meAO xapaKmepucmuKU c HopMou | a; 1 2 - Uycmb 

omo6paatceHue, MyAbmunAUKamueHoe Had noACM R. Tozda 
(5.1.2) 11/11 = sup{|/(x)|2:|x|i = l} 

^OKA3ATEJlbCTBO. CorjiacHO onpeflejieHHK) 3.1.5 



ITojiaraji r = - — — , mm nojiy^HM 
\x\i 

(5.1.3) 



x\i \rx\i 



PaseHCTBO (5.1.2) cjieflyeT h3 paseHCTB (5.1.3) h (5.1.1). □ 
TeopeMa 5.1.15. Uycmh 

addumuBHOe omo6paDfceHue noAHOzo mcAa Di e noAHoe meAO D2. Omo6paDfceHue 
f HenpepuBHO, ecAU \\f\\ < 00. 

^OKASATEJibCTBO. HocKOjibKy OTo6paiKeHHe / a^HTHBHO, TO corjiacHO onpe- 
flejieHHK) 5.1.13 

\fix)-fiy)\2^\.f{x-y)\2<\\f\\ \x~yU 
BosbMeM npoHSBOjiBHoe e > 0. IIojiojkhm S = Tor^a h3 HepaBencTBa 

\x -y\i <S 

cjieflyeT 

\f{x)-fiy)\2<\\f\\S = e 
CorjiacHO onpeflejienHio 5.1.11 OTo6pa}KeHHe / nenpepBiBHO. □ 

TeopeMa 5.1.16. Uycmb D - noAuoe meAO xapaKmepucmuKU 0. JIu6o nenpepue- 
Hoe omo6pacHceHue f meAa, npoenmueHoe Had uoacm P, ne aaeucum om nanpae- 
ACHUM Had noACM P , Au6o aHaucHue fifi) He onpedeACHO. 

^OKA3ATEJlbCTBO. CorjiacHO onpe;i,ejieHHio 3.1.7, OTo6pa>KeHHe / nocToan- 
HO Ha HanpaBjieHHH Pa. TaK xax G Pa, to ecTecTBenHO nojiojKiiTb no nenpepbiB- 

HOCTH 

/(O) = /(a) 

OflHaKO 3T0 npHBOflHT K HeonpeflejieHHOCTii snaHenHH OTo6pa}KeHHii / b HanpaB- 
jieHHH 0, ecjiH OToGpajKCHHe / HMeeT pasnoe snanenne fljiH pasnbix nanpaBjienHii 
a. □ 

Ecjin npocKTHBHaa nafl nojiCM R 4)yHKu;HH / nenpeptiBna, to mbi 6yfleM ro- 
BopnTb, HTO 4)yHKH,HH / HenpepbiBHa no HanpasjieHHio na;:, nojieM R. lio- 

CKOjibKy fljiH jHo6oro a G I?, a 7^ mm MOJKeM BbiSpaTb oi = |a|^^a, /(ai) = /(a), 
TO Mbi MOsceM c;i,ejiaTb OHpeflejienne 6ojiee TonntiM. 



5.2. ^HC^tJ^CpCHI^HpyCMOC OToSpaJKCHHC TCJia 
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Onpe/i;ejieHHe 5.1.17. IlycTb D - nojiHoe Tejio xapaKTepiiCTHKH 0. HpoeKTHBHaH 
Hafl nojieM R (JjyHKi^iiH / HenpepbiBHa no HanpasjieHHio nafl nojieM i?, ecjin fljia 
jiio6oro CKOjib yroflHO Majioro e > cymecTsyeT Taxoe (5 > 0, hto 

\x' — x\i < 5 \x'\i ~ \x\i = 1 

Bjie^^eT 

\f{x')-f{x)\,<e 

□ 

TeopeMa 5.1.18. Ilycmb D - noAHoe mcAO xapaKmepucmuKU 0. UpoeKmueHasi 
Had noABM R (pynK'nuM f nenpepueiia no HanpaeACHum Had hoabm R mozda u 
moAbKO mozda, Kogda 3ma cfiyHK'nuM Henpepuena na eduHUHHOu ccfjepe mcAa D. 

^OKASATEJibCTBO. CjieflCTBHC onpeflejieHHH 5.1.11, 3.1.7,5.1.17. □ 

5.2. /^H4)4)epeHLi,HpyeMoe OToGpELSceHHe Tejia 

Onpe/i,ejieHHe 5.2.1. HycTb D - HopMnpoeaHHoe Tejio.^ '^ <DyHKn,HH 

HasBiBacTca D*-flH4)4)epeHLi;HpyeMOH no Opeme na MHOJKecTBe U C D"''^^ ecjiH 
B KajKfloii TOHKe x G U iiSMeHeHiie 4)yHKD;Hii / MOJKeT Smtb npeflCTaBjieno b Bn^e 

(5.2.1) f^a: + h)- fix) = h'^^ + oih) 

d^x 

vpfi o - TaKoe nenpepbiBHoe OToGpajKCHHe 

(5.2.2) ^ = 

h^Q \h\ 

□ 

CorjiacHO onpeflejienHio 5.2.1, D*-npoH3BO/i;HEiH Opeme OToGpeuKeHHa / 

B TOHKe X 

nopo:ac;i,aeT roMOMOp4)H3M 

A/ = Ax— — 

0To6pa>KaioinHH npHpamenne apryMCHTa b npHpameHHe <|)yHKn,HH. 



^■''OnpeflejieHHe flano corjiacHO onpeflejienHio [1|-3.1.1, cxp. 256. 

'^■'^TaK jKe KaK b saMeiaHHH [3]-4.4.5 mbi MO>KeM onpeflejiHTt Z)vr-flHcj34)epeHLi,HpyeMOCTb oto6- 
pa>KeHH5i 

f -S D 

HopMHpoBaHHoro Tejia S b HopivinpoBaHHoe tcjio D corjiacHO npaBHjiy 

f{x + h)- f{x)=F{h)^iP- + o{h) 

me 

F: D 

rOMOMOp4)H3M TejI. OflHaKO, OnHpaHCb Ha TeOpeMbI o6 H30M0p4)H3Max, MBI MO^KCM OrpaHHMHTBCH 

cjiynaeM OTo6pa?KeHHH xejia D b D. 
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5. ^HCJ)43CpCHI^HpyCMBIC OTo6pa>KCHHH 



EcjiH Mbi yMHOJKHM o6e nacTH paBencTBa (5.2.1) na/i ^, to mm nojiy^HM pa- 
BencTBO 

(5.2.3) h-\f{x + h)- fix)) = + h-'o{h) 

d^x 

Ha paBCHCTB (5.2.3) h (5.2.2) cjie^eT ajibTepnaTHBHoe onpe/i,ejieHHe £)*-npoH3BO/i,- 
Hoii fJJpeine 

(5.2.4) ^ = M-\f{x + h)- fix))) 

OTjiHHiie D*-npoH3B0flH0H Opeme OTo6pa}KeHHH lejia D ot npoHSBOflHOii oto6- 
paaceniiH nojia F coctoht b tom, hto npejK^e Bcero D^-npoHSBOflHaa Opeme ne 
HBjiaeTCH jiHHeiiHbiM OTo6pajKeHHeM. Bojiee tohho, D-k-wponsBOfifiasi Opeine hb- 
jiaeTca T^D-jiHHeiiHbiM OTo6pa}KeHHeM, o/i,HaKO, BOoGme roBopa, ne hbjihctch D-k- 

JIHHeftHblM 0T06pa}KeHHeM. ^efiCTBHTejIBHO, 

fix + h)a — fix)a = h— — a + o(/i) 

Cl:^:X 

(5.2.5) afix + h)-afix) = ah-^+oih) 

d^x 

OflHaKO, BOo6iii,e roBopa, 

ah-^— 7^ ha-^— 

ITo^oGHafl; npo6jieMa BOSHHKaeT npn /i,H4)4)epeHii,HpoBaHHH npoiiaBeflCHHa (JjyHK- 
Li,HH. CorjiacHO onpeflejieHHio 5.2.1 

(5.2.6) fix + h)gix + h)- fix)gix) ^ h^l^^^ + oih) 

BbipajKCHHe B jieBOii nacTH mojkho npeflCTaBHTb b Biifle 
fix + h)gix + h)-fix)gix) 

(5.2.7) =fix + h)gix + h)- fix)gix + h) + fix)gix + h) - fix)gix) 
=ifix + h) - fix))gix + h) + fix)igix + h) - gix)) 

CorjiacHO onpeflejienHio 5.2.1, mbi MOJKeM npeflCTaBHTB (5.2.7) b BH^e 
fix + h)gix + h)- fix)gix) 

(5.2.8) =(h'MS^+oih)\(qix) + h^^+oih) 

\ d^,x J \ a,.T 

+/(.) (h'-^ + oih) 



TaK KaK, BOo6iri,e roBopH, 



fix)h^^hfix)^ 



TO ecTecTBeHHO ojKHflaTb, HTO 4)yHKri,Ha fix)gix) ne HBjiaeTCH £)*-flH4)4)epeHii;H- 
pyeMOH no Opeme. 

TaKiiM o6pa30M, onpeflejienHC Z?*-npoii3BOflHOH Opeine BecbMa orpaHiii^eHO h 
He yflOBjieTBopHCT CTaHflapTHOMy onpe/i,ejieHHio onepan,HH ^HcJjcjDepeHi^HpoBaHHH. 
HtoSm HaftTH pemeHiie npo6jieMbi /i,H4)4)epeHn;HpoBaHHH, paccMOTpHM siy npo6jie- 
My c flpyroH CTOpoHbi. 



5.2. ^HC^tJ^CpCHI^HpyCMOC OToSpaJKCHHC TCJia 
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IIpHMep 5.2.2. PaccMOTpiiM npHpamemie 4)yHKii,Hii f{x) = x^. 

f{x + h)-f{x)^{x + hf-x^ 
~ xh + hx + 
= xh + hx + o{h) 

KaK MM bh;i,hm KOMnoneHTa npHpamenna 4)ypiKri,HH f{x) ~ x^, jiHHeiiHO 3aBHCHiLi,aH 
OT npupamenHH apryMeHia, hmcct bh/i, 

xh + hx 

TaK KaK npoHSBeflCHHe neKOMyTaTHBHO, to mbi ne MOJKeM npeflCTaBHTb npHpan^e- 
HHe 4)yHKLi,HH f(x+h) — f{x) B BHflB AH HjiH hA, rfle A ne saBuciiT ot h. CjieflCTBiiCM 
SToro HBjiaeTCH nenpeflCKaayeMOCTb noBefleHHH npHpameHHH 4)yHKLi,HH f{x) = x"^ , 
Korfla npHpameHiie apryMCHTa ctpcmhtch k 0. O^HaKO, ecjin 6ecKOHeHHO Majiaa 
BCJiHHHHa h 6y;i,eT GecKOHCHHO Majiofi BejiHHHHOii Bii^a h ^ ta, a (z D, t E R, 
t 0, TO OTBCT CTaHOBHTCH 6ojiee onpeflejieHHbiM 

{xa + ax)t 

□ 

Onpe/i;ejieHHe 5.2.3. IlycTb D - nojiHoe tcjio xapaKTepncTiiKH 0.'^ '^ OyHKLi;HH 

/ijHtJjcJjepeHLiiHpyeMa no FaTO na MHOJKecTBe U C D, ecjiii b KajKfloft tohkc x E U 
HSMeneHHe 4)yHKLi,HH / mojkct 6biTb npeflCTaBjieno b BH^e 

(5.2.9) fix + a)- fix) = dfix)ia) + o(a) = ^^(«) + o(a) 

rpfi npoH3BO^HcLH FaTO dfix) OTo6paMceHHH / - jiiiHefiHoe OTo6pa5KeHHe npii- 
pamcHiiH a n o : D ^ D - TaKoe nenpepbiBHoe OTo6pa}KeHHe, ^ito 

lim = 

a^O \a\ 

□ 

SaMenaHHe 5.2.4. CorjiacHO onpeflejiemiio 5.2.3 npii saflannoM x npoiiSBOflnaa 
FaTO dfix) £ CiD;D). CjieflOBaTejibHO, npoHSBOflnaa FaTO OTo6pa>KeHHa: / sbjih- 

eTCH OToSpajKeHHCM 

df -.D ^ CiD-D) 

dfix) 

BbipajKeHHs dfix) h — - — hbjihiotch pasHbiMii o6o3HaT^eHiiHMH oflHoii ii toii jkc 
ox 

dfix) 

4)yHKn,HH. Mbi 6yfleM nojibsOBaTbCH oGoana^eHHeM — - — , ecjiH xothm no^^epK- 

dx 

HyTb, HTO MBI SepeM npoH3B0flHyio FaTO no nepeMenHoii x. □ 

TeopeMa 5.2.5. Mu mookcm npedcmaeumt> /i;H4)4)epeHLi;Haji FaTO 9/ (a;) (a) 
OTo6pa>KeHHH / e eude 

(5.2.10) a/(x)(a) = ^f4^aif4^ 

dx dx 

^OKASATEJibCTBO. CjieflCTBiie onpe;];ejieHHH 5.2.3 h TeopeMBi 3.2.9. □ 



""OnpeflejieHHe flano corjiacHO onpe^ejieHHio [lJ-3.1.2, CTp. 256. 
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(s)pdf{x) 

Onpe/i,ejieHHe 5.2.6. BbipajKeHne -^^ — , p = 0, 1, HasbiBaeTCH KOMnoHen- 

ox 

TOH npOH3BOflHOH FaTO OTo6pa>KeHHH f{x). □ 
TeopeMa 5.2.7. Ilycmb D - meno xapaKmepucmuKU 0. UpouaeodHan Famo cfiyHK- 

VjUU 

MyAbmunAUKamuBHa Had noACM R. 

^OKASATEJibCTBO. CjieflCTBHe TeopcM 5.1.9, 3.2.4 h onpeflejiennH 5.2.3. □ 
Hs TeopcMbi 5.2.7 cjie^yeT 

(5.2.11) df{x){ra)=rdf{x){a) 

fljiH jiio6bix rei?, r^OnaeZ), a^^O. KoM6HHHpyH paBencTBO (5.2.11) h 
onpeflejieHHe 5.2.3, mm nojiyniiM snaKOMoe onpeflejiCHHe /i,H4)4)epeHn,Hajia FaTO 

(5.2.12) df{x){a)= lim {t-\f{x + ta)-f{x))) 

t-+o, teR 

OnpeflejiemiH npojOBOflHOii FaTO (5.2.9) h (5.2.12) SKBHBajieHTHbi. Ha ocHOBe stoh 
SKBHBajieHTHOCTH Mbi 6yflfiM TOBopHTb, HTO OTo6pa>KeHHe / ;i,H4)4)epeHLi;HpyeMO no 
FaTO Ha MHOJKecTBe U C D, ecjiH b KajK^oii tohkc x € U iiSMeneHiie 4)yHKD;Hii / 
MOHceT Gbitb npe^CTaBjiCHO b Bnp^e 

(5.2.13) f{x + ta) - fix) = td,f{x){a) + o{t) 
vpfi o : R ^ D - TaKoe nenpepbiBHoe OTo6pa»:eHHe, ^^to 

lhn^ = 

t^o \t\ 

EcjiH 6ecK0HeHH0 Majiaa ta sBjiaeTca flH4)4)epeHLi,HajiOM dx, to paBencTBO (5.2.10) 

npHMCT BH/I, 

(5.2.14) 5/(x)(d.) = if4^d.if4M 

ax ox 

TeopeMa 5.2.8. Uycmb D - mcAO xapaKmepucmuKU 0. Uycmt e - 6a3uc meAa D 
Had "neHmpoM Z{D) meAa D. CTaHflapTHoe npe^cTaBJieHHe ;];H4)4)epeHLi;Hajia 
FaTO (5.2.10) OTo6pcLHceHHH 

UMeem eud 

(5.2.15) df{x)ia) = ie a ,e 
d^^fix) 

Bupao^KCHue — e paeeHcmee (5.2.15) HaaueaemcM CTan^apTHOH KOMno- 

ox 

HeHToii flHcJx^epeHi^Hajia FaTO OTo6pa»ceHHH /. 

^OKASATEJTbCTBO. YTBep^KfleHHe TeopcMBi HBjiHeTCH cjieflCTBHeM TeopeMbi 
3.2.10. □ 

TeopeMa 5.2.9. Uycmb D - meAO xapaKmepucmuKU 0. Uycmb e - 6a3uc meAa D 
Had v,eHmpoM Z{D) meAa D. Tozda ducpcpepcHyuaA Famo omo6pacnceHUM 
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MooKHo aanucamt) e eude 

(5.2.16) dfix){a) = a' |^ je 

zde a E D UMeem paaAOMcenue 

a = a' ,6 a' G F 
omHocumeAbHO 6a3uca e m Mampui^a Hko6u omo6paafceHUM f UMeem eud 

^OKASATEJlbCTBO. YTBepjKfleHHe TeopeMbi HBjiJieTCH cjieflCTBHCM TeopeMbi 
3.2.11. □ 

Hto6h hrhth KOHCTpyKn,Hio, noflo6Hyio nponsBOflHoii b KOMMyTaTHBHOM cjiy- 
Hae, Mbi ;i,oji}KHM BBi^ejiHTi. npoH3BOflHyio h3 /iHcJxJjepeHi^Hajia OTo6pa}KeHHH. ^jih 
SToro Mbi flOjiJKHbi BbiHecTH npHpamcHHe apryMCHTa 3a ckoSkii.'' *' Mbi MOsceM bbi- 
HecTH a 3a cko6kh, oniipaHCb na paBencTBa 

{s)odf{x) {s)idf{x) _ (s)odf{x) {s)idf{x) _^ 

dx dx dx dx 

(s)odf{x) (s)idf{x) _ _i {s)odf{x) (s)i9f{x) 

OX OX ox ox 

Onpe/i;ejieHHe 5.2.10. IlycTB D - nojiHoe tcjio xapaKTepiiCTHKH ii a G Z). D-k- 

df(x)(a) 

npoH3BO/i;HaH FaTO — OTo6pcL>KeHHH f : D D onpeflejiena paBCH- 

o^x 

CTBOM 

(5.2.18) df[x){a)=a — 

df(x)(a) 

★Z)-npoH3BOflH£LH FaTO OTo6pa:»ceHHH f : D ^ D onpeflejiena pa- 

^ox 

BCHCTBOM 

(5.2.19) df[x)[a) = — — a 

□ 

PaccMOTpHM 6a3HC ic = 1, 26 = i, 36 = J, 46 = k Tejia KBaTepHHOHOB Ha/i, 
nojieM fleficTBHTejiBHbix ^nceji. H3 Henocpe;i,CTBeHHbix BbiHHCjieHHii cjie^yeT, hto 
CTaHflapTHoe D^-npeflCTaBjiCHHe ;i,H4)(|)epeHn,Hajia FaTO OTo6pa}KeHHH hmcct bh/i, 

dx^{a) = [x + xi)a + X2ai + x^aj + x^ak 

Jinn npeflCTaBjieHHs Z3*-npoH3BOflHoii FaTO mbi TaKJKe 6yfleM nojib30BaTBCH 
3anHCbio 

df{x){a) d 



— f{x){a)^d.f{x){a) 



r; a (s)0^/(^) (s)l^/{^) 

^■"9to bo3mo:h^ho b tom cjiy^ae, ecjiH Bce = e jih5o Bce = e. HosTOMy 

dx dx 
onpe^ejieHiie [1]-3.1.2, CTp. 256, npHBOflHT Hac jih6o k onpe^ejieHiiio Z)*-npOH3BOflHOii OpeFue, 

jih6o k onpe^ejieHHK) *Z)-npoH3Bo;^HOH OpeFue. 
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^jiH npeflCTEBjieHHa *I?-npoH3BOflHOH FaTO mm TaKJKC 6yfleM nojibSOBaTbca 
sanncbio 

df{x){a) d w ^ w ^ 

OnnpaHCb na npHHi^im flBoftcTBeHHOCTH [3]-4.3.8, mh 6y;i,eM HsynaTb Z?*-npo- 

HSBOflHyro, HMCH B BHfly, HTO /IBOHCTBCHHOe yTBCpjK/ieHHe CnpaBeflJIHBO flJIH ^D- 
npOII3BOflHOH. 

HocKOjibKy npoH3Be;i,eHHe ne KOMMyTaTHBHO, noHHTne ^po6h ne onpe;i,ejieHO 
B Tejie. Mbi flOjiJKHbi HBHO yKasaTb, c KaKoii CTopoHbi SHaMeHaTejib fleftcTByeT na 
HHCjiHTejib. 3Ty 4)yHKu,Hio BbinojinaeT chmboji * b SHaMenaTejie flpo6H. CorjiacHO 
onpeflejieniiK) 

t ' <*^'"'^^ 

TaKHM o6pa30M, mh MOJKeM npe^CTaBHTB Z?*-npoH3BOflHyK) FaTO 4)yHKii,Hii / KaK 
OTHomeHHe H3MeHeHHa: 4)yHKLi,HH k H3MeHeHHio apryMeHTa. 3to 3aMeT^aHiie ne pac- 
npocTpaHHeTCH na KOMnoHCHTbi flH4)4)epeHLi,Hajia FaTO. B stom cjiy^ae mbi pac- 
d d 

CMaTpiiBaeM 3anHCb — — h — -— ne Kax flpoOH, a KaK chmbojibi onepaTopoB. 

Hpil 3T0M paBCHCTBO (5.2.18) MOJKHO 3aniICaTb B BHfle 

(5.2.20) df{x){dx) ^dx{d,x)-^df{x){dx) 

HeTpy^HO BiifleTb, ^no b 3HaMeHaTejie flpo6H b paBencTBe (5.2.20) mbi 3anHcajiH D-k- 
flHc|)(|)epeHi];Haji nepeMenHoii a;, a yMHO>KaeM ;i,po6b na flH4)4)epeHLi,Haji nepeMeHHOii 

X. 

TeopeMa 5.2.11. Ilycmb D - noAHoe meAO xapaKmepucmuKU 0. D-k-npouaeodnasi 
Famo npoeKmuena Had noACM deUcmeumeAbHux hucca R. 

^OKASATEJibCTBO. CjieflCTBHe TcopeMBi 5.2.7 h npHMepa 3.1.8. □ 

H3 TeopcMbi 5.2.11 cjieflyeT 

(5 2 21) dfix)ira) ^ d.f{x){a) 

fljiH jiio6bix r e i?, r ^ H a G I?, a ^ 0. CjieflOBaTejibHO, Di^-upoTis^ojxHasi FaTO 
xopomo onpeflcjiena b nanpaBjienHH a nafl nojiCM R, a G D, a 0, ne 3aBHCHT 
OT Bbi6opa 3HaHeHHH B 3T0M HanpaBjieHHH. 

TeopeMa 5.2.12. Ilycmb D - noAHoe mcAo xapaKmepucmuKu u a ^ 0. D-k- 
npouaeodnasi Famo u -kD-npouaeodnaH Famo omo6pamceHusi f mcAa D cenaaHU 
coomnomeHueM 

^^■^■^^^ 9^^" dx " 

^OKASATEJTbCTBO. H3 paBeHCTB (5.2.18) H (5.2.19) cjie^yeT 

= df{x){a)a-^ = a^ip^a-^ 

!ii OX 0^ X 

□ 
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TeopeMa 5.2.13. Uycmb D - noAHoe mtAO xapaKmepucmuKU 0. /I,u^)^eptH%uaA 
Famo ydoBAemeopsiem coomHomeHum 

(5.2.23) d{f{x)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 
^OKASATEJTbCTBO. PaBCHCTBO (5.2.23) cjieflyeT ii3 j\eTio^iKR paBCHCTB 

d{f{x)g{x)){a) ^ lim(t-i(/(x + ta)g{x + ta) - f{x)g{x))) 

= lim(t~^(/(x + ta)g{x + ta) - f{x)g{x + ta))) 
+ \un{t-\f{x)g{x + ta) - f{x)g{x))) 
= \un{t-\f{x + ta)- f{x)))g{x) 
+ fix) \im{t-\g{x + ta) - g{x))) 
ocHOBaHHOH HE onpeflejieHiiH (5.2.12). □ 

TeopeMa 5.2.14. Uycmb D - noAHoe mcAO xapaKmepucmuKU 0. /l^onycmuM du<f)- 
(f>epeHV,uaA Famo omoBpaMcenuH f : D ^ D UMeem paaAOMcenue 

(5.2.24) a/(x)(a) = lf24M„(^)i^/(-) 



dx dx 

JJonycmuM du(fj(fjepeHV,uaA Famo omo6paatceHusi g : D ^ D UMeem pasAoatccHue 

(5.2.25) dgix){a) = -^—a^— 

KoMnoHCHmu du(p(pepeH'nuaAa Famo omo6pacHceHUJi f(x)g{x) UMcmm eud 
^g 2 26) {s)odf{x)g{x) ^ (s)odf{x) (^t)odf{x)g{x) ^ j^^-^ WQdgjx) 

dx dx dx dx 

2 27) {s}iclfix)gix) ^ (^)i9/(x) ^^^^ it)idfix)g{x) ^ (t)idg{x) 
dx dx dx dx 

^OKASATEJibCTBO. HoflCTaBHM (5.2.24) H (5.2.25) b paBCHCTBO (5.2.23) 

(5.2.28) d{f{x)g{x)){a) = df{x){a) g{x) + f{x) dg{x){a) 

{s)odf{x) {s)idfix) , . {t)odgix) (t)idg{x) 

OnHpaacB na (5.2.28), mm onpeflejiaeM paseHCTBa (5.2.26), (5.2.27). □ 

TeopeMa 5.2.15. Flycmti D - noAuoe meAO xapaKmepucmuKU 0. D-k-npouaeodnasi 
Famo ydoBAemeopsiem coomHomeHUHj 

ooo^ 9f{x)g{x) df{x){a) -i ^ dg{x){a) 

(5.2.29) — (a) = — g[x)+a f{x)a — 

^OKASATEJibCTBO. PaBCHCTBO (5.2.29) cjieflycT 113 Li,enoHKH paBCHCTB 

'J^ia)=a-^d.fix)gix)ia) 
d^x 

= a-\df{x){a)g{x)+f{x)dg{x){a)) 

~ a^^df{x){a)g{x) + a~^ f{x)aa'^^dg{x){a) 

= '-^gix)+a-^nx)a'-^ 

dt:X 0*2; 

□ 
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TeopeMa 5.2.16. Uycmb D - noMHoe meAO xapaKmepucmuKU 0. JIu6o D-k-npo- 
uaeodnasi Famo ne aaeucum om HanpaeACHUJi, mu6o Di^-npouaeodnasi Famo e na- 
npaeACHUu ne onpedeAena. 

^OKASATEJTbCTBO. YTBepiKfleHHe TeopcMbi HBjiHeTCH cjieflCTBHeM TeopeMbi 
5.2.11 H TeopeMM 5.1.16. □ 

TeopeMa 5.2.17. Flycmb D - noAHoe meAO xapaKmepucmuKU 0. Flycmb eduHuu- 

HUM c(pepa meAa D - KOMnaKmna. Ecau D-k-npouaeodnasi Famo cyme- 

cmeyem e moHKe x u Henpepuena no HanpaeAenum Had hoabm R, mo cyiu,ecmeyem 
HopMa ||9/(a;)|| du(p(pepeH'nuaAa Famo. 



(5.2.30) 



flOKASATEJibCTBO. Ha onpeflejiemiH 5.2.10 cjieflyeT 

df{x){a) 



\dfix)ia)\ = \a\ 



d„x 



Ha TeopcM 5.1.18, 5.2.11 cjie^yeT, ^^to _D*-npoH3B0flHaH Feto HenpeptiBHa na eflii- 
HiiiiHOH ccjjepe. TaK xax eflHHHHHaa ccjsepa KOMnaKTHa. to MHOscecTBO aHa^ieHHii 

D*-npOH3BOflHOH FaTO 4)yHKn,HH / B TOHKC X OrpaHHHeHHO 



df{x){a) 



d^,x 



CorjiacHO onpeflejienmo 5.1.13 



< F = sup 



df{x){a) 



d<,x 



\\df{x)\\^F 



□ 



TeopeMa 5.2.18. Uycmb D - noAHoe mcAO xapaKmepucmuKU 0. Flycmb eduHuu- 

f (x^ (^) 

HaM c(pepa mcAa D - KOMnaKmna. Ecau Dir-npouaeodiiasi Famo cyme- 

dt,x 

cmeyem e mouKC x u Henpepuena no nanpaeACHUw nad noACM R, mo omo6paotce- 
Hue f nenpepueno e mouKe x. 

^OKASATEJibCTBO. Hs TeopeMbi 5.2.17 cjieflyeT 

(5.2.31) |a/(a;)(a)|<||a/(x-)||H 
Ha (5.2.9), (5.2.31) cjieflyeT 

(5.2.32) \f{x + a)~ f{x)\ < \a\ \\df{x)\\ 
BosbMeM npoHSBOjibHoe e > 0. nojio::^HM 

s = 



ToTfia Ha HepaBencTBa 
cjieflyeT 



\a\ < S 



\f{x + a)- f{x)\ < \\df{x)\\S^e 
CorjiacHO onpeflejiemiio 5.1.11 OTo6pa>KeHHe / nenpepbiBHO b TO^^Ke x. 



□ 



TeopeMa 5.2.18 HMeeT HHTepecHoe o6o6Ln,eHHe. Ecjih e^HHUHHaH ccjjepa lejia 

D He HBJIHeTCH KOMHaKTHOii, TO Mbl MOJKeM paCCMOTpBTB KOMHaKTHOe MHO>KeCTBO 

HanpaBjieHHii BMecTO eflHHHHHOH ccjjepbi. B stom cjiynae, mm MOJKeM roBopHTb o 
HsnpepbiBHOCTH 4)yHKH,HH / B^ojib aaflaHHOFO MHOJKecTBa HanpaBjieHHii. 
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5.3. Ta6jiHii;a npoHSBO^HMX FaTO OTo6pa»ceHHH lejia 

TeopeMa 5.3.1. nycrm> D - nojmoe mejio xapaKmepucmuKU 0. Toeda Oah jik>6ozo 
beD 

(5.3.1) d{b){a)=0 

^OKASATEJTbCTBO. HenocpeflCTBCHHoe cjieflCTBHe onpe;i,ejieHHH 5.2.3. □ 

TeopeMa 5.3.2. Uycmb D - noAuoe mcAO xapaKmepucmuKU 0. Tosda Bah Am6ux 
b, ce D 

(5.3.2) d{bf{x)c){a) = bdf{x){a)c 
^5 3 3^ (s)odbf(x)c ^ ^(s)odfix) 



(5.3.4) 



dx dx 
is)idbf{x)c _ (s)idf{x) 

dx dx 



(5.3.5) «^(a)=a-6a^MMc 

a»x o*x 

^OKASATEJlbCTBO. HenocpeflCTBeHHoe cjicflCTBHe paBCHCTB (5.2.23), (5.2.26), 
(5.2.27), (5.2.29), t&k krk db = dc = 0. □ 

TeopeMa 5.3.3. Uycmb D - noAHoe meAO xapaKmepucmuKU 0. Toeda Ba-h aioBux 
b, ceD 

(5.3.6) d{bxc){h) = bhc 

(i)odbxc _ 



(5.3.7) 
(5.3.8) 



dx 
(^ijidbxc 

dx 



(5.3.9) ^^}^{h) = h-'bhc 

d^x 

^OKASATEJibCTBO. CjieflCTBHC TCopeMBi 5.3.2, Korfla f{x) = x. □ 

TeopeMa 5.3.4. Uycmb D - noAHoe mcAO xapaKmepucmuKU 0. Toeda Oah Am6ozo 
beD 

(5.3.10) d{xb - bx){h) = hb - hh 

{i)od{xb -bx) (i)i9(a:6-6x) _ ^ 

dx dx 
(2}od{xb - bx) _ (2)id{xb - bx) _ ^ 

dx dx 
d{^b~bx) 
d^x 

flOKASATEJibCTBO. CjicflCTBHe TcopeMbi 5.3.2, Kor^a f(x) = x. □ 
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TeopeMa 5.3.5. Uycmb D - noAHoe mcAo xapaKmepucmuKU 0. Tozda^ '^ 

d{x^){a) = xa + ax 

(5.3.11) dx^ , , 

— — (a) —a xa + X 
a* a; 



(5.3.12) 



dx dx 



e 



dx dx 

^OKASATEJibCTBO. (5.3.11) cjieflyeT H3 npHMepa 5.2.2 h onpeflejienHH 5.2.10. 

(5.3.12) cjieflyeT h3 npHMepa 5.2.2 h paBencTBa (5.2.14). □ 

TeopeMa 5.3.6. Ilycmh D - noAHoe mcAO xapaKmepucmuKU 0. Tozdct''^ 

(5.3.13) d{x-'^){h) ^ ^x-^hx-^ 

^^{K) = -h-'x-^hx-^ 
{i)odx^^ _ ^ {i)idx-'^ _ _^ 

1^ 

ax ox 
^OKA3ATEJlbCTBO. IIo^CTaBHM f{x) = x^^ B onpcflejieHHe (5.2.12). 
df{x){h) ^ ^rn (t-\{x + th)-^ - X-')) 

lim {r^{{x + thy^ - x^^ {x + th){x + thy^)) 



(5.3.14) = lim (r^(l~x-^(x + th)){x + th)-^) 

t->o, ten 

= lim (t-^(l-l-x^^th)(x + thy^) 
t->o, ten 

= lim (-x~^h(x + th)~'^) 
PaBeHCTBO (5.3.13) cjie^yeT h3 Li,enoHKH paBencTB (5.3.14). □ 

'^■^yTBepjKfleHHe TeopeMti aHajiorHHHO npnivrepy VIII, [11], c. 451. Ecjih npoHSBeflenne KOMMy- 
TaTHBHO, TO paBeHCTBO (5.3.11) npHHHMaeT bh;], 

d{x^)(h) = 2hx 

= 2x 

dx 

'^■^yxBepjKfleHHe TeopeMbi aHajiorHHHO npHinepy IX, [11], c. 451. Ecjih npoH3BefleHHe KOMMyTa- 

THBHO, TO paBeHCTBO (5.3.13) npHHIIMaCT BHfl 

d(x-^){h) = 

=-X ^ 

dx 
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TeopeMa 5.3.7. nycmt> D - noAHoe me.ao xapaKmepucmuKU 0. TozdcC''^ 
(5.3.15) d{xax^^){h) = hax^^ — xax^^hx^^ 

— (h) = ax^^ — h^^xax^^hx~^ 

a* a; 

(i)o<9a;"i (i)idx~'^ _^ 

5 = 1 S = 

ox t)x 

-xax = X 

ox ox 

^OKASATEJIbCTBO. PaBCHCTBO (5.3.15) HBJIHeTCH CJICflCTBHeM paBeHCTB (5.2.23), 

(5.3.6), (5.3.15). □ 



ECJIH npOHSBefleHHe KOMMyTaTHBHO, TO 

y = xax~^ = a 
CooTBeTCTBeHHO npoHSBO^Haa o6paii],aeTC5i b 0. 



FjiaBE 6 



^H4)4)epeHi],HpyeMi>ie OTo6pa>KeHHa D-BeKTopnoro 

npocTpancTBa 

6.1. TonojiorHHecKoe D-BeKTopnoe npocTpancTBO 

Onpe/i,ejieHHe 6.1.1. IlycTb D - TonojiorHHecKoe xejio. D**-BeKTopHoe npocTpan- 
CTBO V HasBiBaeTca TonojiorHHecKHM £'**-BeKTopHMM npocTpaHCTBOM^'^, ec- 

jiH V HaflejieHO TonojiorHefi, corjiacyiomeHca co CTpyKTypoii a;mHTHBHOii rpynnti 
B V, n OTo6pa>KeHHe 

{a,v)eDxV^av&V 
HcnpepbiBHO. □ 

Onpe/];ejieHHe 6.1.2. IlycTb D - TonojioriiHecKoe lejio. D-BeKTopnoe npocTpan- 
CTBO V HasbiBaeTca TonojiorHHecKHM D-bbktophbim npocTpancTBOM, ecjiH V 
HaflejiCHO TonojiorHeit, corjiacyromeiicH co CTpyKTypoit a;mHTHBHOii rpynnti b V, 
H OTo6pa>KeHHa 

{a,v) e D xV ^ av eV 
{v,a) eV X D ^va eV 
HenpepbiBHbi. □ 

Onpe/i;ejieHHe 6.1.3. OToGpasceHHe 

MHOJKecTBa F B npoH3B0JibHyio ajire6py A HasbiBaeTca y4-3HaHHOH cJiyHKi^Hefi. 
OToSpajKCHHe 

/ : F -> F_ 

MHOJKecTBa F B £'**-BeKTopHoe npocTpancTBO V nasbiBaeTca £'*<,-BeKTop-<J)yHK- 
i^Heii. 0To6pa>KeHHe 

f :F^V 

MHOJKecTBa F b D-bcktophoc npocTpancTBO V nasbiBaeTca £)-BeKTop-cJ)yHKLi;H- 
efi. □ 

Mbi paccMaTpHBaeM nocjieflyiomHe onpeflejieHHH b stom pas^ejie fljia Tonojio- 
THHecKoro _D-BeKTopHoro npocTpancTBa. OflnaKO onpeflejienHH ne iiSMeHHTca, ecjiH 
Mbi 6y;i,eM paccMaTpuBaTb TonojiornHecKoe £'**-BeKTopHoe npocTpancTBO. 

Onpe/i;ejieHHe 6.1.4. JlpnycTHM *e - £'**-6a3HC D-BeKTopnoro npocTpancTBa V 
pasMepHOCTii n. IlpoHSBOjibHoe OTo6pajKeHHe 

f-V^A 



^■^OnpeflejieHHe ^aHO corjiacHO onpe^ejieHnio h3 [5], c. 21 
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6. ^HC^cJ^cpoHi^HpycMMC OTo5pa:>KCHH5i D-BCKTopHoro npocTpaHCTBa 



£)-BeKTopHoro npocTpancTBa V b MHO>KecTBO A mojkho npeflCTRBHTb b bh^c (JjyHK- 
li;hh 

n D-3HaHHbix nepeMeHHbix; (JsyHKi^HH /' onpeflejiena paBCHCTBOM 

/'(ai, ...,a„) = f{a\e) 

□ 

OnpeflejieHHe 6.1.5. <I>yHKi],HH 

f-V^A 

TonojiorHHCCKOro D-BeKTOpnoro npocTpancTBa V pasMepnocTii n b TonojiorHne- 
CKoe npocTpancTBO A nasBiBaeTca HenpepbiBHofi no coBOKynnocTH apryMeH- 
TOB, ecjiH fljis npoHSBOjiBHOii OKpecTHOCTH U oSpasa sjieMeHTa a = a**e G V pjiR 
KajKfloro ai Cz D cymecTByKJT TaKHC okpccthocth Vi, hto 

f'{Vi,...,Vr.)CU 

□ 

TeopeMa 6.1.6. Henpepuenasi ^yHKXi,UH 

f-V^A 

monoAOZuuecKOBO D -eeKmopnozo npocmpaHcmea V pasMepHOcmu n e monoAoeu- 
uecKoe npocmpaHcmeo A Henpepuena no coeoKyniiocmu apzyMeiimoe. 

/],OKA3ATEJibCTBO. IlycTb 6 ~ f{a**e) <E A 11 U OKpecTHOCTb to^kii b. TaK 
KaK OTo6pa5KeHHe / nenpepbiBHO, to cymecTByei Taxaa OKpecTHOCTb V BexTopa 
a = a**e, hto f{V) C U. TaK xax a/mHTHBnaa onepan,na nenpepBiBHa, to cyme- 
CTByiOT TaKHe okpccthocth Ei BCKTopa e,; ii okpccthocth Wi ajiCMCHTa ai € D, hto 
W%ECV. □ 

Onpe/i;ejieHHe 6.1.7. HopMa na D-BeKTopnoM npocTpancTBe V na^ hc^hc- 

KpCTHblM HOpMHpOBaHHbIM TCJIOM D^'^ - 3TO OToGpajKCHHe 

V ^ \\v\\ G R 

TaKoe, HTO 

• INI > 

• = paBHOCHjibHO V = 

• \\v + w\\ < \\v\\ + \\w\\ _ 

• \\av\\ = \a\\\v\\ fljiH Bcex a G D nv G V 

ZJ-BCKTOpHOC npOCTpaHCTBO V Hafl HCflHCKpeTHBIM HOpMHpOBaHHbIM TCJIOM D, 

HaflCjiCHHoe CTpyKTypoH, OHpcflCjiacMoii 3a/i,aHHCM na V HopMbi, nasbiBacTCH Hop- 

MHpOBaHHblM D-BeKTOpHbIM npOCTpaHCTBOM. □ 

HHBapnaHTHoe paccToanne na a/mHTHBHOfi rpynne D-BCKTopnoro npocTpan- 
CTBa V 

d(a,b) = \\a-~b\\ 

onpcflCjiHCT B V TonojiorHK) MCTpHHCCKOro npocTpancTBa, corjiacyiomyrocH co CTpyK- 
TypoH D-BCKTopHoro npocTpancTBa b V. 



6.2 



Onpe/i,ejieHHe /],aHO corjiacHO onpe/],ejieHHio h3 [4], rji. IX, §3, n°3 
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Onpe/i,ejieHHe 6.1.8. HycTb D - nojiHoe lejio xapaKiepHCTHKH 0. IlycTb 

A:V 

OTo6pa>KeHHe HopMnpoBanHoro Z3-BeKTopHoro npocTpancTBa V c HopMoii \\x\\i b 
HopMnpoBaHHoe D-BCKTopHoe npocTpancTBO W c HopMoii ||17||2- Bejiinima 

IfIIi 

HasBiBaeTCs HopMoii OTo6pa:>KeHHH A. □ 
6.2. ^H4)4)epeHn,HpyeMbie OTo6pa>KeHHH D-seKTopHoro npocTpancTBa 
Onpe/i,ejieHHe 6.2.1. <E>yHKD;HH 

7 -.v 

HOpMHpOBaHHOrO ZJ-BCKTOpHOrO npOCTpanCTBa V C HOpMOII 1 1 X 1 1 1 B HOpMUpOBaHHOe 

ZJ-BeKTopHoe npocTpancTBO W c HopMOii ||.t||2'^ '^ HasbmaeTca flH4)4)epeHLi,Hpy- 
eMOH no FaTO na MHOJKecTBe U C V, ecjiH b KajKfloft TOHKe x E U HSMencHHe 
4)yHKii,HH / MOJKeT 6i>iTb npe;];cTaBjieHO b bh^c 

(6.2.1) 7(x + a) - J{x) = dj{x){a) + o{a) 

Tf\e npoH3BO^H£LH FaTO df{x) OTo6pa:»<;eHHH / - jiHHefiHoe OTo6pa}KeHHe npH- 
pameHiiH a no : V ^ W - Taxoe nenpepbiBHoe OTo6pa>KeHHe, hto 

lim»=0 

a-J>0 ||a||i 

□ 

SaMenaHHe 6.2.2. CorjiacHO onpeflejienHio 6.2.1 npn saflaHHOM x flH4)4)epeHii,Haji 
FaTO df(x) G C{D;V;W). CjieflOBaTCjibHO, flH4)4)epeHii,Haji FaTO OTo6pa5KeHHH / 
HBjiaeTCH OToSpajKeHHeM 

dj :V ^ C{D;V;W) 

□ 

TeopeMa 6.2.3. Ilycmb D - meAO xapaKmepucmuKU 0. flonycmuM *p - D* ^-6a3uc 
6 D-eeKuiopHOM npocmpaHcmee V Had meAOM D u h £ V 

h — h* fp 

/JonycmuM *r - D* tf-6a3uc e D-eeKmopnoM npocmpaHcmee W Had mcAOM D. Mu 
MOCHCCM npedcmaeum-b ^,vi(^<^epeHU,iiaji FaTO df{x){h) OTo6pa>KeHHH / e eude 

(6.2.2) df{x){h) ^ ,^s)odf{x) ^^s)idf{x) ,r = ^^^^^ ^^^^|^ 
^OKASATEJibCTBO. Cjie;i,CTBne onpe;];ejieHiiH 6.2.1 h TeopeMbi 4.1.9. □ 



^■■^EcjiH pa3MepHOCTi> Z)-BeKTOpHoro npocTpancTBa V paBHa 1, to mm MO^KeM OTo:H^flecTBHT£> 
ero c TejiOM D. Tor^a mm 6y^eM roBopHTt o6 OTo6pa»ceHHH TCJia D b Z?-BeKTOpHoe npocTpaHCTBO 
W. EcjiH pa3MepHOCTi> _D-BeKTopHoro npocTpaHCTBa W paBHa 1, to mbi MO^eM OTO^t^ecTBHTt 
ero c TejiOM D. Tor^a mm 6yfleM roBopHTb o6 OTo6pa?KeHHH Z)-BeKTopHoro npocTpancTBa V b 
TCJio D. B o6onx cjiyMaHx mm 6y^eM onycKaTb cooTBeTCTByiOLu,ne hhackcm, t&k KaK 3th HH^eKCM 
HMeiOT e;^HHCTBeHHoe SHaneHiie. 
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Onpe/i,ejieHHe 6.2.4. Bbipa>KeHHe i(s)vdf'' = lf2£_:^_LJ.^ p — 0^1. HasbiBaeTca 

KOMnoHeHTOH npoH3BO/i;HOH FaTO OTo6pa:aceHHH f{x). □ 

TeopeMa 6.2.5. Ilycmb D - noAHoe meAO xapaKmepucmuKU 0. Uycmb noAe F 
RBAfiemcsi nodKOAbv,oM v,eHmpa Z{D) mcAa D. UpouaeodHaH Famo ^yHKv,uu 

J-.V 

HopMupoeauHoso D-eeKmopnozo npocmpaHcmea V e HopMupoeauHoe D-eeKmopnoe 
npocmpaHcmeo W MyAt>munAUKamu6Ha Had noACM F. 

^OKASATEJibCTBO. CjieflCTBHe TeopeMbi 4.1.8 h onpeflejienHH 6.2.1. □ 

TeopeMa 6.2.6. Uycmb D - noAuoe meAO xapaKmepucmuKU 0. npouaeodnan Famo 

(f>yHKV,UU 

7 :V -^W 

HopMupoeaHHOBo D-ecKmopHOZo npocmpancmea V e HopMupoeaHHoe D-eeKmopnoe 
npocmpancmeo W MyAbmunAUKamuena Had noAeM R. 

^OKASATEJibCTBO. CjieflCTBHe TeopcM 5.1.9, 6.2.5. □ 

Hs TeopeMbi 6.2.6 cjie^yeT 

(6.2.3) df{x){Ta)^rdf{x){a) 

pjiii jiio6ijIx rSEi?, rT^OnaG V , a ^ 0. KoM6HHHpyH paeeHCTBO (6.2.3) h 
onpe/i,ejieHHe 6.2.1. mm nojiynaM snaKOMoe onpeflejiCHHe flH4)4)epeHn,Hajia FaTO 

(6.2.4) dj{x){a) = \im{t-\J{x + ta) -J{x))) 

OnpeflejieHHH npoHSBOflHolt FaTO (6.2.1) h (6.2.4) 3KBHBajieHTHbi. Ha ocnoBe stoh 
SKBHBajieHTHOCTH Mbi GyflBM TOBopHTB, HTO OTo6pa>KeHHe / ^H(|)4)epeHLi;HpyeM0 no 
FaTO Ha MHOJKecTBC U C D, ecjiH b KajK^oii tohkc x € U HSMeneHHe (|)yHKi],HH / 
MOJKeT SbiTb npeflCTaBjieno b Biifle 

(6.2.5) 7(x + M) - fix) = tdf{x){a) + o[t) 
rfle o : R W - TaKoe nenpepbiBHoe OTo6pa}KeHHe, hto 

lin.»=0 

EcjiH 6ecKOHeHHO Majiaa a sBjiaeTca flH(|)4)epeHLi,iiajiOM dx, to paBencTBO (6.2.2) 
npuMeT BHfl 

{s) odP(x) (s)idf\ x) 
dx^ dx^ 

Onpe/i;ejieHHe 6.2.7. HycTb D - tcjio xapaKTepiiCTHKii 0. ^onycTHM ^p - D* t,- 
6a3HC B Z?-BeKTopHOM npocTpancTBe V na/i, tcjiom D ii h ^ V 

h = h* tp 

^onycTHM *r - £'**-6a3iic b Z^-bcktophom npocTpancTBe W na^ tcjiom D. Ecjih mbi 
paccMOTpHM npoH3Bo;];Hyio FaTO OTo6paiKeHHH / no nepeMennoii npn ycjiOBnn, 

HTO OCTajIBHbie KOOp;;HHaTbI BCKTOpa V nOCTOHnbl, TO C00TBeTCTByiOm,HH aflflHTHB- 

Hbiii onepaTop 

(6.2.7) ^^e^') + th\ - fHv))) 



.2.6) dmidx) = ''^'Z, dx^ '" Z, 
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HasbiBaeTca nacTHoii npoH3BO/i;HOH Fhto OTo6p£L»ceHHa no nepeMeHHoft 

v\ □ 

TeopeMa 6.2.8. Uycmb D - meAO xapaKmepucmuKU 0. /l^onycmuM - D* ^-6a3uc 
6 D-eeKuiopHOM npocmpaHcmee V Had meAOM D u h E V 

h ~ h*^p 

/lonycmuM *r - D* ^,-6a3uc e D-eeitmopHOM npocmpaHcmee W Had mcAOM D. 
Uycmb HacmHue npouaeodnue Famo omo6pacnceHUSi f : V ^ W Hcnpepuenu e 
oOAacmu U £ V . Tozda na MHOOKCcmee U npouaeodnaH Famo omo6pamceHUH f u 
uacmHue npouaeodnue Famo cesisanu coomHomcHueM 

(6.2.8) df{x){h) = ^^{h^) ,r 

^OKASATEJlbCTBO. Hs TeopcMbi 4.1.2 cjieflycT, hto mbi MOHceM pasjioJKHTb 
npoHSBOflHyio FaTO OTo6pa>KeHHa: / b cyMMy (6.2.8) nacTHbix aftzi,HTHBHbix oto6- 
pajKCHHii. Haina safla^a: BbiacHHTb, npH KaKOM ycjiOBHH sth nacTHbie a^HTHBHbie 
OTo6pajKeHHH CTanoBHTCH nacTHbiMii npoHSBOflHbiMn FaTO. 

CorjiacHO onpeflejieHHK) 6.2.4, 

df{x){h) =limit-\7{x + th)- 7 {x))) 

= lim(t-i(/J(a;i + th\x^ + th^, x" + th") 

(6.2.9) -f{x\x^ + th^, a;" + </i") 
+P{x\x^ + th^, a;" + </i") - ... 
-f{x\...,xn))jr 

Ha paBBHCTB (6.2.7) h (6.2.9) c tohhoctbio pp 6ecKOHeHHO Majioii no cpaBHemiio c 
t cjieflycT 

d7{x){h) 

(6.2.10) ^lU'^'^'^'^''+l!:)-'^^^''''\h^) + J^^^^^^ 
^ ' t^o\ dx^ ^ ' dx" ^ ' 

CjieflOBaTCjiBHO, ^jih Toro, htoGbi h3 paBencTBa (6.2.10) cjieflOBajio paBencTBO (6.2.8) 
Heo6xoflHMO, hto6m ^acTHbie npoHSBOflHbie FaTO 6mjih HenpepbiBHbi. □ 

Mbi MOHceM saniicaTb npoHSBOflnyio Faio b BH^e npoHSBeflemiH MaTpnii, 



(6.2.11) df{x)ih) 



dx^ dx^ 



ir 



dfix) fdfHx) 

rfle MaTpHn,a — —r- ~ — — {h} ) ) Ha3biBaeTCH MaTpHi];a .HKoGH-FaTO oto6- 

ox \ ox^ ' 

pajaceHHH. 
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EcjiH f : V ^ D - OToSpajKCHHe D-BCKTopHoro npocTpancTBa V b tcjio D, to 
MRTpima 5lKo6ii-raTO OTo6paiKeHiiH / hmcct Biip^ 

EcjiH f : D ^ W - OTo6pajKeHHe lejia D b £)-BeKTopHoe npocTpancTBO VF, to 
MaTpima 5lKo6ii-raTO OTo6pajKeHiiH / HMeeT bii^ 

Onpe/i,ejieHHe 6.2.9. IlycTb (J^Yhkiihs 

HOpMHpOBaHHOrO D-BeKTopHoro npocTpaHCTBa V B HOpMHpOBaHHOe Z)-BeKTOpHOe 

npocTpancTBO W /i;H4)4)epeHLi,HpyeMa no FaTO na MHOJKecTBe U x W. ^onycTHM 
Mbi Bbi6pajiH D**-6a3HC *p b D-bcktophom npocTpancTBe V. ^onycTHM mh bbi- 
6pajiH D**-6a3HC *r b D-bcktophom npocTpancTBC W. Z)**-npoH3BOflHcLH FaTO 

07 ma) . 

OTOopa^eHHa / onpe;i,ejieHa paBCHCTBOM 

(a9^'>^ alf-u-^ -* MEM . dp(x)(a) _ 

(6.2.12) 9/(.)(a) = a = a -j^^ ,r 

BbipajKCHne — — — - — — b paBencTBe (6.2.12) nastiBaeTCH nacTHbiMH D %-npoH3- 

(a**)x* 

bo/i;hi>imh FaTO OTo6pa>KeHHH no nepeMeHHoii x'. □ 

^jiH npeflCTaBjieniiH D*,-npoH3BOflHOH FaTO mbi TaKJKe 6yfleM nojib30BaTBca: 
sanHCBK) _ 

Onpe/i;ejieHHe 6.2.10. IlycTb 4)yHKLi,Ha 

J-.v 

HopMnpoBaHHoro ZJ-BCKTopHoro npocTpancTBa V b HopMiipoBanHoe D-BCKTopHoe 
npocTpancTBO W flH4)4)epeHn,HpyeMa no FaTO na MHOJKecTBe U x W. ^onycTiiM 

MBI BBlSpajIH **D-6a3HC B D-BCKTOpHOM npOCTpanCTBC V. ^OnyCTHM MBI BBI- 

6pajiH H.*£'-6a3HC r* b ZJ-BeKTopnoM npocTpancTBC W. **£'-npoH3BO^H£LH Faxo 

d7{x)ia) 



OTo6pa>KeHHH / onpeflejiena paBencTBOM 



•2.1oj Oj[x)[a) = ^, a = r,- , . , — a 



i**d)x ' (**£>) »x 

HCTBe (6.2.13) nasBiBaeTCH ' 
h3bo/i;hbimh FaTO OTo6pa»ceHHH / no nepeMennon ^x. □ 



d ^ f(x)(a) 

BtipajKenne — — -— ^ — b paBcncTBe (6.2.13) nasBiBaeTCH nacTHbiMH ,*_D-npo- 

(**a) '^x 
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^jiH npeflCTaBjieHHH **Z?-npoH3BOflHOH FaTO mbi TaKJKC GyflCM nojibSOBaTbca 
sanncbio _ 

df{x){a) d , 



fix)(a) = ^f{x)(a) 



TeopeMa 6.2.11. nycmt D - meAO xapaKmepucmuKU 0. Ilycmb cfiyHK'nuM 

1 ■U 

HopMupoeamiozo D-eeKmopnozo npocmpancmea U e HopMupoeauHoe D-eenmopHoe 
npocmpaHcmeo V ducfjcfjepeH'nupyeMa no Famo e moHKe x. Toeda 

a7(x)(o) = o 

/l^OKASATEJibCTBO. CjieflCTBiie onpeflejieHHH 6.2.1 h TeopeMbi 4.1.13. □ 

TeopeMa 6.2.12. Uycmb D - meAO xapaKmepucmuKU 0. Ilycmb U - HopMupo- 
eamioe D-eeKmopnoe npocmpaHcmeo c nopMou \\x\\i. Uycmb V - HopMupoeauHoe 
D-ecKmopnoe npocmpancmeo c nopMou \\y\\2- Hycmb W - nopMupoeaHHoe D-eeK- 
mopnoe npocmpancmeo c nopMou \\z\\^. Uycmb (f>yHKii,uji 

duifxpepenVjUpyeMa no Famo e moHKC x u nopMa du^^epeni^uajia Famo omo6paotce- 

HUR f 

(6.2.14) ||57(x)|| F < cx) 
Koneuna. Flycmb ^ynKV^UM 

g:V -^W 
ducfjcfjepeHViUpycMa no Famo e mouKe 

(6.2.15) y-7(x) 

u nopMa ducfjcfjepeHViUaAa Famo omo6pajtceHUM g 

(6.2.16) |ja5(y)||-G<oo 

KOHCHHa. 0yHKV,U}l 

(6.2.17) gl{x)=gU{x)) 
ducf}(f}epeHV,upyeMa no Famo e mouKe x 

(6.2.18) dgJixm = dg{7{x)){dj{x){a)) 



(6.2.19) 
(6.2.20) 
(6.2.21) 
(6.2.22) 



&gfix)ia) _ df{x){a) , dg{f{x)){df{x){a)) 
(a%)x {d%)x * {d%)fix) 

d{glf{x){a) ^ dP{x){a)dg^Q{x)m{x){a)) 
(9%)x* {d*^)W {d\)p{x) 

{st)odgfix) ^ is)odg''i7{x)) (t)odf^{x) 
dx^ df^ (x) dx'- 

(st)idgf''{x) _ jtndPjx) {s)idg''(f{x)) 
dx^ dx^ df^ (x) 
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^OKASATEJibCTBO. CorjiacHO onpeflejieHHK) 6.2.1 

(6.2.23) giy + 5) - g(y) = %(y)(6) + oi(6) 
Tflfi oi : V ^ W - TaKoe HenpeptiBHoe OTo6pajKeHHe, hto 

b->0 \\b\\2 

CorjiacHO onpe^ejieHHio 6.2.1 

(6.2.24) 7{x + a) - /(S) - dfix)ia) + 02(a) 
Tflfi 02 ■ U V - TaKoe HenpepBiBHoe OTo6pajKeHne, hto 

lim ""ff"^=0 
a^O ||a||i 

CorjiacHO (6.2.24) CMemeniie BCKTopa x G U b HanpaejieHHH a npvLBOfljn k CMeme- 
HHK) BeKTopa y b HanpaBjieniiH 

(6.2.25) 6 = 97(x)(a) + 02(a) 
HcnojibsyH (6.2.15), (6.2.25) b paBencTBe (6.2.23), mbi nojiyHHM 

gi7(x + a))~g{7{x)) 

(6.2.26) =g{7{x) + d7{x){a) + 02(a)) - g{7{x)) 
=95(7(5f))(a7(x)(a) + 02(a)) -01 (a7(5;)(a) + 02(a)) 

CorjiacHO onpeflejienHHM 6.2.1, 4.1.1 h3 paBencTBa (6.2.26) cjieflyeT 
g{7{x + a))-g{7{x)) 

(6.2.27) =%(7(S))(a7(;r)(a)) +W(x))(o2(a)) -01 (a7(x)(a) + 02(a)) 
HattfleM npe/i,eji 

lim IIW(^))(02(a)) - oi(a7(5^)(a) + 02(a))H3 
a^-O ||a||i 
CorjiacHO onpeflejieHnro 6.1.7 

||9g(7(^))(o2(a)) - oi(97(g)(a) + 02(a))||3 

iMi 

(6.2.28) < lim + Km ll^i(^7(^)f ) + ^^(^))ll3 

a-i-O ||a||i a^O ||a||i 

H3 (6.2.16) cjieflyeT 

(6.2.29) Hm HZ(51M^ < ^ lim - " 



a-)-0 ah a^o ah 
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Hs (6.2.14) cjie^yeT 

l|oi(97(5^)(a) + 02(a)) ||3 
a^O \\a\\i 
^ ||oi(g7(x)(a) + 02(«))||3 ^.^^ ||97(x)(a) + 02(a)||2 

a^O ||a/(x)(a) + 02(a)||2 a^O Ml 

^ j.^ ||oi(g7(x)(a) + 02(«))||3 ^.^^ ||97(^)||||a|U + ||o2(a)||2 
~a^o ||0/(x)(a) + 02(a)||2 a^o ||a||i 

= lim ll^i(gy)(«)+^2(a))||3||gj(_)|| 
a^o ||9/(x)(a) + 02(a)||2 



lim(9/(a;)(a) + 02(a)) = 

a-i-O 



CorjiacHO TeopeMC 6.2.11 
C jieflOBRTejibHO , 

(6.2.30) ^Jhimp^^imk^o 

a-s-O ||a||i 

H3 paseHCTB (6.2.28), (6.2.29), (6.2.30) cjieflyeT 

(g 2.31) lim IIW(^))(02(a)) - oi(97(x)(a) + 02(a))||3 ^ ^ 

a^O ||a||i 
CorjiacHO onpeflejienHio 6.2.1 

(6.2.32) gJix + a) - g7(x) = dgj{x){a) + o(a) 
rfle o : t/ —^W- TRKoe HenpeptiBHoe OTo6pajKeHiie, hto 

1- Il"(^)ll3 n 
lim -7-7^ — = 

a^O |la||i 

PaeeHCTBO (6.2.18) cjieflyeT h3 (6.2.27), (6.2.31), (6.2.32). 
H3 paBCHCTBa (6.2.18) h onpeflejienHH 6.2.9 cjieflycT 

-* %7(^)(q) _ 9v{7{x)){d7{x){a) 
* id%)x -^^^^^(a) * id%)7{x) 

„ ^7(^)(a) a7.-v-^* W(5'))(g7(g)(a) 

(6.2.33) ,———df{x){a) * . 

(C%)a; {d*^)f{x) 

TaK KaK npiipamemie a nponsBOjiBHO, to paBCHCTBO (6.2.19) cjieflyeT h3 paBencTBa 
(6.2.33). 

Hs paBencTBa (6.2.18) h TeopeMbi 6.2.3 cjie^yeT 
(smdgf''{x) ^ (st)idgf''ix) 
dx^ dx"^ 

6.2.34 df{x){a) fcr 

dp (a;) oj'ix) 

_{s)odg''{7{x)) (t)odPix) ^ {t)idf'{x) (s)id9^U{x)) 



dp(x) dx' dx' dp{x) 

(6.2.21), (6.2.22) cjieflyiOT h3 paBencTBa (6.2.34). □ 



FjiaBE 7 



AjireSpa KBaxepHHOHOB 



7.1. JiHHeflHEiH cJ)yHKLi;Hsi KOMnjieKCHoro nojiH 

TeopeMa 7.1.1 (ypaBHemiH KomH-PHMana). PaccMompuM none KOMUAeKcnux 
HuceA C KUK deyMepnyw aAze6py Had noACM deucmeumeM>HUX HUceA. Uoaookum 

(7.1.1) -ceo = 1 cei = i 

6a3uc aA3e6pu C. Tozda e 3moM 6a3uce npouaeedenue UMeem eud 

(7.1.2) .eel = -.ceo 
u cmpyKmypHue KOHcmaHmu UMemm eud 

(7 1 3) '^^^ '^^"^ " ^ 

.cB\^ =1 .cBl, =-l 

Mampuv,a AuueuHou (pyHKV,uu 

noAfi KOMHAeKCHUx HUCBA Had noACM deucmeumeAbHux hucca ydoeAcmeopsiem co- 
omHomeHum 

(7.1.4) /° = fl 

(7.1.5) = -/° 

flOKASATEJibCTBO. PaBCHCTBa (7.1.2) H (7.1.3) cjieflyiOT h3 paBencTBa = 
— 1. IIojibsyHCb paBeHCTBOM (3.2.17) nojiynaeM cooTHomenHH 

(7.1.6) /° = f^rcBl^.cBl. = frcB°o-cB°r + f'^cBlo-cBt = f° - /" 

(7.1.7) /I = f^rcBl^.cBl^ = frcB°,,.cBl + f^rcBl^.cB^ = + f° 

(7.1.8) A° = = frcB^,,.cBl + f'rcBl^.cBl. = - 

(7.1.9) fl = f^rcBl^.cBl^ = frcB'oicBlr + f^^cBl^.cBl^ = - /" 

Ha paBencTB (7.1.6) ii (7.1.9) cjie;i,yeT (7.1.4). Hs paBencTB (7.1.7) h (7.1.8) cjie^yeT 
(7.1.5). □ 

TeopeMa 7.1.2 (YpaBHeHHs KoniH-PHMana) . Ecau Mampui^a 

/djf_ 

dx^ 
dy^ dy^ 

dx^ ' 

sieAfiemcsi Mampwueii Hko6u (f)yHKV,uu KOMUAeKCHOzo nepeMCHHOzo 
X = x° + x^i ^ y = y°{x°,x^) + y^{x°,x^)i 
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Had nojieM deucmeumeA'bHux hucca, mo 

dy^ dy^ 

dx^ dx^ 
^OKASATEJIbCTBO. CjieflCTBHe TCOpeMbl 7.1.1. 



□ 



TeopeMa 7.1.3. UpouaeodHan cl}yHKV,uu KOMUAeKCHOzo nepeMCHHOzo ydoeAemeo- 
psiem paeeHcmey 



(7.1.11) 



dy ^ .dy 

dx^ dx^ 







^ dy° _ dy^ ^ ^ 
dx^ dx^ 



□ 



^OKASATEJIbCTBO. PaBCHCTBO 

dy° . dy^ 

cjieflyeT h3 paeeHCTB (7.1.10). 

PaBencTBO (7.1.11) SKBHBajieHTHO paBencTBy 

/ dy° dy° 

("12) (1 .) g g 

^dx^ dx^ ' 

IlpoiiSBOflHaH FaTO 4)yHKn;HH KOMnjiCKCHOro nepeMCHHOro aBjiaeTca: nojiHbiM flii4)- 
4)epeHn,HajiOM h hmcct bh/i, 

/dy° 







(7.1.13) 



dif{x + yi)){dx,dy) 



1 



dx^ 
\dxO 




Tflfi dx, dy e R. IIoaTOMy CHMBOjinnecKoe ypaBHCHHe 

(7.1.14) difix + yi))il,t)^0 

He BbipajKaeT cbssb nponsBOflHoii FaTO c ypaBHCHns KoniH-PHMana. 

7.2. Ajire6pa KBaTepHHOHOB 

B STOii CTaTbe h paccMaTpiiBaio MHOiKecTBO KBaTepHiiOHHbix ajireGp, onpefle- 

JieHHblX B [8]. 

Onpe/],ejieHHe 7.2.1. HycTb F - nojie. PacniHpeHHe F{i,j,k) nojia F nasMBaeT- 
cs ajire6poH E{F,a,b) KsaTepHHOHOB Hap, nojieM F"^'^, ecjiH npoHSBCfleHHe b 
ajire6pe E onpe^ejieHO corjiacHO npaBHjiaM 

(7.2.1) 

rfle a, b £ F, ab ^ 0. 





i 


3 


k 


i 


a 


k 


a.j 


j 


-k 


b 


~bi 


k 




bi 


~ab 



7.1 



^ 6yfly cjieflOBaTb onpeflejieHHio h3 [8]. 
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3jieMeHTbi ajire6pbi E{F,a,b) iiMeKiT bh^ 

X = x*^ + x^i + x'^j + x^k 
r^e x^ € F, i = 0, 1, 2, 3. KBaTepHHOH 

— 1 • 2 ■ Si 

X = X — XI — xj — xk 
HasBiBaeTCs conpajKenHBiM KBaTepHHony x. Mbi onpe/i,ejiiiM HopMy KBaTepHHona 

X paBCHCTBOM 

(7.2.2) |xp =xx = (.T°)2 - a{x^f - b{x^f + ab{xy 

Ha paBCHCTBa (7.2.2) cjieflyei, ^^to E{F, a, b) HBjiaeTCH ajire6poH c flejiemieM tojibko 
Korfla a < 0, & < 0. Tor^a mm MOJKeM npoHopMHpoBaTb 6a3HC TaK, hto a = — 1, 
b=-l. 

Mbi 6ypfiM o6o3HaHaTb chmbojiom E{F) ajireGpy E{F, —1, —1) KBaTepHHOHOB 
c flejieHHCM Hafl nojieM F. HpoHSBe^eHHe b ajire6pe E{F) onpeflejieno corjiacHO 
npaBHjiaM 

i j k 



(7.2.3) 

J 
k 



-1 k -j 
~k -1 i 



□ 



B ajire6pe E[F) HopMa KBaxepHHOHa hmcbt bh^ 

(7.2.4) |xp ^xx^ (a;°)2 + {x' f + {x'-f + {x^'f 

IIpH 3TOM oGpaTHblit SJieMCHT HMeeT BHfl 

(7.2.5) x-^ = \x\~'^x 

Mbi 6yfleM nojiaraTb iJ = i?(i?, —1,-1). 

BHyTpeHHHH aBTOMop4)H3M ajire6pbi KBaTepHHOHOB iJ ''■^ 

(7.2.6) 

q{ix + J?/ + fcz)g ^ = ix' + jy' + kz' 

onHCbiBacT BpamcHHe BeKTopa c KOopfliiHaTaMii x, y, z. Ecjiii q saniicaH b BH^e 
cyMMBi CKajiHpa h seKTopa 

q ~ cos a + [ia + jb + kc) sin a + b^ + = 1 

TO (7.2.6) onHCbiBaeT BpamcHHC BCKTopa (a;, y, z) BOKpyr BCKTopa (a, 6, c) na yroji 
2a. 



7.2 



Cm. [10], c. 643. 
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7.3. JlHHeHHaH 4)yHKii;HH lejia KsaTepHHOHOB 

TeopeMa 7.3.1. PaccMompuM meAO KeamepHUOHoe E{F) kuk uemupexMepHyto 
aA3e6py nad noACM F. Uoaochcum qc = 1, le = i, 2^ = j , = k - 6a3uc aAze6pu 
E{F). Tozda e smoM 6a3uce cmpyKmypHue KOHcmanmu UMemm eud 





=1 




= 1 


02B^ 


= 1 




= 1 


iqB^ 


=1 




=-1 


12B^ 


= 1 


laB^ 


=-1 


2oB^ 


=1 


2lB^ 


=-1 


22B^ 


= -1 




= 1 


3oB^ 


=1 


siB^ 


= 1 


32B^ 


= -1 


33-S° 


=-1 



CmaHdapmHue KOMnoHenmu F-auhcuhou (fjyHKV,uu u Koopdunamu coomeemcmey- 
1010,630 AuneuHozo npeo6pa3oeaHUH Had noACM F ydoeAcmeopsimm coomHomeHUfiM 



(7.3.1) 










(7.3.2) 














for = 


jOO _ 




j22 _ 


y33 




r 4 /o° = 


-op- 


^Ip- 


V2P^ 


^3P 






1/^ = 


jOO _ 




^22 + 


y33 




4/11 = 


-oP 


-Ip 


+ 2P 


+ 3P 




< 


2/ — 


f°° + 




^22 + 


j33 


1 


4 J22 ^ 


fO 

-oj 


+lp 


-2P 


+ 3P 






L3/ - 


f°° + 


/" + 


^22 _ 


P' 




4 y33 ^ 


fO 

-oj 


+lp 


+ 2P 


-3P 


(7.3.3) 










(7.3.4) 














0/^ = 






j23 _ 


y32 




r4/i° = 


-Ij 


+ oP 


-3P 


+ 2P 






1/° = 


_J01 _ 




^/23_ 


_ y32 




4/01 = 


fO 

-IJ 


+ oP 


+ 3P 


- 2/ 


< 




2/3 = 


_/01_ 




_ J23 _ 


_ y32 


1 


4 J32 ^ 


-Ip 


-op 


-3P 


- 2/ 






3P = 


^01 _ 


P°- 


^23 _ 


^32 




4 ^23 ^ 


-Ip- 


Vop- 


-3P- 


- 2/ 


(7.3.5) 










(7.3.6) 














oP = 


j02 _ 






P' 




'4 /20 = 


-2P 


+ 3P 


+ oP 


f3 






lP = 


j02 _ 




j20 _ 


P' 




4/31 = 


+2P 


-3P 


+ oP 




< 




2f = 


_j02 




_/20_ 




1 


4/°^ = 


fO 
-2] 


-3P 


+ oP 


+ 1/^ 






sf' = 


_/02_ 




^/20_ 


-P' 




4/13 = 


fO 
-2j 


-3P 


-Op 


-1/' 


(7.3.7) 










(7.3.8) 












f 


oP = 






_^21 + 


y30 




U /30 = 


fO 
-3/ 


-2P 


+ lP 


+ oP 






lP = 


_J03 






^P° 




4/21 = 


fO 

-3/ 


-2P 


-IP 


-Op 


< 




2P = 


j03 _ 






j30 


1 


4/12 = 


- 3/ - 


-2P- 




ho/3 






3/° = 


_/03_ 






_^30 




4 f03 ^ 


fO 

-3/ 


+ 2P 


-iP 


+ oP 



^OKASATEJibCTBO. Snenemie CTpyKTypnbix kohctrht cjiepyei h3 Ta6jiiiLi,bi 
yMHOJKeHHH (7.2.3). HojibsyHCb paBencTBOM (3.2.17) nojiyi^aeM cooTHonieHiis 



0/° 




koBP 


f>0 
















= P° 


ooB° 


00 B° - 


WloB' 


iiB° - 


^f22 


2oB^ 


22^° - 


f33 d3 dO 
H / 30i> 33i> 




= P° 


-/" 


_j22 


-P' 












0/^ 


yfcr 


koBP 


ri 
















= P' 


ooB° 


oiB^ - 


F/"ioS^ 


loB^ - 


^f23 


2oB^ 


23B^ - 


1 f32 T>3 T>1 

\- J 3oi> 32i> 




= P' 


+ /" 


+p' 


-P^ 
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f2 fkr rip r>2 

i*02 riO 732 I j*13 nl n2 , ^20 r)2 d2 , ^31 r)3 r)2 

f3 fkr TDP r>3 

J^03 75O 7^3 I 1:12 nl n3 , r21 o2 rj3 , ^30 rj3 rj3 

— / OO-D 03-fc> +/ lOis 12i' +/ 20i> 2li> + 7 30i> 30i> 

fO fkr np dO 

_ J^OI nl nO I flO nO nO , ^23 r>3 oO , ^32 r2 rO 

— / Ol-D ll-D +/ ll-D oo-D +/ 2li> 33i! +J 3ll3 22i> 

^_^01_^10^^23__^32 

1/' = f""" klBP prB^ 

_ fOO nl nl I fll rO nl , f22 d3 jol , n33 r>2 rI 

— / Ol-D lO-O +/ iiiJ oii> +/ 2li> 32i> +/ 3li> 23i> 

f2 fkr rjp r2 

1/ — / fcl-D pr-D 

J^03 r1 r2 I fl2 rO r2 , f21 r3 r2 , ^30 r2 r2 

— / Oli> 13-fc> +/ ll-O 02-t) +/ 2li> 3li> +/ 3li> 20i> 

1/ — / kl^ pr^ 

^"02 tdI o3 I rl3 r)0 p3 , r20 r>3 r>3 , ^31 rj2 rj3 

— / Oli> 12i> H- / lli* 03^ + / 21^ 30^ + / 31^ 21^ 

^^02_^13_^20_^31 

2/° = fc2-Bf p,-B° 

_ f02 r2 rO I fl3 r3 rO , --20 rO rO , f31 r1 rO 

— / 02^* 22^* + / 12-0 33-0 + / 22^ 00^ + / 32^' 11^ 

= -r-r-r+r 

fl fkr r>p r1 

2/ — / fc2-t> pr-D 

_ J^03 r2 r1 I fl2 r3 r1 , f21 rO r1 , r30 r1 r1 

— J 02O 230 + J 120 320 + J 22i> Oli> + / 32i> 10i> 

=r-r-r-r 

f2 fkr rjp r>2 

2j — J fc2-D pr-D 

J^OO r2 r2 I j^ll r3 r2 I ^-22 rO r2 , ^33 r1 r2 

— / 020 20i> +/ 12i' 31^ +J 22i> 02i> +/ 32i> 13^ 

r3 j^kr tdp r>3 

2/ — / k2^ pr^ 

j-Ol d2 r>3 I rlO ri3 ri3 , ^23 ryO r>3 , r32 r>l r>3 

— J 02^ 21^ -r J 12^ 30-D +/ 22^ 03^ +/ 32-0 i2-D 

= -f'+f''-r-r 
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3/ 



h3 ro 



Cl2 



02 

02 ^13 



r k3Bp 



-f 



12 

21 f30 



/ 13 



i) 22-t) 



/^^ 23-B^ ll-B'^ + / 



30 



ro ro 



rM'Z r)3 ol I /^13 n2 nl , ^-20 rjl d1 i ^31 riO ril 
7 03-fc> 32-fc> + / 13-t) 23-t) + / 23i> 10i> + / 33i> Oli> 



-r-f 

f"'' k3BP 

f 



31 



pr 



osB^ 3iB 



2 , flO r)2 T^2 I ^23 nl o2 , ^32 nO p2 
/ 13i' 20i' + / 23i> 13i> + / 33i> 02i> 



01 



23 



/ 

rB' 



f 

jkr 

r 



r32 



-r 

k3BP 

03 7?3 I j^ll p2 n3 I t22 dI d3 , t33 
03-0 30-O +/ i3i> 21-t> +/ 23i> 12i> +J 



33 



5° 



03 



B^ 



Mbi rpynnHpyeM sth cooTHonieHHs b CHCTeMbi jinHeftHbix ypaBHeHHii (7.3.1), 
(7.3.3), (7.3.5), (7.3.7). 

(7.3.2) - 3T0 pemeHHe CHCTCMbi jiHHeiiHbix ypaBHeHHii (7.3.1). 
(7.3.4) - 3T0 peineHHe CHCTeMbi jiHHeiiHbix ypaBHeHHii (7.3.3). 
(7.3.6) - 3T0 peniCHHe CHCTeMbi JiHHeiiHbix ypaBHennii (7.3.5). 
(7.3.8) - 3T0 pemcHHe CHCTeMbi jiiiHeiiHbix ypaBHeHHii (7.3.7). □ 

TeopeMa 7.3.2. PaccMompuM meAO KeamepnuoHoe E{F) Kan uemupexMepHyto 
aAze6py Had noACM F. Uoaookum qC = 1, le = i, 2^ = j , = k - 6a3uc aA- 
ze6pu E{F). CmaHdapmHue KOMnoHenmu addumueHou (pyHKVfliu iiad uoacm F u 
KoopduHamu smou cf}yHKij,uu Had noACM F ydoeAemeopfiwm coomHomeHunM 

( o/° o/^ o/'^ o/"^\ 

l/^ l/° 1/=^ xP 
2P 2P 2f° 2/1 
V3/=^ 3P 3/1 3/V 
fl -1 -1 -1^ 

1 -1 1 
11-1 

VI 1 1 



(7.3.9) 



1 
1 

-1/ 



/" 
\r 



j32 
j23 

_f01 



-r 
_f02 

-r 
_f20 



j03 



/],OKA3ATEJibCTBO. 3anHnieM paBCHCTBO (7.3.1) b Bii^e npoHSBeflemiH MaT- 



pH^ 



(7.3.10) 



/o/°\ 
i/i 

2P 



1 
1 



-1 1 





f" 


) 


\r) 



7.3. JIiiHciiHaH dpyuKnnn Tcjia KBaTcpHHOHOB 



77 



SanHineM paBCHCTBO (7.3.3) b BH;i,e npoHSBe^eHHa MaTpiin, 



(7.3.11) 



OJ \ 


/I 1 1 -1\ 




/fOl\ 


l/° 


-1 -1 1 -1 








-1 1 -1 -1 




ps 


W) 


\l -1-1 -ij 








/-I -1 -1 1\ 










1 1-11 




_ j-lO 




1-111 






_ ^-23 




V-1 1 1 i) 




V 






jl 1 -1 -1\ 




r 


-./••"\ 




1-11 1 










11-11 






-f"' 




V 1 1 -V 




V 


-.r 



SanHineM paBencTBO (7.3.5) b BH;i,e npoiiSBCfleHHa MaTpiin, 



(7.3.12) 





/I 


-1 


1 


1 


\ 






1 


-1 


-1 


-1 




p' 


2/° 


-1 


-1 


-1 


1 












-1 


1 


-V 








/-I 


1 


-1 


-A 




/- 






-1 


1 


1 


1 






-/^^ 




1 


1 


1 


-1 






_ ^-20 






1 


-1 






V 






A 


-1 


-1 


-A 




/- 






1 


-1 


1 


1 






_^02 




1 


1 


-1 


1 






-/^^ 




V 


1 


1 


-V 




V 





SanHineM paBcncTBO (7.3.7) b BH;i,e nponsBCfleHHa MaTpHu, 



(7.3.13) 



Ip 




-1 


1 


\ 




fp'\ 
p^ 


-1 -1 


-1 


1 






2P 


1 -1 


-1 


-1 




p' 




V-i 1 


-1 


-1/ 




\PV 






1 


-A 






-p-'\ 






1 


-1 






-p' 




-1 1 


1 


1 






-p' 




VI -1 


1 






V 


-PV 






-1 


-A 






-PA 




1 -1 


1 


1 






_y30 




1 1 


-1 


1 






_y03 




V 1 


1 


-V 




V 


-PV 



Mbi oG-beflHHaeM paBencTBa (7.3.10), (7.3.11), (7.3.12), (7.3.13) b paBencTBe (7.3.9). 
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7.4. ^H4)4)epeHi];HpyeMoe OTo6p£LaceHHe Tejia KsaTepHHOHOB 



(7.4.1) 



(7.4.2) 



(7.4.3) 



(7.4.4) 



TeopeMa 7.4.1. Ecjiu Mampuy,a ■ J sieAHemcsi Mampuv^a Hko6u (JiyHKi^uu 
X y mcAa KeamepHuoHoe Had noAeM deucmeumeJibHux hucca, mo 
(dy^ 

dy^ 
dx'^ 
df_ 

dx^ 

dy^ 

dx° 

df_ 

dxl ~ 
dy^ 

dx"^ 
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(7.4.5) 



(7.4.6) 



(7.4.7) 



(7.4., 
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^OKASATEJibCTBO. CjieflCTBHe TeopeMbi 7.3.1. 
TeopeMa 7.4.2. OmodpaoKeHue KeamepHUOHoe 

fix) =x 

UMeem npouseodnyw Famo 
(7.4.9) 

flOKASATEJibCTBO. MaTpHLi;a 5Iko6ii OTo6pajKeHHa: / HMecT sap^ 



d{x){h) ^ -^{h + ihi + jhj + khk) 



1 \ 

0-10 

0-10 

yo 0-1/ 
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7. Ajirc6pa KBaTcpHHOHOB 



Ha paseHCTB (7.4.5) cjie^yeT 

9°°y 9^2 
(7.4.10) = = 

dx dx dx 

Ha paseHCTB (7.4.6), (7.4.7), (7.4.8) cjieflycT 



dx 



(7.4.11) 



dx 



i^j 



PaBCHCTBO (7.4.9) cjieflyeT h3 paeeHCTB (5.2.15), (7.4.10), (7.4.11). □ 

TeopeMa 7.4.3. ConpnotceHue KeamepHUOHoe ydoeAemeopnem paeencmey 

X = — — (x + ixi + jxj + kxk) 

^OKASATEJibCTBO. YTBepiKfleHHe TeopeMbi cjie^yeT h3 TeopeMbi 7.4.2 h npn- 
Mepa 8.3.4. □ 

TeopeMa 7.4.4. HopMa KeamepnuoHa ydoeAemeopjiem paeeHcmeaMJ'^ 
(7.4.12) d{\x\'^){h) =xh + xh 

1 



(7.4.13) 



di\xm 



2\/ xh + xh 



flOKASATEJibCTBO. PaBCHCTBO (7.4.12) cjieflycT h3 TeopeMbi 7.4.2 h paBencTB 
(7.2.4), (5.2.23). Tax Kax xh + xh S R, to paBencTBO (7.4.13) cjiepyeT h3 paBencTBa 
(7.4.12). □ 



dy' 



HeAsiemcfi Mampuii,eu Hko6u (f>yHKV,uu 



TeopeMa 7.4.5. Ecjiu Mampuv^a ^ 

\ dx-> , 

x —> y mcAa KeamepnuoHoe Had noACM deucmeumeAbHux hucca, mo 

9y2 Qy3 . 



dxO 
dyl 
dx^ 
df_ 
dx"^ 
dy^ 
dx^ 



dy^ 
dx^ 
dy^ 
dx^ 
dy^ 
dx'^ 
dy^ 
dx^ 



1 
1 
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dy^ 
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dx"^ 

dx^ 



-1\ 
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1 

-V 



dx^ 
dy^ 
dx"^ 

dx^' 
/ d°°y 
dx 
9^ 

dx 

dx 
g33y 



Q32y gl3y 



dx 



dx 

d^ 
'~d^ 

d'"y 
dx 

d^ 

dx 



dx 

dx 
d'^'y 

dx 
d^ 

dx 



dx 

dx 

dx 
d^^y 
dx ■ 



^OKASATEJlbCTBO. CjieflCTBHe TeopeMbi 7.3.2. 



□ 



7.3y^ggp^^gjjj^g TeopeMbi anajiorH'^HO npHMepy X, [11], c. 455. 
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TeopeMa 7.4.6. Mu mookcm omoofcdecmeumb KeamepnuoH 
(7.4.14) a: 

u Mampwuy 



(7.4.15) 



Ja = 











-a3 


\ 


























v 













/^OKASATEJibCTBO. IIpoHSBefleHHe KBaTepmiOHOB (7.4.14) h 
a; = a;° + a;"^i + x^j + x^k 

HMeeT BHfl 

ax = a°x° - a^x^ - a^x"^ - a^x^ + [a°x^ + a^x° + a^x^ - a^x^)i 
+ (a°x^ + a2j;° + a^x^ - a^x^)j + (a^x^ + a^x° + a^x^ - a'^x^)k 
CjieflOBaTejiBHO, 4)yHKn,Ha fa{x) = ax hmcct Maipimy 5Iko6h (7.4.15). OHeBH^HO, 

^^TO faOfb = fab- AHajIOrHHHOe paBCHCTBO BCpHO flJIH MaTpHU, 



/ a° 



-a 



-a 



-a3 \ / 6° 



a2 a° 
a°5° - ai^i 



—a 



62 

3 



a°62 - aH^ 



V 



a°b^ 
-aH° 



-51 
b° 

aPb^ 



-6^ - 
-b^ 
6° - 

a^b^ 



53 \ 
b^ 

-b^ 

a062 



^350 ^^2^0, 



a 



a^b° 



CjieflOBaTCJIBHO, MBI MOJKeM OTO>K^eCTBIITI> KBaTepHHOH a H MaTpH]j;y Jq. 



□ 



FjiaBa 8 



IlpoHSBO^Haa BToporo nopa^Ka OTo6pa:>KeHHa xejia 

8.1. npoH3BO/i,HaH BToporo nopsi^Ka OTo6pa:aceHHa Tejia 

IlycTb D - HopMiipoBaHHoe tcjio xapaKTepncTHKH 0. IlycTb 

4)yHKii,Ha:, flHcJxJaepeHi^HpyeMaH no FaTO. Corjiacno aaivieHaHHio 5.2.4 npoiiSBOflnas 
FaTO HBjiaeTca OToGpaHceHneM 

df -.D ^ C{D;D) 

CorjiacHO TeopeMaM 3.1.2, 3.1.3 h onpe^ejienHio 5.1.13 mhoxccctbo C{D; D) sbjih- 

eTCH HOpMHpOBaHHbIM D-BCKTOpHBIM npOCTpaHCTBOM. CjieflOBaTejIBHO, Mbl MOJKeM 

paccMOTpeTb Bonpoc, aBjiaeTca: jiii OToGpajKCHHe df /i,H4)(J)epeHn,HpyeMbiM no FaTO. 
CorjiacHO onpeflejienHio 6.2.1 

(8.1.1) df{x + a2){ai) - a/(x)(ai) = 9(a/(2;)(ai))(a2) + 02(02) 
rfle 02 : I? — 5- C{D] D) - TaKoe nenpepbiBHoe OTo6pajKeHiie, hto 

lin.M^=0 

02^0 \a2\ 

CorjiacHO onpeflejienHio 6.2.1 OTo6pa}KeHHe d{d f {x){ai)){a2) jihhchho no nepcMen- 
Hoit a2- Hs paBencTBa (8.1.1) cjie^yeT, hto OTo6pa>KeHHe d{d f {x){ai)){a2) jiHHeiino 
no nepeMeHHOii ai. 

Onpe/i;ejieHHe 8.1.1. nojinjinneiiHoe OToGpasKenne 

(8.1.2) d^f{x){ar,a2) = ^^(ai; «2) - d{df{x){a,)){a2) 

nasbiBacTca npoHSBOflHoft FaTO BToporo nopH;];Ka OTo6pa:>KeHHH /. □ 

SaMGMaHHe 8.1.2. Corjiacno onpeflejiennio 8.1.1 npii saflanHOM x ^H4)4)epeHH,Haji 
FaTO BToporo nopa^Ka d^f{x) G C{D, D; D). CjieflOBaTejibHO, flH4)4)epeHn,Haji 
FaTO BToporo nopa;i,Ka OTo6pa}KeHHH / HBjiaeTca OToGpajKenneM 

d^f : C{D,D;D) 

TeopeMa 8.1.3. Mu MoatceM npedcmaeumt> ^H4)4)epeHLi;Haji FaTO BToporo 
nopHflKa OTo6pa:>KeHHH / e eude 

(8.1.3) d f{x){ai;a2) = „ „ gs(Qi) ^ o ^^(02)' 



dx"^ dx^ dx"^ 

^OKASATEJibCTBO. CjieflCTBHe onpeflejieHHH 8.1.1 h TeopeMbi 4.2.3. □ 
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8. HpoHSBOflHaH BToporo nop5i;];Ka OTo5pa5KCHH5i Tcjia 



„ , (s)pd f{x) 

Onpe/i,ejieHHe 8.1.4. Mbi SvfleM nasbiBaTb BbipajKeHHe , p = 0, 1, 

ax-' 

KOMnoHeHToii npoH3BO/i;Hoii FaTO OToGpEDKeHHH f{x). □ 

Ho HHflyKn,HH, npeflnojiaras, hto onpeflejiena npoii3Bo;i,HaH FaTO d"~^f{x) no- 
pHflKa n — 1, MBI onpeflejiHM 

(8.1.4) a"/(x)(ai; a„) = ^^^(ai; ««) = 3(5"- V(-^)(ai; au-i))(a„) 

npoH3BO/i,Hyio FaTO nopH^Ka n OTo6pa:»ceHHH /. Mbi 6y;i,eM laitace nojiaraTB 
d'^fix) = fix). 

8.2. Ph/i, Tefijiopa 

PaccMOTpiiM MHoroHjieH oflHoii nepeMenHofi nafl tcjiom D CTenenii n, n > 0. 
Hac HHTepecyeT cxpyKTypa OflHOHjiena pk{x) MHoro^^jieHa CTenenii k. 

OHeBHflHO, HTO OflHOHJICH CTCneHH HMCCT BHfl 00,00 G D. IlyCTB fc > 0. 

/l^OKajKeM, T?TO 

Pfc(2;) = Pfc_i(.T)a;afc 

rfle Ofc G D. ^eflcTBHTejiBHO, nocjieflHiiii MHOJKiiTejiB oflHOHjiena pk(x) HBjiaeTCH 
jih6o Cfc G I?, jih6o HMecT BHfl x', / > 1. B nocjieflHCM cjiy^ae mbi nojiojKHM at = 1. 
MnojKHTejiB, npeflmecTByiomHtt a^, iiMeei bh/i, x', Z > 1. Mbi mojkcm npeflcxaBHTB 
3T0T MHO>KHTejiB B BHfle x^~^x. CjieflOBaTejiBHO, yTBepjKfleHiie flOKasano. 

B nacTHOCTH, oflHOHjien CTenenii 1 HMeeT Biiflpi(.T) = aoxai. 

He HapymaH o6ni;HOCTH, mbi mojkcm nojiojKHTB k ^ n. 

TeopeMa 8.2.1. /Jaji npouseoAbHozo m > cnpaeedAueo paeencmeo 
d"\f{x)x){h,;...;hm,) 

(8.2.1) =a'"/(x)(/ii; K,)x + d"'-^ f{x){h; /i™_i)/i™ 
+d"'-^f{x){h;;...;h^_i;h,n)hi + ... 
+d"''^^f{x){hi; h^n-i, h,n)hm-i 

zde CUM60A osHauaem omcymcmeue nepeMCHHOu /i* e cnucKe. 

^OKASATEJibCTBO. fljia m = 1 - 3T0 cjieflCTBiie paBencTBa (5.2.23) 
d{f{x)x){h,) = 9/(x)(/ii)a; + fix)h, 
flonycTHM, (8.2.1) cnpaBe/i,jiHBO pjiR to — 1. Tor;i,a 
d"'-\f{x)x){h,;...;K^_,) 

(8.2.2) =c)'"-V(a:)(/^i; h,n~i)x + 8"^^^ f{x){hv, h„,_2)h,n-i 



9" ^f{x){hi,...,hm._2,Ka-l)h 



a™ ^f{x){hi, ...>m-2,/lm-l)/lm-2 



^■"'^Mbi nojiaraem 

dx^ dxdx 



8.2. Pafl TcHjiopa 
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IIojitayHCb paBeHCTBRMH (5.2.23) h (5.3.2) nojiynHM 
d"\f{x)x){hu...;h^^i;h,n) 
=a"/(a;)(/ii; hm-i;h„^)x + d"'-' f{x){hi; hm-2; hm-i)hm 

(8.2.3) +d^-^f{x){hi-...-h,r,^2;d;h„,)K-,^i 

+d"'~'^f{x)0n, hm~i;h^)hi + ... 

PaBCHCTBa (8.2.1) h (8.2.3) OTjimaMTca tojibko 4)opMOH aamicii. TeopeMa flOKaaa- 
Ha. □ 

TeopeMa 8.2.2. UpouaeodHaH Famo d"^Pn{x){hi, /im) nenfiemcsi cuMMempuH- 

HUM MHOZOHMCHOM UO UepeMCHHUM hi, km- 

^OKASATEJibCTBO. Jliiii AOKasaTejibCTBa TeopeMbi mbi paccMOTpuM ajire6pa- 
HHecKHe CBOHCTBa npoH3BO/i,HOH FaTO H flafliiM SKBiiBajieHTHoe onpeflejieHHC. Mbi 
HaHHCM c nocTpoeHHH oflHOHjiena. fljiH npoHSBOjiBHoro oflHOHjiena Pn{x) mh no- 
CTpoHM CHMMeTpHHHbiH MHoroHjiCH r„(x) corjiacHO cjieflyromHM npaBHjiaM 

• EcjiH pi[x) = aoxai, to ri{xi) = aoxiai 

• EcjIHp„(x) = Pn-l{x)an, TO 

(-^1 : ■ • ■ 1 -^n) ^n — 1 (-^[l i ■ • ■ : '^n— 1 )'^'n] 

Ffle KBaflpaTHbie cko6kh BbipajKaKJT CHMMeTpH3aii,Hio Bbipa»ceHHH no ne- 

peMeHHblM Xl, Xn- 

OneBHflHO, HTO 

Mm onpeflejiHM npoHSBOflnyio FaTO nopa^Ka k corjiacHO npaBujiy 

(8.2.4) d''pn{x){hi, hk) = r„(/ii, /i^, .t^+i, ...,a;„) Xk+i = x„ = x 

CorjiacHO nocTpoenHio MHoroHjien r„{hi, hk, Xk+i, Xn) CHMMeTpHHCH no nepe- 
MeHHbiM hi, .... hk, Xk+i, Xn. CjiCflOBaTejiBHO, MHoroHjien (8.2.4) CHMMeTpHnen 
no nepeMennbiM hi, hk. 

Flpn k = 1 Mbi ^OKajKCM, tito onpeflejienne (8.2.4) npoH3Bo;];Hofl: FaTO coBna- 
;i,aeT c onpeflejienneM (5.2.18). 

JXnsi n ~ I, ri{hi) = aghiai. 3to Bbipascenne coBna^aeT c BtipajKenneM npo- 
HSBOflHOii FaTO B TeopeMB 5.3.3. 

HycTb yTBepjKflenne cnpaBefljiHBO fljis n — 1. CnpaBefljiHBO paBencTBO 

(8.2.5) r„(/ii,X2, ...,x„) = r„_i(/ii {X2, ...,Xn)hian 

IIojiojKHM X2 — ... — Xn — X. CorjiacHO npeflnojiojKenHio nHflyKD;HH, ii3 paBencTB 
(8.2.4), (8.2.5) cjieflyeT 

) = dpn^i{x){hi) {x)hian 

CorjiacHO TeopeMe 8.2.1 

rn{hi,X2, ■..,Xn) = dpn{x){hi) 

HTO flOKasBiBaeT paBCHCTBO (8.2.4) fljis k ^ 1. 

/I^OKajKeM Tenepb, hto onpeflejienne (8.2.4) nponsBOflHofi FaTO coBna/iaeT c 
onpeflejienneM (8.1.4) ^jih A: > 1. 
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8. HpoHSBOflHaH BToporo nopaflKa OTo5pa5KCHH5i Tcjia 



IlycTb paBeHCTBO (8.2.4) eepHO pjia fc — 1. Peccmotphm npoHSBOjibHoe cjia- 
racMoe MHoroHjiena r„(/ii, Xfc, a;„). Otojk^cctbjihh nepeMenHbie hi, 
hk-i c sjieMeHTaMH lejia Z?, mh paccMOTpHM MHoroHjien 

(8.2.6) Rn^kixk, ■■■,Xn) = rn{hi, ...,hk-l,Xk, ...yXn) 
HOJIOJKHM Pn-k{x) = Rn-k{xk, ■••,a^ri)i = ■•■ = = X. CjICflOBaTejIbHO 

P^-k(x) = a''~Vn(a;)(/ii; /ifc_i) 
CorjiacHO onpe^ejieHHio (8.1.4) npoiiSBOflHott FaTO 

dPu-k[x){hk) ^d{d^-^Vn{x){hi- hk-x)){hk) 

(8.2.7) =5V.(-^)(/ii;-;/^fe-i;/ifc) 

CorjiacHO onpeflejienHio npoiiSBOflHoii FaTO (8.2.4) 

(8.2.8) dPn-k{x){hk) = Rn-k{hk,Xk+l, ■■■,Xn) Xk+1 ^Xn^X 

CorjiacHO onpeflejieHHio (8.2.6), H3 paseHCTBa (8.2.8) cjieflyei 

(8.2.9) dPn-k{x){hk) = rn{hi,...,hk,Xk+l,.:,Xn) Xk+l = Xn = x 

Ha cpaBHeHHH paBCHCTB (8.2.7) h (8.2.9) cjie^yeT 

d^Pn{x){hi; hk) = r„(/ii, hk,Xk+i, Xn) Xk+i = Xn = x 

CjieflOBaTCjiBHO paBCHCTO (8.2.4) Bepno fljis jiio6bix fc h n. 

YTBepsKflCHHe TeopeMbi flOKaaano. □ 

TeopeMa 8.2.3. /I^aji npouseoMbHoao n > cnpaeedAueo paeencmeo 

(8.2.10) a"+V(a;)(/»i;-;/»n+i) = o 

^OKASATEJTbCTBO. TaK KaK po(a^) = flo <= TO npH n = xeopeMa 
HBjiaeTCH cjieflCTBHeM TeopeMbi 5.3.1. HycTb yTBep}K;],eHHe TeopeMbi Bepno fljia n — 
1. CorjiacHO TeopeMe 8.2.1 npn ycjiOBim f{x) =p„_i(x) mm HMeeM 

5"+Vn(a;)(/ii; h„+i) ^d'"^^ {pn-i{x)xan){hi; /i„+i) 

=5"+Vn-i(a;)(/ii; hrn)xan 

+d"pn-i{x){hi; h,n-i)h 

+a>„_i(x)(/ii;.. 

+9™~V«-i(2;)(/ii; hm~l]hm)hm-ian 
CorjiacHO npeflnojiojKeHiiio HH/i,yKii;HH Bce o;i,HOHjieHbi paBHbi 0. □ 

TeopeMa 8.2.4. Ecau m < n, mo cnpaeednueo paeencmeo 

(8.2.11) 9>„(0)(/i)=0 
^OKASATEJibCTBO. JXnsi n = 1 cnpaBefljiHBO paseHCTBO 

9°Pi(0) = a^xai = 



8.2. Pafl TcHjiopa 
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^onycTHM, yTBep}K;i,eHHe cnpasefljiHEO fljiH n — 1. Tor^a corjiacHO TeopeMe 8.2.1 
d"^{p„-i{x)xan){hi; hm) 
=9"'p„_i(a;)(/ii; h,n)xan + d"^^^pn-i{x){hi; hm-i)hman 
+d"''^^Pn^i{x){hi; /i„i_i; hm)hia„ + ... 

IlepBoe cjiaraeMoe pasHO TaK xax x = 0. TaK xax m— l<n— 1, to ocTajibHbie 
cjiaraeMbie paBHbi corjiacHO npe/i,nojiojKeHHK) HHflyKLi,HH. YTBepscfleHHe TeopeMbi 
flOKasano. □ 

ECJIH hi — ... — hn — h, TO MM nOJIOJKHM 

=9"/(a;)(/ii;...;/i„) 

3Ta sanncb ne 6yfleT npHBOfliiTb k HeoflHoanaHHOCTH, Tax KaK no HHCJiy apryMCHTOB 

HCHO, O KaKOil 4)yHKD;HH HfleT pe^^B. 

TeopeMa 8.2.5. JI^ah npouseoMbHoao n > cnpaeedAueo paeencmeo 

(8.2.12) 9>„(x)(/i) - n!p„(/i) 

^OKA3ATEJIbCTBO. fljIH n = 1 CnpaBCflJIHBO paBCHCTBO 

dpi{x)(h) = 9(aoa;ai)(/i) = aohai ~ l!pi(/i) 
^onycTHM, yTBep}K/i,eHHe cnpaBCfljiHBO ^jih n — 1. Tor^a corjiacno TeopeMe 8.2.1 

(8.2.13) 9>„(x)(/i) =a>„_i(.T)(/i)a;a„ + 9"" Vn-i(2:)(^)^a« 

+... + a"~V-i(a;)(/i)/ia„ 

IlepBoe cjiaraeMoe pasno corjiacHO TeopeMe 8.2.3. OcTajibHBie n cjiaraeMBix paB- 
HBi, H corjiacHO npeflnojiojKeHiiio nH;i,yKLi,HH h3 paBencTBa (8.2.13) cjiepyei 

d"-pn{x){h) = nd"-^^ pn-i{x){h)ha„ = n{n - l)!p„_i(/i)/ia„ = n\pn{h) 

CjieflOBaTejiBHO, yTBepjKfleHne leopeMbi Bepno jijir jiio6oro n. □ 

HycTb p{x) - MHoro^^jieH CTenenH n.* '^ 

p{x) =po+ Pin (.t) + ... + p„i„ (x) 

Mbi npeflnojiaraeM cyMMy no HH^eKcy i^, KOTopbiii nyMepyeT cjiaraeMbie CTenenn 
k. Corjiacno TeopeMaM 8.2.3, 8.2.4, 8.2.5 

d'''p{x){hi; hk) = k\pki^{x) 

CjieflOBaTejibno, mbi MOJKeM sanncaib 

p{x) =po + ill)-^dp{0){x) + (2!)-i92p(0)(x) + ... + {n\)-'dy{0){x) 

3to npeflCTaBjienne MnoroHjiena nasbiBaeTCH 4)opMyjioii Teftjiopa /i;jih mhofo- 

HJiena. Ecjih paccMOTpeTb saMeny nepeMennbix x — y — i/q^ to paccMOTpennoe 
nocTpoenne ocTaeTCH BepnbiM fljia MHoronjiena 

p{y) ^Po +Pui{y - vo) + ■■■+PmAv - vo) 



^■^51 paccMaTpHBaio 4)opMyjiy Tefljiopa ajih MHoroHjiena no anajiorHH c nocTpoeHHeivi 4>opMyjii>i 
Tefijiopa B [7], c. 246. 
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OTKy^a cjieflyeT 

p(y)=Po + (l!)~'5p(yo)(?/-2;o) + (2!)-i9M2/o)(2;-yo) + ... + («!)-i9>(2/o)(2;-yo) 

HpeflnojiojKHM, hto 4)yHKu,Ha: f{x)) b tohkc ccq AH4)4)epeH]j,HpyeMa b cmbicjic 
FaTO jiio6oro nopaflKa.*^'^ 

TeopeMa 8.2.6. Ecau Basi (fiyHKV,uu f{x) eunoAHJiemcji ycAoeue 

(8.2.14) f{xo) = df{xo){h) = ... = d"f{xo){h) = 

mo npu i — > eupaotcenue fix + th) sieAfiemcsi 6ecK0HeHH0 MaAou nopsidKa eume 
n no cpaeHGHUK) c t 

f{xo + th) = o(t") 

/]^OKA3ATEJibCTBO. IIpH n ~ 1 3T0 yTBepjKfleHHC cjieflycT h3 paBencTBa (5.2.13). 
IlycTb yTBepscflCHiie cnpaBe/i,jiHBO pjisi n — 1 . ^jih OToSpajKeHHH 

Mx)^df{x){h) 

BbinojiHHeTCH ycjiOBHe 

/i(xo) - dh{xo){h) = ... = 5"-Vi(xo)(/i) - 
CorjiacHO npeflnojiojKeHHio HHflyKii,HH 

/i(xo + i/i) = o(t"-i) 
Tor^a paBCHCTBO (5.2.12) npHMCT bh/i, 

o(t"-i)= lim (t-V(x + tM) 

t— >0, tG-R 

C jieflOBaTCjiBHO , 

f{x + th) ^ o(t'') 

□ 

CoCTaBHM MHOrOHJICH 

(8.2.15) p{x) = f{xo) + {ll)-'df{xo){x - xo) + ... + {nl)-'d'' f(xo)(x ~ xo) 
CorjiacHO TCopeMe 8.2.6 

f{xo + t{x - Xo)) - p{xo + t{x - Xo)) = o(<") 
CjieflOBaTCjiBHO, nojiHHOM p{x) sBjiaeTCH xopomefi anpoKCHMan,HeH OTo6pa>KeHHH 
/(^). 

EcjiH OTo6pa5KeHHe f{x) hmcct npoHSBOflnyio FaTO jiK)6oro nopH^Ka, to nepe- 
xo;i^ K npeflejiy n — > oo, mh nojiyniiM pasjioaceHHe b pa/i, 

oo 

/(x) = ^(n!)-ia"/(xo)(x-xo) 
KOTopbiit HasbiBacTCH pHflOM TeSjiopa. 



^■"^51 paccMaTpHBaio nocxpoeHHe pa^a Teiijiopa no anajiorHii c nocTpoeHHCM pa^a Teiijiopa b 
[7], c. 248, 249. 
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8.3. HHTerpaji 

HoHHTiie iiHTerpajia HMeeT pasHbie acncKTM. B stom pas^ejie mm paccMOT- 
pHM HHTerpiipoBaHne, xax onepaii,iiK), o6paTHyio flH4)(|)epeHii,HpoBaHHio. Ho cyin 
;i,ejia, mbi paccMOTpiiM npoii,eflypy peineniis oGbiKHOBeHHoro fliKjjtjDepeimiiajiijHoro 
ypaBHeHHs 

df{x)ih)^F{x;h) 

IIpHMep 8.3.1. 51 HaHHy c npHMepa flH(J)4)epeHLi,HajibHoro ypasHeHHa na^ nojieM 
flefiCTBHTejifcHtix ^mceji. 

(8.3.1) y' = 

(8.3.2) xo=0 yo = 

IIocjieflOBaTejibHO /iHcJxJjepeHi^iipya paseHCTBO (8.3.1), mbi nojiy^iaeM ijenoHKy ypaB- 

HCHHii 

(8.3.3) y" = 6x 

(8.3.4) y'" 6 

(8.3.5) =0 n > 3 

Ha ypaBHemiH (8.3.1), (8.3.2), (8.3.3), (8.3.4), (8.3.5) cjieflyei pasjiosKeuHe b pHfl 
Teiijiopa 



y = x^ 



□ 



IIpHMep 8.3.2. PaccMOTpHM anajiornHHoe flH4)<|)epeHii,HajibHoe ypaBHeHne Ha;; 

TCJIOM 

(8.3.6) d{y){h) = hx^ +xhx + x^h 

(8.3.7) xo^O 

IIocjieflOBaTejibHO ^H^xJjepeHi^HpyH paseHCTBO (8.3.6) , mbi nojiyiaeM iienoHKy ypaB- 
HeHHii 

(8.3.8) d^iy)ihi;h2) 

=hih2X + hixh2 + h2hix + xhih2 + h2xhi + xh2hi 

(8.3.9) d\y){hi;h2]h^) 

=/ii/i2^3 + hih^h2 + h2hih^ + h^hih2 + /i2^3^i + ^3^2^i 

(8.3.10) 9"(y)(/ii;...;/i„) =0 n>3 

Ha ypaBHCHHii (8.3.6), (8.3.7), (8.3.8), (8.3.9), (8.3.10) cjie^yeT pasjiojKeHHC b pafl 
Teitjiopa 

y = x^ 

□ 

SaMenaHHe 8.3.3. ^H4)4)epeHii,HajibHoe ypaBHenne 

(8.3.11) d{y){h) = ihx^ 

(8.3.12) xo-0 yo = 
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TaK JKC npiiBOflHT K peineHiiK) y = . OneEHflHO, hto 3to OTo6pa}KeHHe ne yflOBjie- 
TBopHeT;i,H4)4)epeHLi;HajiijHOMy ypaBHeHiiio. OflnaKO, BonpeKii TeopeMe 8.2.2 BTopaa 
npoiiSBOflHaa ne sBjiaeTca CHMMeTpHHHbiM MHoroT^jienoM. 3to roBopiiT o tom, hto 
ypaBHeHHe (8.3.11) ne hmcct peinenHfi. □ 

IIpHMep 8.3.4. OneBH/iHO, ecjiH 4)yHKi],HH yflOBjieTBopaeT flH(J)4)epeHLi,HajibH0My 
ypaBHeniiK) 

(8.3.13) d[y){h) = (,)o/ h 

TO BTopaa npoHSBOflHaa FaTO 

d^f{x){h^-h2)=Q 

CjieflOBaTCjiBHO, ecjiH saflano HanajibHoe ycjiOBue y(0) = 0, to ^H4)4)epeHLi,HajibHoe 
ypaBHCHHe (8.3.13) hmcct pemenHe 

y = (s)o/ X (^s)if 

□ 

8.4. 3KcnoHeHTa 

B 3TOM pa3flejie mbi paccMOTpHM Oflny h3 bosmojkpibix MOflejieii nocTpoetiHa 
3KcnoHeHTbi. 

B nojie Mbi MOJKeM onpeflejiHTb SKcnoHenTy xaK pemeHne ^iicJjcjDepeHiiHajibHoro 
ypasHeHHa 

(8.4.1) y' = y 

OHeBHflHO, HTO MBI He MOJKCM saHHcaTB no;];o6Hoe ypaBHenHH fljia Tejia. OflnaKO 

MBI MO>KeM BOCnOJIBSOBaTBCH paBeHCTBOM 

(8.4.2) d{y){h) = y'h 
Ha ypaBHCHHii (8.4.1), (8.4.2) cjie^yeT 

(8.4.3) d{y){h) = yh 

3to ypaBHeHHe ysce 6jiHJKe k Haniefi D,ejiH, opjiSLKO ocTaeTca otkpbitbim Bonpoc b 
KaKOM HopHflKe Mbi flOJiiKHbi HepeMHOJKaTB yah. Hto 6bi OTBeTHTb Ha stot Bonpoc, 

MBI H3MeHHM SaHHCb ypaBHeHHH 

(8.4.4) d{y){h) = ]^{yh + hy) 

CjieflOBaTejiBHO, nania safla^^a - pemnTb flH4)4)epeHH,HajiBHoe ypaBHenne (8.4.4) npn 
HanajiBHOM ycjiOBHH ?/(0) = 1. 

^jiH 4)opMyjiHpoBKH H flOKasaTejiBCTBa TeopeMbi 8.4.1 h BBe^y cjieflyiOHi,ee o6o- 
snaneHHe. HycTb 

y hi ... hn 

^(T{y) (T{hi) ... a{hr, 
nepecTanoBKa KopTejKa nepeMennbix 

[y hi ... hn) 

06o3HaHHM Pa{hi) H03Hn;Hio, KOTopyK) saHHMaeT nepeMeHHEH hi b KopTexce 

(cr(y) a{hi) ... a{hn)) 
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HanpHMep, ecjiH nepecTanoBKa a HMeeT bh/i, 

y hi h2 hs 



Ji2 y hi^ 
TO cjieflyromHe KopieacH paBHBi 

(cr(y) a{hi) a{h2) (tQiz)) ^ {h2 y /13 hi) 

^{Pa{h2) Pa{y) Pa{hz) Pa{hl)) 

TeopeMa 8.4.1. UpouaeodHan Famo nopsidKa n (fiyHKUjUU y, ydoeAemeopjnoineu 
ducl}(fjepeHit)Uajit>HOMy ypaeneHuw (8.4.4) UMeem eud 

(8.4.5) d-{y)(hi, /z„) = i- ^ a{y)aihi)...a{hn) 

zde cyMMa eunoAHena no nepecmaHoeKaM 

y hi ... hr, 



^(7{y) a{hi) ... a{hn)^ 

MHOotcecmea nepeMCHHUxy, hi, hn. UepecmaHoeKa a o6Aadaem CAedymvuuMU 
ceoucmeaMU 

(1) EcAU cymecmeymm i, j, i 7^ j, maKue, umo pcr{hi) pacnoAazaemcfi e 
npouaeedenuu (8.4.5) Aeeee pa-{hj) up^[hj) pacnoAazaemcfi Aeeee Pa{y) , 
mo i < j . 

(2) EcAU cyui^ecmeymm i, j, i ^ j, maKue, nmo pa-{hi) pacnoAazaemcji e npo- 
uaeedenuu (8.4.5) npaeee p^{hj) u p„[hj) pacnoAaaaemcji npaeee Po{y), 
mo i > j . 

^OKASATEJTbCTBO. Mbi flOKajKeM 3TO yTBepjKflCHHe HHflyKi^Heii. ^jih n = 1 
yTBepjKfleHHe Bepno, TaK KaK sto flH4)4)epeHn,HajibHoe ypaBHeHne (8.4.4). IlycTb 
yTBep>KfleHHe Bepno fljiH n ~ k — 1. CjieflOBaTejiBHO 

(8.4.6) d''~\y){hi,...,hk^i) = -L_J2a{y)a{hi)...a{hk-i) 

rfle cyMMa BbinojiHena no nepecTanoBKaM 

y hi ... hk^i 



^cr{y) a{hi) ... <j{hk-i)^ 

MHOJKecTBa nepeMeHHbix y, hi, hi^^i. IlepecTaHOBKa a y^OBjiCTBopaeT ycjiOBHHM 
(1), (2). ccJjopMyjiHpoBaHHbiM B TeopeMe. CorjiacHO onpeflejieHHK) (8.1.4) npoHSBOfl- 
Haa FaTo' nopa^Ka k HMeeT bh/i, 

d''{y){hi,...,hk)^d{d'-\y){hi,...,hk-i)){hk) 

(8.4.7) a{y)a{hi)...a{hk-i)^ {h^) 

Ha paBencTB (8.4.4). (8.4.7) cjie^yeT 
d\y){hi,...,hk) 
1 1 



i-^i (j{yhk)a{hi)...a{hk-i) + ^ a{hky)(j{hi)...a{hi,_i)^ 
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HeTpy^HO BiifleTb, hto npoHSBOJibnaa nepecTanoBKa a h3 cyMMbi (8.4.8) nopo}K/i,aeT 
;i,Be nepecTanoBKH 



Tl 

.4.9) 

T2 



y hi ... hk-i hk 

Vn(y) Tl{hl) ... Tl(/lfc_l) Tl[hk) 

hkV hi ... hk-i 

^(j{hky) a{hi) ... a{hk^i) 

y hi ... hk-i hk 

.T2{y) T2{hi) ... T2{hk-l) T2{hk) 



yhk hi ... hk-1 
^(7{yhk) a{hi) ... aQik-i) 

H3 (8.4.8) H (8.4.9) cjie^yeT 

d\y){hi,...,hk) 

(8.4.10) =^lY.^i{y)Ti{hi)...Ti{hk-i)Ti{hk) 

\ ri 

+ ^ T2 (y )t2 (/ll ) . . .r2 (ft-fe- 1 )t2 (/ife) 

T2 / 

B BBipajKenHH (8.4.10) Pri{hk) samicaHO nenocpeflCTBeHHO nepe^ p^-^ (y) . TaK KaK k 
- caMoe 6ojibmoe SHaneHHC HH^eKca, to nepecTanoBKa ti y^OBjieTBopaeT ycjiOBHHM 
(1), (2), c(|)opMyjiHpoBaHHijiM b TeopeMe. B BbipaacenHH (8.4.10) pT2{hk) sanHcano 
HenocpeflCTBeHHO nocjie Pr^iiv)- TaK KaK k - caMoe GojiBinoe SHaneHHe HH/i,eKca, to 
nepecTanoBKa T2 yflOBjiCTBopaeT ycjiOBHHM (1), (2), ccJjopMyjiHpoBaHHbiM b TeopcMC. 

HaM ocTajiocb noKaaaTt, hto b BbipajKeHHH (8.4.10) nepei^HCjieHbi Bce nepe- 
CTaHOBKH r, yflOBjieiBopHiomHe ycjiOBHHM (1), (2), ccJjopMyjiHpoBaHHbiM B TeopeMe. 
TaK KaK k - caMbiii 6ojibinoH hhabkc, to corjiacHO ycjiOBHHM (1), (2), c4)opMyjiHpo- 
BaHHbiM B TeopeMe, T{hk) sanncano nenocpeflCTBeHHO nepe;; hjih Henocpe^CTBeHHO 
nocjie T{y). CjieflOBaTejibHO, jiroGaa nepecTanoBKa r HMeeT jih6o bh/i, ti, jih6o bh^ 
T2. Ilojibsyacb paBeHCTBOM (8.4.9), mbi MOsceM ^jia 3a;],aHH0H nepecTanoBKH r naii- 
TH cooTBeTCTByromyro nepecTanoBKy a. CjieflOBaTejibHO, yTBepjKfleuHe leopeMbi 
BepHO fljiH n = k. TeopeMa flOKasana. □ 

TeopeMa 8.4.2. PemenueM ducpcfiepeH'nuaAbHogo ypaeneHUJi (8.4.4) npu uauaAt- 
HOM ycAoeuu ?/(0) = 1 tieAsiemcfi SKcnoneHma y = Komopasi UMeem CAedyminee 
pasAoatceHue e p.Hd TeuAopa 

oo 

(8.4.11) e^ = y— 

ji=0 

^OKASATEJibCTBO. HpoHSBO/^Haa FaTO nopaflKa n coflepjKHT 2" cjiaraeMbix. 
^eiicTBHTejibHO, npoHSBOflnaa FaTO nopa^Ka 1 coflepjKHT 2 cjiaraeMbix, ii KajKfloe 
flHcJxJiepeHi^HpoBaHHe yBejiHHHBaeT hhcjio cjiaraeMbix B;i,Boe. Hs naiiajibHoro ycjio- 
BHa 2/(0) = 1 H TeopeMbi 8.4.1 cjieflyeT, hto npoHSBOflnaa FaTO nopa^Ka n hckomofo 
penieHiia iiMeei bh^ 

(8.4.12) a"(0)(/i,...,/i) = 1 

Ha paBeiiCTBa (8.4.12) cjie^yeT paajiojKeHiie (8.4.11). b pa;; Teiijiopa. □ 
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TeopeMa 8.4.3. Paeencmeo 

(8.4.13) e"+'' = e°e^ 
cnpaeedAueo mozda u moAt>KO mozda, Kozda 

(8.4.14) ah^ha 

^OKASATEJTbCTBO. fljia ^OKaSaTejIbCTBR TeOpCMbl flOCTETOHHO paccMOTpeTB 

pH^Bi Teiijiopa 

oo 

(8.4.15) ^" = E;^«" 

oo 



.4.16) ^' = E^^" 

n— 

..4.17) 6"+'' = ^ -(a + 6)" 



71! 

n=0 

IlepeMHOJKHM BbipajKeHHH (8.4.15) h (8.4.16). CyMMa oflHOHjienoB nopaflxa 3 HMceT 

(8.4.18) ia3_^1^2^_^1^^2_^1^3 
^ ' 6 2 2 6 

H He coBnaflaeT, BOo6iii;e roBopH, c BbipajKCHHeM 

(8.4.19) \{a + bf = + \aH + ]raba + ^ba^ + \ab^ + \bab + \b^a + 

6 66666666 

floKasaTejibCTBO yTBepjKfleHiia, ^ito (8.4.13) cjie^yeT h3 (8.4.14) TpHBHajibHO. □ 

Cmhcji TeopcMbi 8.4.3 CTanoBHTCH Hcnee, ecjiH mbi bchomkhm, ^^to cymecTsy- 
eT flBe MOflejiH nocTpoenHH SKcnoHCHTbi. IlepBaH MOj^em, - sto pemeHiie flH4)4)e- 
peHn,HajibHoro ypaBnenHH (8.4.4). BTopaa - sto HayneHHe oflHonapaMeTpHHecKofi 
rpynnbi npeo6pa30BaHHH. B cjiynae nojia o6e MO/i,ejiH npHBO^HT k o;i,hoii h toh jkc 
4)yHKii,HH. 51 He Mory SToro yTBepjKflaTb ceiiHac b o6iii;eM cjiynae. 3to Bonpoc ot- 
;i,ejibHoro HCCJieflOBanHH. Ho ecjiH BcnoMHHTb, ^^to KBaTepHHOH sBjiJieTCH anajioroM 
npeoGpasoBaHHH TpexMepnoro npocTpancTBa, to yTBepjKfleHHe TeopeMbi CTanoBHT- 

CH OHeBHflHBIM. 



FjiaBa 9 



IlpoHSBO^Haa BToporo nopa^Ka OTo6pa>KeHHa 
D-BeKTopHoro npocTpancTBa 

9.1. npoH3BO/i,HaH BToporo nopH/i;Ka OTo6paMceHHH Z?-BeKTopHoro 

npocTpaHCTBa 

IlycTb D - HopMHpoBaHHoe Tejio xapaKTepiiCTiiKu 0. IlycTb V - HopMiipoeaH- 
Hoe ZJ-BeKTopHoe npocTpancTBO c HopMott ||y||y- IlycTb W - HopMiipoBaHHoe D- 
BCKTopHoe npocTpancTBO c HopMoft ll^^llvF- ITycTij 

4)yHKn,Ha:, flHcJxJjepeni^HpyeMaH no FaTO. Corjiacno saMe^iaHHio 6.2.2 npoHSBOflnaa: 
FaTO sBjiHeTca OTo6pa>KeHHeM 

dj :V ^ C{D ;¥;]¥) 
CorjiacHO TeopeMaM 3.1.2, 3.1.3 h onpeflejienHio 6.1.8 MHOscecTBO C{D; V; W) hb- 

JIHeTCH HOpMHpOBaHHbIM D-BeKTOpHBIM HpOCTpaHCTBOM. CjICflOBaTejIBHO, MBI MO- 

>KeM paccMOTpeTb Bonpoc, HBjiHeTca: jih OTo6pa}KeHHe df flii4)4)epeHD,HpyeMBiM no 
FaTO. 

CorjiacHO onpe^ejieHHio 6.2.1 

(9.1.1) d7{x + a2){ai) - d]{x){ai) = d{dl{x){ai)){a2) + 02(^2) 
vpfi 02 ■ V C.{D] V; W) - TaKoe nenpepBiBHoe OTo6pajKeHHe, hto 

CorjiacHO onpeflejiennK) 6.2.1 OToGpajKemie d{df(x)(a,i)){a2) jiHHeftHO no nepcMen- 
HOH a2. H3 paBencTBa (9.1.1) cjieflyeT, nio OTo6pa}KeHHe d{df{x)(ai)){a2) Jinneiino 
no nepeMennoii ai . 

Onpe/i;ejieHHe 9.1.1. nojinjinnennoe OToGpasKenne 

(9.1.2) d^J{x){ai;a2) = d{d7{x){a,)){a2) 

nasbiBacTca npoHSBOflHoft FaTO BToporo nopH;];Ka OTo6pa>KeHHH / □ 

SaMenaHHe 9.1.2. Corjiacno onpeflejiennio 9.1.1 npn saflannoM x nponsBOflnaa 
FaTO BToporo nopa^Ka d'^f(x) G C{D;V ,V;W). CjieflOBaTejiBHO, nponsBOflnaji 
FaTO BToporo nopa:;i,Ka OToGpajKenna / HBjiaeTCH OTo6pajKeHHeM 

d^J -.V ^ C{D]V,V]W) 

TeopeMa 9.1.3. /l^onycmuM - D* ^-6a3uc e D-eeKmopnoM npocmpaHcmee V 
Had mcAOM D. /l^onycmuM *r - D* tf-6a3uc e D-eeKmopnoM npocmpaHcmee W Had 
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9. npoH3BO/];Ha5i BToporo nopHflKa OTo6pa;KCHH5i X)-BCKTopHoro npocTpaHCTBa 



mcAOM D. /^HfJxJjepeHi^Haji FaTO BToporo nopa^Ka OTo6pa»ceHHa / omno- 
cumeAbHO D* <,-6a3uca *p u D* ^-6a3uca *r UMeem eud 

d^l{x){ai-a2) 

(y-l-'j) — ^ - ^ - — (Ts(a/1 ^ ■ ^ . — (Ts(ap-) 



^OKASATEJibCTBO. CjieflCTBHe onpeflejieHHH 9.1.1 h TeopeMbi 4.2.3. □ 

(s)pd'^f^{x) 

Onpe/i;ejieHHe 9.1.4. Mbi 6y^eM nasbiBaTb BbipasKeHHe . „ . — , p = 0, 1, 

2, KOMnoHeHToii npoH3BO/i;HOH FaTO BToporo nopH^Ka OTo6pa:»<;eHHH f{x). 

□ 

Onpe/i;ejieHHe 9.1.5. IlycTb D - leno xapaKTepncTHKH 0. ^onycTHM *p - _D**- 
6a3HC B Z?-BeKTopHOM npocTpancTBe V nap, tcjiom D. /],onycTHM - D*,-6a3HC b 
ZJ-seKTopHOM npocTpancTBe W nafl tcjiom D. MacTnaa npoHSBOflHaa FaTO 

HasbisaeTca CMeinaHHoft HacTHoii npoHSBOflHoft FaTO OTo6pa:aceHHH /-' no 
nepeMeHHBiM w% . □ 

TeopeMa 9.1.6. Uycm'b D - meAo xapaKmepucmuKu 0.^ "'^ /fonycmuM »p - 
6a3uc e D-eeKmopnoM npocmpaHcmee V Had mtAOM D. ffonycmuM *r - D* ^-6a3uc 
6 D-eeKmopnoM npocmpaHcmee W Had meJiOM D. Uycmt uacmnue npouseodnue 
Famo omoBpamccHUfi f : V ^ W Hcnpepuenu u du(p(pepeHV,upyeMU e cmucac 
Famo 6 odAacmu U € V . Flycmb CMemaHHue uacmnue npou36odHue Famo emopozo 
nopsidKa Henpepuenu e o6Aacmu U G V. Tozda na MHootcecmee U cMcmaHHue 
uacmnue npou36odHue Famo ydoeAcmeopsiiom paeencmey 

(9.1.5) "-^' {h'.h^) = " }; (h\h') 

^OKASATEJibCTBO. J\:iii^ ;i,OKa3aTejibCTBa TeopeMbi mbi 6yfleM nojibsOBaTbca: 
oGosHaneHHeM /'^(iJ) = f''{v'^, v^), noflpaayMeBaa, ^to ocTajitHtie nepeMennbie hmb- 
K)T sa^aHHbie SHanenHH. YTBepscfleHHe TeopeMbi cjie;i,yeT h3 cjieflyromeii n,enoHKH 



^■"'^/loKasaTejibCTBO TeopeMbi c^ejiaHO no anajiorHH c flOKasaTejibCTBOM TeopeiviM [7], c. 405, 406. 



9.2. 0/];HopoAHOc OTo6pa>KeHHe 
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paBCHCTB 



= linit-2 (/(w* + hH,v^ + hH) - + h't.v^) - f{v\v^ + hH) + .f{v\v^)) 
= lim + /i^t, + /i^t) - w^' + hH) - f{v' + hH, v^) + f{v\v^)) 



□ 

Ho HH/i,yKn,HH, npeflnojiaraa, ^ito onpeflejiena npoH3Bo;i,HaH FaTO d"~^ f{x) no- 
pHflKa n — I, MH onpeflejiHM 

(9.1.6) 9"7(S)(ai; ...;a„) = a(a"-7(x)(ai; a„_i))(a„) 

npoH3BO/i;Hyio FaTO nopH^Ka n OTo6pa:»ceHHH /. Mbi 6y;i,eM TaKace nojiaraTb 

9°7(x)==7(x). 

9.2. OflHopo^Hoe OTo6p£LaceHHe 
Onpe/i;ejieHHe 9.2.1. 0To6pa>KeHHe 

J-.v 

D-BCKTopHoro npocTpancTBa V b ZJ-BCKTopHoe npocTpancTBO W nasbiBaeTCH ofl- 
HopoflHMM OTo6pcL»ceHHeM CTeneHH k Ha/i, nojieM F, ecjiH fijisi jiio6oro a ^ F 

(9.2.1) 7{av) = a'^Jiv) 

□ 

TeopeMa 9.2.2 (leopeMa Bftjiepa). Ilycmb omo6pacitceHue 

7 :V 

D-ecKmopHozo npocmpaHcmea V e D-eeKmopnoe npocmpaHcmeo W odHopodno 
cmeneHU k Had noACM F C Z{D). 

(9.2.2) dmiv) = kj{v) 



9. npoH3BO/];Ha5i BToporo nopHflKa OTo6pa>KCHHa Z)-BCKTopHoro npocTpaHCTBa 



^OKASATEJibCTBO. npoflH4)4)epeHij,HpyeM paBencTBO (9.2.1) no a 

(9.2.3) ±(f(av))Aa = -^(a'^7(«))Aa 

da da 

Ha TeopeMbi 6.2.12 cjie^yeT 

^(f{av))Aa = d7{av){d{av){Aa)) 

(9.2.4) = dJiav) ( 



9.2 



da 

= df{av){vAa) 
Ha TeopeMbi 6.2.5 h paseHCTBa (9.2.4) cjiepyei 

(9.2.5) -^i7{av))Aa^ d7(av)(v)Aa 

da 

O^eBHflHO 

(9.2.6) ^{a'Jiv)) = ka'^-'Jiv) 

da 

noflCTREHM (9.2.5) H (9.2.6) B (9.2.3) 

(9.2.7) d7{av){v)Aa = ka''-^7{v)Aa 

TaK KEK Aa ^ 0, to (9.2.2) cjieflyei h3 (9.2.7) npn ycjiOBiin a = 1. □ 
IlycTb OToSpajKCHHe 

7 --V -^W 

ZJ-BCKTopHoro npocTpancTBa V b _D-BeKTopHoe npocTpancTBO W o^HopoflHO ctc- 
neHH k Hafl nojieM F C Z{D). Ha TeopeMbi 6.2.5 cjie/i,yeT 

(9.2.8) a7(aw)(atJ) = ad7{av){v) 
Ha paseHCTB (9.2.2), (9.2.1) cjieflycT 

(9.2.9) d7{av){av) = k7{av) = ka^7{v) = a^d7{v){v) 
Ha paBCHCTB (9.2.8), (9.2.9) cjie^yeT 

(9.2.10) d7{av){v)=a^-^d7{v){v) 
OflHaKO 113 paBeHCTBa (9.2.10) ne cjie^yeT, hto OToGpajKCHHe 

d7 -.V ^ A{D]V]W) 
o;i,HopoflHO CTeneHH fc — 1 na^ nojiCM F . 



'fljiii OTo6pa>KeHH5i nojiH cnpaBefljiHBO 

df(x)(h) = 



Fjiasa 10 



CnHCOK JiHTepaTypM 

[1] H. H. BopoBHH, JI. n. JIe6e;i,eB, OyHKi^HOHajibHbiii anajiHS h ero npHjio- 

>KeHHH B MexRHHKe cnjioniHOH cpeflbi, M., BysoBCKaa KHHra, 2000 
[2] n. K. PameBCKHft, PiiManoBa reoMexpHa ii TensopHBiii anajiHS, 

M., HayKa, 1967 
[3] AjieKcaHflp Kjieftn, JleKD;HH no jiHHeiiHofl: ajireGpe na;; tcjiom, 

eprint arXiv:math.GM/0701238 (2010) 
[4] H. Byp6aKH, OSinaa Tonojiomji, HcnojibsOBanHe BemecTBennbix hhcbji 

B oSmeii TonojiorHH, nepeBOfl c 4)paH]j;y3CKoro C. H. KpanKOBCKoro nofl 

peflaKii;HeH fl. A. PaiiKOBa, M. HayKa, 1975 
[5] H. BypSaKH, TonojiormecKiie BCKTopHbie npocTpancTBa, nepeBOfl c c|)paH- 

]j;y3CKoro fl^. A. FafiKOBa, M. HnocTpaHHas jiHiepaTypa, 1959 
[6] noHTparnH Jl. C, HenpepbiBHBie rpynnti, M. EflHTopnaji YPCC, 2004 
[7] OiixTeHrojiBLi, F. M., Kypc flH4)4)epeHii,iiajibHoro h HHTcrpajibHoro hchhc- 

jiemiH, TOM 1, M. HayKa, 1969 
[8] I. M. Gelfand, M. I. Graev, Representation of Quaternion Groups over 

Localy Compact and Functional Fields, 

Functs. Anal. Prilozh. 2 (1968) 20 - 35; 

Izrail Moiseevich Gelfand, Semen Grigorevich Gindikin, 

Izrail M. Gelfand: Collected Papers, volume II, 435 - 449, 

Springer, 1989 

[9] Vadim Komkov. Variational Principles of Continuum Mechanics with Engineering 
Applications: Critical Points Theory, 
Springer, 1986 

[10] Sir William Rowan Hamilton, The Mathematical Papers, Vol. Ill, Algebra, 

Cambridge at the University Press, 1967 
[11] Sir William Rowan Hamilton, Elements of Quaternions, Volume I, 

Longmans, Green, and Co., London, New York, and Bombay, 1899 



99 



FjiaBa 11 



IIpe^MeTHMii yKasaxejib 



l-D**-4)opMa 15 
yl-3HaMHa5i <J)yHKri,H5i 61 

* * Z)-npon3BOflHaH FaTO OTo5pa:H^eHH5i / D- 
BCKTOpHoro npocTpaHCTBa V b D- 
BCKTOpHoe npocTpancTBO W 66 

Z)-BeKTOp-4)yHKLI,HH 61 

_D-3HaMHafl: nepeivieHHasi 62 

Z)**-BeKTOp-<|)yHKII,H5I 61 

X)**-npoH3BO^Ha5i FaTO OTo5pa:HceHH5i / D- 
BeKTOpHoro npocTpaHCTBa V b D- 

BCKTOpHOe npOCTpaHCTBO W 66 

Z)T*r-KOMnoHeHTa KOOp^HHaT BCKTopa r 21 
Z)*-npOH3BOflHa5i FaTO 4)yHKLi,HH / TCJia D 
53 

Z):>t-npoH3Bo;^Ha5i Opcme OTo6pa:»ceHHH / 

Tejia D B TOMKe x 49 
D-BeKTopHoe npocTpancTBO 20 

*:<<Z)-6a3HC, flyajiBHBiH Z)**-6a3Hcy b 

BCKTOpHOM npOCTpaHCTBe 16 

★D-npon3Be^eHneM D * * -JiHHeftHoro 

OTo5payKeHH5i A na CKajisip 14 
TtZ)-KOMnoHeHTa KOOp^iiHaT BeKTopa r 21 
★Z)-npoH3BO/],Ha5i FaTO 4)yHKij,HH / Tejia D 
53 

a^HTHBHoe OTo6pa?KeHHe Z)-BeKTopHbix 

npocTpaHCTB 37 
afl^^HTHBHoe OTo6pa:»<:eHHe KOjiBi^a 23 
aftZ],HTHBHoe OTo6pa»ceHHe Tejia, 

nopo^c^eHHoe OTo6pa?KeHHeM G 26 
ajire6pa E KBaTepHHOHOB na^ nojieM F 72 

BBipo^K^eHHoe afl/],HTHBHoe OTo6pa»ceHHe 
D-BeKTopHoro npocTpaHCTBa 41 

BBipo?K/i,eHHoe aftHHTHBHoe OTo6pa:»<:eHHe 
Tejia 31 

flH4){J)epeHLi,Haji Faxo BTOporo nopH/^Ka 
OTo6payKeHH5i / 96 



flH4)4)epeHu,Haji Faxo BToporo nopa^Ka 

OTo6pa?KeHHs / 83 
flH(|)4)epeHii,Haji FaTO OTo6pa?KeHHH / 

HOpMHpOBaHHOrO Z)-BeKTOpHOrO 

npocTpaHCTBa V b HOpMHpoBaHHoe D- 
BCKTOpHOe npocTpaHCTBO W 63 

flH4)4)epeHii,Haji FaTO OTo6pa?KeHHH / 51 

flyajibHoe npocTpaHCTBO k D*\- 
BCKTopHOMy npocTpancTBy 16 

e^HHHMHasi c4)epa b tcjic 47 

saKOH accoi],HaTHBHOCTH flJiH napHbix 
npe/i,CTaBjTeHHH 19 

KOMnoHCHTa jiHHeiiHoro OTo6paaceHHH D- 
BeKTopHoro npocTpaHHCTBa 40 

KOMnoHCHTa jiHHeHHoro OTo6pa:»<:eHHfl: / 
TCJia 28 

KOMnOHCHTa nOJIHa^HTHBHOrO 

OTo6pa?KeHHH A 43 
KOMnOHCHTa nojinjinHCHHoro OTo6payKeHH5i 
TCJia 34 

KOMnOHCHTa npoH3BO^HOH FaTO BTOporo 
nopH^Ka OTo6pa>KeHHS f{x) 96 

KOMHoncHTa npoH3BO^HOH FaTO BTOporo 
HOpHflKa OTo6pa?KCHHH TCJia 84 

KOMHOHCHTa npOH3BOflHOli FaTO 

OTo6pa:»ccHHfl: f{x) 64 

KOMHOHCHTa npOH3BO^HOH FaTO 

OTo6pa:»ccHHH f(x) 52 

JIHHCHHOe 0T06payKeHHC D-BCKTOpHBIX 

npocTpancTB 39 
jiHHCHHoe OTo6pa:H^eHHC Z)-bcktophi>ix 

HpocTpaHCTB Ha;; nojicM F 38 
jiHHCHHoe OTo6pa^eHHC TCJia 28 

MaTpnu,a 5lKo6H-FaTO OTo6pa:»ccHHH D- 
BCKTOpHoro npocTpancTBa 65 

HanpaBJiCHHC b D-bcktophom 

HpOCTpaHCTBC V HSLfl, HOJICM P 38 



100 



npc;];MCTHE.iH yKaaaTCJib 



101 



HanpaBJieHHe b Tejie D na^ 

KOMMyTaTHBHbIM KOJlbLI,OM P 24 

HenpepbiBHaH 4)yHKLi,HH xejia 47 
HopMa KBaTepHHOHa 73 
HopMa Ha Z)-BeKTOpHOM npocTpaHCTBe 62 
HOpMa Ha Tejie 45 
HOpMa OTo5pa»ceHH5i TCJia 47 
HOpMa OTo5pa»ceHH5i A HOpMHpOBaHHoro D 
-BeKTOpHoro npocTpancTBa 63 

HOpMHpOBaHHOe Z)-BeKTOpHOe 

npocTpancTBO 62 
HOpMHpOBaHHoe Tejio 45 

o6pa3yiom,aii aftHHTHBHoro OTo6pa::*ceHH5i 
26 

oflHopo^Hoe OTo6pa?KeHHe cxeneHH k na^ 

nojieM F 97 
OTo6pa»ceHHe Z)-BeKTopHoro npocTpancTBa, 

MyjiBTHnjiHKaTHBHoe Hafl nojieivi 38 
OTo6pa?KeHHe Z)-BeKTOpHoro npocTpancTBa, 

npoeKTHBHoe Ha;^ nojieM 38 
OTo6pa?KeHHe nojinjiHHeHHoe na/; 

KOMMyTaTHBHbIM KOJlbLI,OM 32 

OTo6pa>KeHHe KOJibn;a D, jiHHeiiHoe na^ 

KOMMyTaTHBHbIM KOJIbLI,OM F 24 

OTo6pa»ceHHe Kojibi^a, MyjibTnnjiHKaTHBHoe 

na^ KOMMyTaTHBHbIM KOJIbH;OM 24 

OTo6pa?KeHHe KOJibH;a, npoeKTHBHoe na^ 

KOMMyTaTHBHbIM KOJIbII,OM 24 

napHbie npeflCTaBJieHHH Tejia 19 
nojiHaftZ],HTHBHoe OTo6pa>KeHHe {n)-D- 

BCKTOpHblX HpOCTpaHCTB 42 

nojina/i^HTHBHoe OTo6pa:»ceHHe KOJieu, 32 

nOJTHaJIHHeHHOe KOCO CHMMeTpHMHOe 

OToSpa^eHHe 35 
nojiHjiHHeHHoe OTo6pa?KeHHe kojich, 33 

nOJIHJIHHeHHOe CHMMeTpHMHOe 

OTo6payKeHHe 35 
nojiHoe TCJio 46 
HOCJieflOBaTejibHOCTb Kohih b 

HopMHpOBaHHoe TCJie 46 
npe;i,eji HOCJieflOBaTejibHOCTH b 

HOpMHpOBaHHOM TGJie 45 

npoH3BOflHaH FaTO BToporo nopsiflKa 
OTo5pa»ceHH5i / 83 

npoH3Bo;i,Has FaTO OTo5pa:a<;eHH5i / 
HopMHpoBaHoro D-BeKTopHoro 
HpocTpancTBa V b HOpMHpOBaHHoe D- 
BeKTOpHoe npocTpancTBO W 63 

npOHBBOflHan FaTO OTo6pa:H^eHH5i / 51 

npOHSBOflHan FaTO HOpH^Ka n 
oTo6payKeHH5i / 97 

npoH3BOflHaH FaTO HOpH;i,Ka n 
OTo6payKeHH5i / Tejia 84 

psifl Teftjiopa 88 



CMemaHHasi nacTnasi npoHSBOflHan FaTO 
OTo6pa?KeHHH f ^ no nepeMennbiM w*, 
96 

CTaHflapTHan i^-KOMnoHCHTa a^flHTHBHoro 

OTo6pa:»<:eHHH / 27 
CTaHflapTHan KOMHonenTa flH4>4>epeHH,Hajia 

FaTO OTo6pa:»ceHHH / 52 
CTaHflapTHan KOMHonenTa jiHHeHHoro 

OTo6pa>KeHHH Tejia 28 
CTaHflapTHaa KOMHonenTa HOJiHjiHHeHHoro 

OTo6pa:»ceHHH / Tejia 34 
CTaHflapTHoe _F-npeflCTaBjieHHe 

afl;i,HTHBHoro OTo6pa?KeHHH Tejia 27 
CTaHflapTHoe Hpe^CTaBJienHe 

^H4)4)epeHii,Hajia FaTO OTo6payKeHH5i 

Tejia nafl hojicm F 52 
CTaHflapTHoe Hpe^CTaBJienHe jinneHHoro 

OTo6pa:M<:eHHH Tejia 28 
CTaHflapTHoe Hpe^CTaBJienHe 

nojiHJiHHefiHoro OTo6pa?KeHHH Tejia 34 
cyMMa Z?* *-jiHHeHHbix OTo5pa:HceHHH 14 

TonojiOFHHecKoe Z?-BeKTOpHoe 

npocTpancTBO 61 
TonojiorHMecKoe Z)**-BeKTopHoe 

npocTpancTBO 61 
TonojiOTHHecKoe tcjio 45 

4)opMyjia TeiiJiopa ajih MHoroMJiena 87 
c^yH^aMeHTajibHaa iiocjie/i,OBaTejibHOCTb b 

HopMHpOBaHHoe Tejie 46 
4)yHKii,H5i 11 D-3HaHHbix nepeMeHHbix 62 

4>yHKIl,H5I D-BCKTOpHOrO HpOCTpaHCTBa V B 

_D-BeKTopHoe npocTpaHCTBO W ^ 

^H4)<|)epeHLi,HpyeMaH no FaTO 63 
4)yHKi^H5i npoeKTHBna na^ nojieM R n 

nenpepbiBna no nanpaBJieniiio nafl 

nojieM R 48 
4)yHKii;Hii Tejia, D*-flH4)4)epeHi;HpyeMaH no 

O peine 49 
4)yHKii;nii xejia, flH4)<J)epeHn,npyeMa5i no 

FaTO 51 

4)yHKii,H5i, nenpepbiBnas no coBOKynnocTH 
apryMenTOB 62 

nacTHaji **Z)-npOH3BO^Ha5i FaTO 

OTo6pa?KenHH no nepeMennoH ^a: 66 
nacTHasi r>*+-npoH3BO/i,HaH FaTO 

OTo6pa?KeHHH no nepeMenHoii x"- 66 
HacTHaH npoH3Bo;i;HaH Faxo oTo6pa»ceHHS 

no nepeMenHOH v'^ 65 
MacTHoe aftZ],HTiiBHoe OTo6pa?KenHe 

nepeMenHOH i;* 38 

Hflpo aflflHTHBHoro OTo6pa?KenHH D- 

BeKTOpnoro npocTpancTBa 41 
Hflpo a;i,flnTHBnoro OTo6pa?KeHHH Tejia 31 



FjiaBa 12 



Cnei],Hajii>Hi>ie chmbojibi h oGosHaneHHa 



*(s)p^^ KOMnOHCHTa JIUHeHHOrO 

OTo6pa>KeHH5I A D-BCKTOpHOrO 

npocTpancTBa 40 

il---in{s)p^^^'[ KOMnOHCHTa p 

nojiHa/],flHTHBHoro OTo6pa>KeHH5i A 43 
HopMa OTo6pa»ceHH5i A 

HOpMIipOBaHHOrO _D-BeKTOpHOrO 

npocTpancTBa 63 
iA-^ HacTHoe a/],flHTHBHoe OTo6pa>KeHHe 
nepeMeHHoii 38 

A-{D; V; W) MHTOKeCTBO aftZ],HTHBHbIX 

OTo5pa}KeHHH _D-BeKTopHoro 
npocTpancTBa V b D-BeKTopnoe 
npocTpancTBO W 37 

A-{Ri; R2) MHO^KeCTBO a^flHTHBHBIX 

OTo6pa>KeHHH KOJII>Ll,a Ri b kojibi^o R2 
24 

A(D; Vl, ...,Vn; Wl, Wm) MHOJKeCTBO 

nojiHaflflHTHBHbix OTo5pa}KeHHit 42 

A{Rl , . . . , Rn ; S) MHO^KeCTBO 

nOJlHa/],flHTHBHI>IX OTo6pa>KeHHH KOJieu, 

-Rl, Rn B MOflyjIb S 32 
C{R:l, Rn', S) MHO^KeCTBO 

nOJIHJIHHCHHBIX OTo6pa>KeHHH KOjieu; 

-Rl, Rn B MOflyjIb S 33 



KOMnOHeHTa npOHSBO^HOH 
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FaTO OTo6pa»ceHHH f{x) 64 
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dx 
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npocTpancTBO W 66 

df{x) npoHSBOflnaa FaTO OTo5pa}KeHHH / 
HOpMHpOBaHHOrO _D-BeKTopHoro 
npocTpancTBa V b nopMnpoBannoe D- 
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dfix) 



dx 
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_51 
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d"f{x) 



dx" 



npoHSBOflnaH FaTO nopa^Ka n 
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npocTpancTBO W 66 
d}{x)(a) 



D*-npoH3BOflHa5i FaTO 4)yHKLi,H:H 



/ Tejia D 53 



dm 

dx 



nKo6naH FaTO OTo6pa?KeHHH D- 



BeKTOpHoro npocTpaHCTBa 65 

f{x){a) MacTHasi ^""D- 
npoHSBO^Haa FaTO OTo5pa:H^eHH5i ^fuo 
nepeMeHHofi '^x 66 

— — — HacTHaH * iJ-npoH3BO^Ha5i 

(«*a) *x 

FaTO OTo6pajKeHHH ^ f no nepeivieHHOH 
66 

(t*9)/(5:)(a) nacTHaa » * D-npoH3BOflHaa 
FaTO OTo6pa?KeHH5i ^ f no nepeivieHHOH 
<^a; 66 

: CMemaHHaa MacTHaa 

npoHSBO^Haa FaTO OTo6pa>KeHH5i no 
nepeMeHHbiM 11% 96 



dv'' 



MacTHaa npoHSBOflHan FaTO 
OTo6pa>KeHH5i no nepeivieHHOH 64 



i{d* ,)/■' {x){a) lacTHaa D* t-npoHSBOflHaa 
FaTO OTo6pa»ceHHH no nepeMenHoit 
x" 66 

dP(x)m n* 

HacTnaH V *-npoH3BO/i,HaH 

FaTO OTo6pa>KeHHH no nepeMenHoii 
x°_ 66 

{d* t)f{x){a) lacTHaa D* »-npoH3BOflHaa 

FaTO OTo6pa5KeHH5i no nepeMenHoii 

66 
df{x){a) 

*iJ-npoH3BO^Ha5i FaTO (pyHKn,HH 

tOx 
f Tejia D 53 

d'^fjx) 

CTaH^apTHaa KOMnoHeHxa 

dx 

flH(J)4)epeHri,Hajia FaTO OTo6payKeHH5i / 
52 

E(F, a, b) ajire6pa KBaxepHnoHOB na/i, 
nojieM F 72 

(s)p/ KOMnoHeHTa jiHHeiiHoro 
OTo6payKeHH5i / Tejia 28 

(s)pf^ KOMnOHCHTa nOJIHJIHHeHHOrO 

OTo6payKeHH5i Tejia 34 
11/11 HopMa OTo6pa»ceHHH / Tejia 47 



/*-^ CTaH^apTHasi KOMnoHCHTa jiHHeiiHoro 

OTo6pa»ceHHH / Tejia 28 
(t)f^^"'^'^ CTaH^apTHan KOMnoHCHTa 

nojiHJiHHefiHoro OTo6pa?KeHHH / Tejia 

34 

H ajire6pa KBaTepHHOHOB Ha^ nojieivi 
^eficTBHTejibHbix MHceji 73 

kerA aflpo a^flHTHBHoro OTo6pa?KeHHH D- 
BCKTOpHoro npocTpaHCTBa 41 

ker/ H^po a^flHTHBHoro OTo6pa?KeHHH 
TCJia 31 

lim a-n npe^eji nocjie^ioBaxejibHOCTH b 

n— J-oo 

HOpMHpOBaHHOM Tejic 45 

C{D\;V;W) %D-BeKTopHoe 

npocTpancTBO D**-jiHHeHHijix 
OTo6pa:»^eHH3 Z)**-BeKTopHoro 
npocTpaHCTBa V b D* ^-BCKTopnoe 
npocTpancTBO VK 13 

C{D; V; W) mho^kcctbo Jinnennbix 
OTo6pa?KenHn Z)-BeKTOpHoro 
npocTpancTBa V b D-BCKTOpnoe 
npocTpancTBO W 39 

C{* *D; V; W) D**-BeKTOpHoe 

npocTpancTBO *:+:Z?-jiHHenni>ix 
OTo6pa:»<:enHH ^^D-BCKTopnoro 
npocTpancTBa V b * ^ D-BCKTopnoe 
npocTpancTBO 13 

C{'^T; S; R) MHo:a<;ecTBO *T-npeflCTaBJienHH 
TCjia S B a/i^HTHBHOH Fpynnc TCJia R 
13 

C{T^] S] R) MHO»cecTBO T^-npeflCTaBJiennn 
TCJia S B aftZ],HTHBHOH Tpynnc TCJia R 
13 

r* D*-KOMnonenTa KOOpflnnaT BeKTOpa r 
21 

«r' TtD-KOMnonenTa KOOp^nnaT BCKTOpa r 
21 

V* ^ajiBHoe npocTpancTBO k D**- 
BCKTopnoMy npocTpancTBy Y 16 



a^flHTHBnoro OTo6pa:»cenHH / 27 



